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Exercise 2
(b) Forz € C,let z = 307 ax37% = S°7°, 537" be two ternary representations of x, where ay, by € {0,2} for all k£ € N.

Assume a;, # by for at least one k € N else the result is trivial. For these two representations to both be equal to z, WLOG,
we must have that a, = 0 for all k > f\v and by = 2 for all k> N, where N € N is some index. Thus:
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Using this result, ¢x = 0 for all k > N and dy =1 for all & > N; that is, F (370, ax37%) = F (3 72, bx37%) are two binary

representations of F{z). Therefore, F is indeed well-defined.

Now, take z € C, then let x = Z;‘;l a37% where a; € {0,2} for any k € N. Let ¢ > 0 be given, then there exists some
index N € N such that forany n > N, € > §I~ Take y = E{L bp37% € C very close to z, thus there exists some index N/ € N

such that ap = by for all k € {1,--- , N’}. Consider then the following:
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as E%ﬂ- — %l is greatest {and equal to 1) when either a; = 2 and by = 0 or a3 = 0 and by = 2. Therefore, F' is continuous on C.

Notice that 0= 3", _, a;37% € C where a; = 0 for all k € N, thus:
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Notice that 1 =Y, 01375 € C where by = 2 for all k € N, thus:
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{c) We can realize each element of the Cantor set as those numbers in [0, 1] without any 1s in their ternary decimal expansion.
Moreover, any number in {0,1] has a binary decimal representation, so the function F is converting the ternary decimal
representation of the Cantor set in terms of Os and 2s into the binary decimal representation, sending 0 ~ 0 and 2 +— 1. In such
a manner, every possible binary decimal representation is constructed, i.e. the image of F is [0,1]. Thus, F' is surjective.
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{(d) To show the continuity of F at z € [0, 1], we have to consider two cases: where z € C and where z € [0,1]-C. If 2z € [0,1]-C,
then F' is defined to be in a neighborhood of z Since a constant function is trivially continuous, we have that F is continuous
at z €[0,1] - C.

Now, take z € C, then let z = Ziil a,3~* where ap € {0,2} for any k € N. Let ¢ > 0 be given, then there exists some
index N € N such that for any n > N, € > 5-. Take y = 3,7, b3 very close to z, thus there exists some index N’ € N such

that ay = by, for all k€ {1,--- | N'}. Consider then the following:
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Exercise 9
Using the Cantor-set construction algorithm, remove instead the middle quarter of [0, 1] and cali this set /1. Remove the middle
uarters of each interval in Uy, and call this set Us. Carry on this process to construct the ntt get U, These sets look like:

) : . 55
Uy =10, = Ul—, =1U [z, =] U= 1]
: 6r e Y leer e
and so on (it’s pretty tedious to calculate further as it will be the disjoint union of eight closed intervals...}. Let U = ﬂx U,.
Since each U, is a finite union of n closed intervals in [0,1], then U, is closed. Since U is the countable intersection of closed



sets, it is closed. Therefore, [0,1] — U is an open subset of [0, 1].

Notice that the measure of the removed portion at the k' iteration [0, 1] — Uy is {%)Hl. Now, [0,1] = U = aU U ({0,1] = U)
and so the boundary of this is the the total removed portion [0,1] — U. Thus, we want to compute the Lebesgue measure of
[0,1] — U, as follows:

S i 21 <1 Y /1Nt 3 1
m(O(0, 1] = 0)) = m([0,1] = U) = ;([0, 1= Up) = }; 57T = > _ (5) - <.2.> —2->==

Therefore, [0,1] — U is an open set such that the boundary of its closure has positive Lebesgue measure.
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Exercise 14
(a) If E € Ris closed. then E = E, so J,(E) = J.(E). If EC Ris open, then E C E. Any finite cover of E by open intervals is
also a finite cover of E by open intervals, so we have monotonicity of the outer Jordan content, i.e. J,(E) < J.(E). Let {I; } T

be the finite covering of E by open intervals such that J.(E) = L]\' L] Forany e > 0, let I} = (I; - 55) U Ul + 55),
then [I7] = ||+ 25% = |I;| + % and [} contains all of the limit points of /;. Thus, {I] Jliisa ﬁmte covering by open intervals
of E such that: ]
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Since € > 0 is arbitrary, we can conclude that J,(E) < J.(E). Therefore, J,(F) = J.(F).
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(b) Consider QM {0,1] C [0,1]. It is also a subset of Q, which is countable, so Q N[0, 1] is countable. Since Q is dense in R,
Qn0.1] =RNJ[0,1] = {0,1]. Thus,
JAQM{0,1]) = J.(j0,1]) =1
However, since Q N[0, 1] is countable, m, (Q N[0, 1]} = 0.
0

Exercise 16

(a) For all k € N, Ej is measurable. The countable union of measurable sets is measurable, so UZ’;n E}. is measurable for
all n € N. Moreover, the countable is intersection of measurable sets is measurable, so ﬂf;l UZ(_;” E is measurable. Thus,
E =limsup,_,, Ex = Mo Upw,, Ex 1s measurable.
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(b) Let B, = J,2.,, By for all n € N, then by countable subadditivity, we have that:

Bn) = (U E;\) < }: m(Ey) < Zm(Ek

Notice that the B,’s form a non-increasing sequence of sets, so by Corollary 1.3.3, m (ﬂ:;l B,) = lim, . m(B,). Moreover,
as Spo, m{Ey) < oo, for any € > 0 3 N € N such that Y 7y m(E;) < e. Consider now the following:
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Since € < 0 is arbitrary, we may conclude that m{E) = 0.
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Exercise 21

Recall the non-measurable set A C [0, 1] defined in Stein (p. 26) by including one element from each equivalence class of 10,1].
These oqmva&mﬁc class are given by z ~ y if # —y € Q. We have shown in Exercise 2 that the Cantor-Lebesgue function
F:C - 10,1} is surjective, so we can define E = F~'(N) C C, the preimage of A" under F. Moreover, as m(C) =0 and £ C C,
then E is Lebesgue measurable and m{£} = 0. Thcrefore we have a continuous function F that maps a Lebesgue measurable
set F to a non-measurable set A

0l



Exercise 27
For t > 0, consider B(0,2) N E,, which is a compact subset of By as both E; and B(0,t) are compact. For s > ¢ > 0, consider:

m(B(0,s) N Ey) = m(B(0.1))] = [m{E3 N (B(0,s) ~ B(0,t)))| < m(B(0,5) = B(0,t)) < Cy - [s —t| = 0 as s =t = 0

where Cy is some constant depending on the dimension in F is defined. Therefore, m(B(0,£) N E3) is a continuous function in

t € (0,00). Since m(£y) = a = Uand m(F,) = b = 0, then by the Intermediate Value Theorem, there must exist some 7y € (0, oc)

such that m(B(O to) M Ey) = ¢ for any ¢ € {a,b). Therefore, B{0,t5) N Ey is a compact set such that Ey < B(0,t0) C Ey and
(QB(O il)) ) = (.
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Exercise 28
Given « € (0.1), take € > U such that a - m(E) + ¢ < m(E) == a <1 - 5, as m(F) > 0. By assumption, E is measurable,
so there exists an open set {7 C R such that £ < U and m{U — E) < e. By monotonicity, 0 < m(E) < m(U}, so:
€ m{E)

m(U) —m(E) <m{lU - E) <e:‘¢»m(b)we<m(E)::>l—m < m

Moreover, as 0 < m{E} < m{U}:
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Now, since U € R is open, there exists a countable family {I; 152, C R of disjoint open intervals such that U = U (1;. Using
the results above along with countable additivity, we have that

m(BE)y =m(EnU)=m(En [ |1 ])=m ﬁrm imEﬂlj)Za‘m(U)xa'm U Za m(I
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Thus, for at least one j, we must have that m(E N [;) = o - m{l;), as required.
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Exercise 29

As E ¢ R with m(E) > 0, by Exercise 28, there exists an open interval I C R such that m(ENT) > 10 m(I). Denote By = ENlI,
and suppose that the difference set Eg— Eq does not contain an open interval around the origin. For € > 0, take 2 € EoN(Ey +e€),
then 3y € Ey such that ¢ = y+¢,s0 x—y = € € Ey— Ey. Since € > 0 is arbitrary, we must have that 0 € Fy— Ey, which contra-
dicts the fact that Ey— Ep does not contain an open interval around the origin. Thus, assume that for any € > 0, EoN{Fy+e) = ]

We have that Eo © I and Eg+e C [+e, 50 (EgU (B +¢)) € (1U(I+¢)). By translational invariance of the Lebesgue measure,
we know that m(Ey) = m{Ey +¢). Thus, as Fy M (Ey +¢) =

m{Eo U (Ep +€)) = m{Es) + m{Ey +¢e) =2m{Ey) > 2~ mm{[} = —m([)

However, as (FEg U (Fy +€)) € (1 U (] + ¢€)), we have that:
m{FEg U{Ey+e)) <m{Iu{l+e))y=m{l)y+m{{+e)— 1) =mll) +¢

Since € > 0 is arbitrary, we have that %nz([) < m{7l), a contradiction. Thus, Fy must contain an open interval around the
origin. Since Fy C E, E must therefore contain an open interval around the origin.

-

Exercise 37

Take an arbitrary compact interval [a,b] C IE’E then f is uniformly continuous on [a,b]. Let € > 0 be given, then there exists
§ > 0 so that for =,y € [a, b] such that |z — y| < 8, |f{z) — f(y)| < e. Construct a partition {x;}7¢ of [a,b], where 7o = a and
Ty, = b, such that |z; — 7, < d foralli £ {1 -, n}. By the uniform continuity of f on [, 8], for all i € {1, ,n}, we have
that [z} — fiz, 1} < £ Notice that:
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Thus, m (L0 ([a.b] x f(la,b]))) = 0 for any compact interval [a.b] C R. Notice now that ] ofn — 1,n + 1] = R and



FUT gln=1n+1]) =2, flln—~1,n+1]) = R, so using our result for an arbitrary compact interval above:
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Problem 1
Let € > 0 be given. For p,q € Z, define the following subset of R:

7 !
E,,={zeR: |z~ gﬁ < pra and ged{p,q) =1}

Let E be the set of those z € R such that there exist infinitely many fractions ’é with relatively prime integers p and g such
that |z — §| < ;}—y‘;— It is clear that F = lim supp-oo E, 4. Moreover, notice that:
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pg=1 p=1 \{q: ged(p,q)=1}
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The interior sum clearly converges by the p-test, and the exterior sum converges as the tail terms go to zero extremely quickly
(proportional to (?1_;__} Furthermore, each E, , is clearly measurable, so by the Borel-Cantelli Lemma, m(E) =0.
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