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CHAPTER 1

OVERVIEW

DEFINITION 1. Let X be a metric space. We define Distance d: X x X — R to satisfy
(i) Ve e X, d(z,z)=0

(ii) Ve £y € X, d(xz,y) >0

(i) Vae,y € X, d(z,y) =d(y,z)

(iv) Ve,y,z € X, d(z,z) +d(z,y) > d(z,y)

EXAMPLE 1.  The following are some of the main examples of metric spaces for this course.
e Spaces of sequences (finite or infinite) - with I, norm.

(@1 a)ien) s Y Jal? < oo}
k=1

This leads us to a proposition.
PrOPOSITION 1. Ifz = (z1,%2,...),y = (Y1,¥2,...), then

o 1/p
d(z,y) = (Z vk — yk|p>
k=1

18 a distance.

EXAMPLE 2. Ifzx =0 andy = (1,1/2,1/3,1/4,...), then can we prove that

1 1 1
d N e E N TR Sl
(z,y) \/+4+9+ +os 5
...probably not.

EXAMPLE 3.  Forp > 1, an example would be continuous functions f,g on [a,b].

PROPOSITION 2. In the space of continuous functions on [a,b],

b 1/p
d(f.g) = V |f(z) —g(x)|pdx]

defines a distance. We recall the L, norm to be

b 1/P
Hﬂp</ﬂmWM>




We now examine polygons in the plane. There is a problem in the assignment which asks if the difference of
areas defines a distance. So we must prove that

d(Pl, Pg) = Area(Pl A PQ)
which is the area of

(PLUP)\ (PN Py)

SECTION 1.1
p-ADIC DISTANCE

Let p € {2,3,5,7,11,13,...} = Primes. Let z,y € Q so
_a 2
b YT,
The p-adic Norm is defined as follows

T

DEFINITION 2.

_ k. €
rT=0p pi

where k € Z and
|z, = p~*

DEFINITION 3.  The p-adic Norm is defined to be

dp(:c,y) = ||z - pr

ExampLE 4.  Working with p-adic distance. Suppose that

24

.T:E

then we have that

24
=172 = |jally = 72

8 _
x=31E:> [lz]|s =3 !

3
T = 234—9 = ||z||2 = 273

PROPOSITION 3.

llz — yl|p, defines a p-adic distance on Q.
NB: If z is as above, then

]| uct - |22 - |[|s - |Jz]l7 =1
Neat, eh?



CHAPTER 2

INTRODUCTION

SECTION 2.1
NORMED LINEAR SPACES

Linear means exactly what you would think it means. A good way to show this is
(an)nzy + (bn)pz1 = (an +bn)niy
(f+9)(x) = f(z) +g(x) YVazela
DEFINITION 4. Suppose that X is a linear space, then we say that the Norm of x € X is a map
-] X = Ry

such that

(i) ||z|]| =0 <=z =0

(i) ||t - xl| = [t] - |]]]
(iii) [l +yl| < l=[| + |lyl|
It is a fact that

d(z,y) = [|z —yl|
defines a distance since
dy,x) = [ly —z|| =l = (= —y)|| = [|lz — yl| = d(z,y)

d(z,2) = [lz = 2|l = [[(z —y) + (y = 2| < |lz =yl + |ly = 2| = d(z, y) + d(y, 2)

SECTION 2.2

INNER PRODUCT SPACES

An Inner Product Space is a space together with a map
(b): X xX >R
such that
(i) 0 < (z,2)
(i) (z,y) =0<=2=0
(iii) (z,ay + Bz) = a(x,y) + B(z,2), =z,y,z€ X,a, B ER

(iv) (yz + 08y, 2) =~(z,2) +0(y, 2)
ExamMpLE 5.  The following are some examples of inner products



e Dot Product

e Function Space Inner Product

g€ C([a,b])) = (f,9) = | f(z)g(z)dx
and

171l = / [f (2)|2de

PROPOSITION 4.
2] ==/ (2, 2)

always defines a norm.
Proof. We will need a lemma.

LEMMA 5.  The following identity holds.

(@,y) < ||zl - [ly]]
Proof.

(z +ty, 2 + ty) = (z,2) + 2t(z,y) + 2 (y, )

we know that
|z + tyl|* > 0

now,
D =4(z,y)* — 4(z,2) - (y,y) <0

(z,y) < V(2 2) (y,y) = [z - |yl

With this lemma, we can now prove the above proposition. So
Proof.
The triangle inequality states that

4+ yll < =l + [yl

and now we can square both sides to obtain
(Ilz + 9l < (=l + lly[)*

and now
(@+y,x+y) =(z,2)+2,y) + (4,9)
and
([ + 2[[] - [yl + 1yl* = (@, 2) + 2[l2|| - [|y]l + (9, v)

by the lemma, and we cancel to obtain
= (z,y) < |l=[| - [yl

which yields our result. (]
How to guess whether ||z|| comes from (z,z) or not?
The answer is

(z+y,z+y) + (@ —yz—y) = (x,2) +2(x,9) + (v,9) + (z,2) — 2(z,y) + (y,9)



then
)z +yll?+ e —yl? = 2/]]? + 2| |y]]?

The norm comes from (-,-) <= (x) holds for all z,y € X.
PROPOSITION 6.  Let (a1,...,an,...) be such that
D af < oo

and let (by,...,by,...) be such that

Zb?<oo

and let
o 1/2
ol = (zas)
i=1
Then -
Zaibi < lal| - |/b]]
i=1
and so
(@b) = arby + -+ 4 anby < | Y a2+ [ > b2 lal| - [[b]
i=1 j=1
as n — 0o.
Proof.

To prove convergence,

n+m n+m
k=n k=n k=n

the two components on the right converge separately to 0 as n — co. This is because

o0
D af <o

k=1

and the same goes for the sum of b2. Thus, the whole thing converges to 0.
Summarizing, we proved that (C([a,b]), L>-norm) is a metric space, and so is [%. O

, (1/p)
1111y = [ / f(fv)l”dz]

o) (1/p)
llalli, = (Z ak|p>
k=1

oo

Z lag|P < oo

k=1

Next, we look at L,-norm which is

and at l,-space, p # 2, we have

Thus, I, is the space of all a such that

To prove this we need a lemma.



LEMMA 7. Leta>0,b>0, and p,q > 1 and such that
1 1
41
p q

NB: We say that p,q are Conjugate Exponents. Then

X
p q
Proof.
Let x > 0, then f(x) = log (z) which is a concave function.
! ]‘ 1" 1
== ——— <0
Play=1 =1

and since f is concave, we can say that

flaz + By) > af(z) + Bf(y)
where o + = 1. Also, we know that

log (a - b) =loga + logb

1 1
= —log (a?) + — log (b*
’ g (a?) . g (b9)

1 1
(k) <log (ap + bq)
p q

THEOREM 8 (Holder’s Inequality). Letp <1

n n 1/p n 1/q
> larbi| < (Z |ak|p> (Z bk|q>
k=1 k=1 =1

1 1
,_|_,:1
rp q

Remark. Both sides are homogeneous of degree 1 in (ag), (br). So WLOG, we can rescale ay, — s so that

where

n

D arP =1

k=1

and .
D lbel? =1
k=1

so we say that

Z|akbk| < (|ak| +7| d )

p q

($0) - (S

=~
Il
_
=~
Il

PR B



by our normalization of the sums. Now,

n 1/p n %
RHS = (Daup) (Z W) S RCULES
k=1 k=1
and so
LHS < RHS

Now, if we let n — oo, then we get Holder for infinite series. The proof is left to the reader as an excercise.

THEOREM 9 (Minkowski Inequality).  (For Sequences With n < co)

Recall that for x = (x1,...,2,), we have
n 1/p
|zl = (Z |$k|”>
k=1

llz + yllp < llzllp + [yl

We want
So, we know that

n
|z +ylly = Z |z + vkl

n
Z |lzx| + [yk|)?
"

=D [l + )Pl + (el + |yl lyl]
k=1

and we apply Holder to each inner sum and let

= (x| + |yxl), ar = |z

Up [ 1/q
< (Zk o) (Z[(m - yknpl}q)

k=1
n 1/q
/
(k=) (ka " |yk|>p-1]q>
k=1
And now,
11 p—1 1
s =l=1-—-== o=
q P q p q
= (p—1l)g=p
and so 1/p 1/p 1/q
RHS = [(Zk = ael”) 4 (D k= 1" l?) } [Tk =1l + )]
and

RHS < LHS = (|| + yx|)”
k=1

n 1-1/q
= | D (] + lywl) ] < llzllp +lyllp
k=1




and we can conclude that
llz+yllp < llzllp +1lyll, O

EXAMPLE 6.  The unit sphere in

I,(R™) = {x eR™: Z |xg|P = 1}
k=1

Forn=2,p=1, we have
{(z,y) : |z| + |yl = 1}
Forn =2, p=2, we have
{(@,y) |2 + |y = 1}

Now we ask what happens when p — co? We get

P\ 1/p
o + b7 = (e (14 (1)) o

as p — 00. Now as another example, we have

(2, y)llp = max{]z], [y} = [[(z,y)lloo

as p — 0.
DEFINITION 5. The loo norm of x = (z1,...,2y,) is
n
1| = max{a}

and for f € C([a,b]), we get that the lo norm of f is

[ flloo = ax, |f(z)|
and we can show that
11l = 11 £l
as p — oo, for any f € C([a,b]).
SECTION 2.3

METRIC SPACE TECHNIQUES

DEFINITION 6.  We say that (X, d) is a Metric Space if d(-,-) defines a distance on the set X.

DEFINITION 7.  Let A C X where X is a metric space. Let x € X (may or may not be in A). If every ball
B(x,r) centred at x of radius r has at least one point from A for any r > 0, then this is equivalent to calling
x a Contact Point. Also, just for notational purposes,

B(z,r)={y € X : d(z,y) <r}

Remark: Any x € A is a contact point of A.

10



DEFINITION 8. If B(z,r) for any r > 0 has infinitely many points from A, then we say that x is a Limit
Point.

DEFINITION 9.  [fVz € A,3r >0 s.t.

B(z,r)NA={z}

ProprosiTION 10.  Let x € X be a contact point. Then, x must be one of the following.
e 1z is an isolated point x € A
e  is a limit point of A, x € A
e x is a limit point of A, x ¢ A

Also, x is not an isolated point if and only if I(x,)5L, € A where the x,, are distinct such that x, — x as
n — oo and thus
lim d(z,z,) =0

n—o0
DEFINITION 10.  The Closure A of A is the set of all contact points.

A = AU {Limit points of A}

PROPOSITION 11. -
=A

el

Proof.
Let x € A and let r > 0. We know that 3y € A such that

y € B(x1,7r1) C B(z,r)
So, = is a contact point of A, and thus x € A. O
PROPOSITION 12. (i) Ay C Ay = A] C Ay
DEerFINITION 11. A, B C X. We say that A is Dense in B if

BCA

and it is also true that A is dense if and only if A is dense in X.
EXAMPLE 7.  Points with rational coordinates are dense in RF.
DEFINITION 12.  We say that X is Separable if X has a countable, dense subset.

ExaMPLE 8.  Let X be the set of all bounded sequences of real numbers. Distance on X can be the l
distance.

d(ga Q) = sup ‘xn - yn|
n

(1, Ty )||oo = sup "z,
n

11



z=(0.9,0.99,...,0.99---99,...)

lzlle =sup (= 4 — ) =1
Zlloo =sUp { 35+ 07 )

PROPOSITION 13. X, with lo distance is not separable.

Look at A C X, A ={ all infinite sequences of 0’s and 1’s}. A is not countable by the Cantor Diagonalization
Argument.

Proof.

Suppose it is

a; = (ef,...€b,..)
as = (€5, ...eb,..)
az = (e3,...€5,...)
b=(b1,...,bn,y...)

Ife} =1 then by = 0. Ife% =0 then by = 1. Ife% =0, then by = 1. Ife% =1, then by = 0.

Claim: Sequence b is different from all a;. This is a contradiction which shows that A is uncountable. A
has cardinality of the continuum.

Claim: If x1,22 € A, then doo(21,2,) = 1.

LEMMA 14. A is not separable.
Proof.

Vee A Jye Bs.t.ye B(x,1/3)

Suppose that B is a countable dense subset of A.
Claim: If x1 # x2,€ A, y1,y2 € B(x1,1/3), then y1 # y2. This is a contradiction! O

Let A C X be uncountable. Let z,y € A,z # y and d(z,y) > 1.
We claim that if B C X is dense in X, then B cannot be countable.
Let (z4)aeca be our set. Consider
{B(x,1/3):x € A}
The set B is dense in X, so Va € A, B(x,,1/3) contains a point y, € B.
LEMMA 15.  Ifz, # xp, then B(za,1/3)( B(zs,1/3) = 0.
Proof.
We know that yo € B(za,1/3) and yg € B(xg,1/3). Moreover, yo # yg.
It follows that there is a bijection between A and a subset of B. O

Examples Of Countable Dense Sets In C([a, b]) With Various Distances
Suppose that f € C¥([a,b]). The first idea is to approximate by polynomials. Bernstein polynomials
approximate well.

Pn(x):an-rn'i'"""aO

where a; € R and
Qn(x) = bn-rn + -+ bO

where b; € Q. Those polynomials are dense in C([a, b]) with both L, and L

/ e de] "

doo(f,9) = sup |f(z) — g()]

z€Ja,b]

12



N

Z ay, sin (kx) + by, cos (kx)
k=—N

DEFINITION 13.  The distance from a point x to a set A is equivalent to

d(z,A) = in}i d(z,a)

aec

For example, d(z, A) = 0 if and only if 2 is a contact point of A.

d(A,B) = _inf {d(z,y)}

Another example is that if AN B # 0, then we can take x =y € AN B. Hence d(A, B) = 0. It’s not true
both ways. We can have AN B # 0 but d(4, B) = 0. B
DEFINITION 14.  Let A C X. We say that A is Closed if A = A.

EXAMPLE 9.  Some examples of closed sets are
e [a,b] CR
o {ye X :d(y,z0) <R >0} or {f € C([a,b]) : |f(x)] <R} for all x € [a,b].

If f(z) =0 on [a,b], then

d(0,9) = sup |[g(z)]
z€la,b]

and
{g:d(0,9) < R}

which is exactly the second item on the list above.
PROPOSITION 16.  Let (Aq)acr be a collection of closed sets. Then

B:ﬂAa

acl

s also closed.
Proof.

B = ﬂAa = B=08B U{Limit Points of B}

And B = B <= every limit point x of B belongs to B. So, suppose that x is a limit point of B = Ny A,.
Let r > 0, then B(xz,r) contains infinitely many points of

B:ﬂAa

If y € B, theny € A, for all «. This means that x is a limit point of A, for all a € I. A, is closed, and
so every limit point is contained in A,. Thus, x € A, for all a € 1.

—z€()4.=B O
ael

13



PRoOPOSITION 17.  Let Aq,..., A, be closed. Then

- (jn
i=1

18 closed.
Proof.

5-Ua
i=1

Let x € B. We shall show that x cannot be a limit point of B. if

i=1

then x ¢ A; for olli={1,...,n}. All the A; are closed, so x cannot be a limit point of A; for any i. This
implies that 3 > 0 such that x ¢ A. Let
r= mkin d(z,yk)

then

Bz, r)[|A=0
for any 1 <i <n. Now I r; such that

Bla,r;)[)Ai=0
Let

r= min r;
1<i<n

then
B(z,r) ﬂAi =0

for each i. Thus, x is not a limit point of

DEFINITION 15.  We say that x is an Interior Point of A if and only if

dr>0st. B(z,r)CA

DEFINITION 16.  We say that A is Open if every point in A is an interior point.

PROPOSITION 18. A is open if and only if X\ A is closed.
Proof.
Suppose that A is open, and that x € A, then B(xz,r) C A and

B(x,r)ﬂAC =0

Hence, = is not a contact point of AC. So, (A®) C AC = A€ is closed.
If AC is closed, then x € A = x is not a contact point of AC. This means that 37 > 0 such that

B(x,r)ﬂAC =0
= B(z,7) C A

= x is an interior point of A. O

14



ProposITION 19.  If A, is open for any o € I, then
B=|]JAa
acl

is also open.
Proof.
Aq is open and so equivalently, we have that AS is closed

) e

acl a€cl
is closed. So, B is closed which is equivalent to B being open. Now we invoke Proposition 17. ([
PROPOSITION 20. A finite intersection of open sets is also open. That is, if A; is open fori=0,...,n,
then
n
A
i=1

is also open. Beware, however, that this is not necessarily true for the infinite case. An example of this

would be that if
1 1

A, = (—,1+) CR
n n

which is clearly open for any n, then

which is closed.

DEFINITION 17. A collection A, for oo € I of open sets is called a Basis (of all open sets) if and only if
any open set in X is a union of a sub-collection of A, .

DEFINITION 18. X is called Second Countable if and only if there is a countable basis of open sets of
X.

LEMMA 21.  {G,} forms a basis if and only if for any open set A, and for any x € A, there exists a such
that
reGy,CA

PROPOSITION 22.  Let X be a metric space. We claim that X is second countable if and only if X is
separable.

Proof.

Idea is to let {y1,y1,--,Yn,.-.} be countable, dense subset of X. Then,

{B(yj,rj) :rj € Q}

is a basis of all open sets in X.

(=) Let Gy,...,Gy, be a countable basis. Choose x,, € G,,. We claim that the set {x,} is dense in X.
To prove this, we let x € X, r > 0 and we consider B(x,r) which is an open set. Now, by the lemma above,
we know that there exists m such that x € Gy, C B(z,r). It follows that x,, € G, C B(z, 7).

(<) Let{x,} be a countable dense subset of X. It suffices to show that

{2 (g) ko)

15



forms a countable basis. To show this , we let A be an open subset of X and we pick x € A. Choose m > 0,
such that

Next, we choose k such that

1
d(z,xr) < 3
We now claim that
xEB(:z:k,1> CB(I,) CcCA

2m m
1 1 1
2m  3m 6m - m

This claim implies the previous claim by the lemma. O

Fact: (), X are both open and closed. By X, we mean the entire metric space.

DEFINITION 19. We say that X is Connected if and only if any subset A C X that is both open and
closed is either () or X.

EXAMPLE 10. R is connected, but R — {0} is not.

DEFINITION 20.  Let dy,ds be two distances on X. We say that di and ds are Equivalent precisely if
there are two constants 0 < ¢1 < ¢y < o0 such that

dl (SC, y)
do(z,y)

c; < < C2

This implies that for ro < ry < rs, we have

BdQ(vaQ) - Bdl (SL’,?"l) - Bd2(£L',?"3)

EXCERCISE: Express r1,r3 if we know cq, cs.
Finally, if dy, dy are equivalent, then they define the same open and closed sets.
These constants are

r=rro=—,r3=1-C

r
C
and

1

:5,6220

C1

for C' > 1.
COROLLARY 23.  Open sets with respect to di,ds are the same.

COROLLARY 24.  The topologies (space X together with a collection of open sets) defined by dy,ds are the
same.

DEFINITION 21.  Let X be a set and let {An}acr be a collection of open sets. A Topological Space
satisfies
(1) 0, X are both open.
(ii)
U 4.

acJ
1S open.

16



(iii)

18 open.
ProOPOSITION 25.  Distances in R™ defined by

1/p

dy(z,y) = | D les — wil?
j=1

forp>1
d — s
co(2y) = max |z —yi|
are equivalent.
DEFINITION 22 (More General Definition).  We say that x is a Contact Point of A C X where X is a
topological space if every neighbourhood of x contains a point in A.

A sequence (z,)22, — z if and only if for any neighbourhood U of z, there exists N > 0 such that =, € U
forn > N.
Metric Spaces are Hausdorftf.
DEFINITION 23.  We say that a space X is Hausdorff if for any x,y € X such that x # vy, there exists
r1,72 such that

B(z,m) N B(y,r2) =10

OR

For any x # vy, there exists open sets U containing x and V containing y such that
unv=90

DEFINITION 24.  We say that a topological space X is Metrizable if there exists a metric d on X such
that open sets defined by d give the same topology on X.

COROLLARY 26.  If a topological space is not Hausdorff, then it is not metrizable.
DEFINITION 25.  Let f: X =Y. We say that f is Continuous at x € X, if

Ve > 0,30 > 0s.t. Yy € X,dx(x,y) <d = dy(f(z), f(y)) <€

and we say that a f is a Continuous Function if it is continuous Vo € X.
OR

V(zp)pl; = o (lim x, =), im f(z,) = f(x)

n—o0 n—00
PROPOSITION 27.  f: X — Y is continuous at every point x € X if and only if for every open set U inY,
iU cXx

is also open. Moreover, this is also equivalent to saying that for every closed set B in'Y,

4B cXx

17



is also closed. Another way to say this is
X—f'(B)=f(Y~-B)

Proof.

(=) Let BCY be closed and let f : X —Y be continuous. Now let f~1(B) = A C X. We want A to be
closed. It suffices to show that all limit points of A lie in A. We know that there exists (z,) € A such that
Ty — T asn — 00, and that f is continuous at x. By the definition of continuity, we have that

f(an) = f(z)

Now, f(x,) € B, and B is closed. Thus f(x) € B, but then x € f~1(B) = A. O (<) Letz e X,
y = f(z) and let U be an open set, and y € U. ThenY — U is closed. Therefore, f~1(Y —U) = f~1(A) is
closed. Moreover, x ¢ A. So there exists an open set V where x € V. C X — A. Therefore, f(V) C U. For
any sequence T, — x, T, €V forn > N. Then f(x,) € U, and so

flxy) = f(x) as n— oo

Claim: Let K be the Cantor set. We claim that K is uncountable.
The idea for the proof is that points in K are like real numbers with only 0’s and 2’s in expansion (base 3).
If 2 € [0,1], then for a Decimal Expansion, we have

O
x—lOJr +10n+

for a; € {0,1...,9}. We can also use base 2 for a Binary Expansion
Dy
Tr = — P - “ee
2 AL

for a; € {0,1}. For the Cantor set, we would use a Ternary Expansion
a1 Qp,
xr = — o — ...
gt gt

for a; € {0,1,2}.
PROPOSITION 28.  Points in K are in one to one correspondence with

o0

.
2y

Jj=1

such that a; € {0,2}.
Proof.
The cantor set K is self similar. To show this we define a map

ﬂKﬂPﬂaK

where f(x) = 3x. If we look at a ternary expansion in ”"decimal notation” (i.e. 0.22222 ~ (0.100000),
then multiplying the ternary expansion of a number is just the same as multiplying a decimal expansion by
10. O

We now examine how to prove that a set A € X is dense in B € X. Assume for simplicity that A C B. We
need to show that
Vo € B,Ve >0, Jye€ B(z,e)NA
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Now, if we construct the cantor set by letting [0, 1] = I and letting the following two intervals to be I3, I3
where the superscript means the step and the subscript means the enumeration of the interval within the
set. Thus, at step n, there are 2™ intervals written as

n n n
oIy, I

each of which has length

" 1
|Ij‘:§

oo
_ k
r= ﬂ Ty
k=1

We also make the claim that K has length 0. The sum of the intervals that we remove is

Now, every = € K can be written as

111 2n
2 At

3779773 gt T

which is a geometric progression

1 /2) 1/3

- ) = =1=0,1
12(5) - a1
And thus, this set has length 0.

THEOREM 29. If f: X — Y is continuous, and g : Y — Z is continuous, then
gof: X—Z2

18 also continuous
Proof.
Let U C Z to be an open set. Then

(go H)THU) = F g ' (U))
Now, we know that g=*(U) is open, and thus f~*(g~(U)) is also open which completes the proof. O

DEFINITION 26. Let X,Y be metric spaces. The map f : X — Y is called an Isometry if for all
r1, T3 € X, we have

dx (w1, 22) = dy (f(21), f(72))

EXAMPLE 11.  Parseval’s Identity
If we take f € C([0,27]) and we define

1 27
ag =0, n =5 ; f(z) sin(nx)dz
1 2
b, = — f(x) cos(nx)dx

271' 0
then

27 o0 [e'e)
/O @) de = | f|2=C- (Z ai+2bi>
n=0 n=1

f—={a="(ag,...,an,...),0=(b1...,bpn,...)}
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or we could write

1 27

— f(z)[cos(nx) + isin(nx)|dz

2 0
or

1 2 )
% A f(x)el'n/.'L' dw

for

f— {(ao,al +ib1, ..., an —|—an,}
and so

1115 = C - (llall + 11l[7)

Vllall3 + 118113
Ve

Thus, we have

(a,bl| = [|f]|z2 =

DEFINITION 27.  Let X,Y be topological spaces. The map f: X — Y is a Homeomorphism if
(i) [ is bijective.
(ii) Both f: X =Y and f~':Y — X are continuous funcitons.

We say that X,Y are Homeomorphic if and only if there exists a homeomorphism f : X — Y. Then
open/closed sets, closure, limit points and boundary are all the same for X andY . Also, continuous functions
on X,Y are the same.
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CHAPTER 3

COMPLETENESS

SECTION 3.1
Basics & DEFINITIONS

DEFINITION 28. A sequence (x,) in a metric space X is a Cauchy Sequence if for any ¢ > 0, there
exists N € N such that if m,n > N, then
d(zp, zm) <€

DEFINITION 29.  We say that a metric space X is Complete if and only if every Cauchy sequence is
convergent. That is, if (x,,) is Cauchy, then there exists z € X such that

d(z,xz,) =0
asmn — oo.

ExampLE 12.  Ezamples of Complete Metric Spaces

e The space I2. Now, I is the space of sequences. Let x*, ...,z ... €% where

b = (b, a2k ) el?
and such that
Z(x?)Q < 00
Now, suppose that the sequence (z*) is Cauchy in 1? which is equivalent to

|z — 2™ (|2 = 0

as m,n — oo. We want to find
y:(y17"'7yn,~~.) GZQ

such that ||z* — y||3 — 0 as k — oo.
We know that

oo
la* — 2|3 = (ah —ab)? > (afy, —al,)?
j=1

For each m, (xF) is cauchy in R. Now there ewists y,, € R such that x

sequence y; is forced upon us. So, let

k
m

— Ym as k — oo. The

Y= Yn,--)

and we claim now that y € 1. We let € > 0 and let Ny be such that ||z — z™||3 < € if m,n > Ny, and

we get
%) No %)
Y@ —ah?=> @l -2+ > (@ —ap)?
j=1 j=1 j=Na+1
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and the first sum is < € and the second sum is < €. Fix n, and let m — co. As m — o0, x}" - Y-
This implies that

M — 2 is any natural number. let My — co. This gives

oo

(y; —x}) < o0

—

Jj=

Now, if (z") € I, we have that d*(y,z") < € and thus y € I*. Now

\/ny < \/Zx?JF\/Z(m?—bj)Q < Ve

and so
o0
: n _ p.\2
nh_}rr;o Z(xj b;)* =0
j=1
which follows from the inequality
o
D @)~y <e
j=1
provided that n > Mi and the fact that € is arbitrary yields our claim. O

Excercise. Show that [P is complete.
Let’s examine C/([a, b]) with do, distance

doo(f,9) = [|f = gllc = max [f(z) — g(z)|
z€la,b]

THEOREM 30.  The space (C([a,b]),dw) is complete.

Proof.

Let fi(x),..., fou(x),... be a Cauchy sequence in C(la,b]). Fiz xg € [a,b]. Then (fn(xo)) is a Cauchy
sequence.

[flawo) = )| < masc |fi(w) — fy(x)] =0

3

as i,j simultaneously approach oco. Therefore, (fn(xo)) converges to a limit that we call g(xo). It is clear
that

doo(fi(x)vg(x)) —0

as 1 — 00.

Let e > 0, let N € N be such that
doo(fns fm) <€

forn,m > N.
=V €lab], d(fu(x),fm(x)) <e

Let m — oo, then f,(x) — g(x). Now, passing to the limit, we get that
= [fn(z) —g(@)[ <€
ifn> N, then
doo(fnag) <e
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It now remains to show that g(x) is continuous. Fiz € > 0 and choose N > 0 such that

oo (fs fon) < 5

for each m > N. Now, let fy(x) be uniformly continuous on [a,b] (we can do this since [a,b] is a compact
subset of R). Let § > 0 be such that if x,y € [a,b] and |x — y| < &, then

@)~ FWl < 5

Let m > N. Suppose that fn(x) — g(x). As before, let |x — y| < 4, then

O

lg(y) —g(x)| < lg(y) — fn@W)] + | fn () — (@) + [fn(z) — g(x)] < %

THEOREM 31.  Let 1 <p < oo. Then (C([a,b]),d,) is not complete.
Proof.

We shall define a Cauchy sequence

)0, ze[-1,0]
Let )
_nt, teo,1]
fn(t)_{l’ t>1%
Now,

1/n 1/n 911/n 1
nmw:/ m&:r”] R
0

as n — oco. We prove now for p=1. Let

0

0, T e [—1, Q%J
falz) = 12" (2= 35), @€ [z 7]
1, z € [5,1]
so then, form >n
0, T < gmrT
~ )2 e m), @€ [ o)
fm(l’) fn(x) 1, x € [2},” 2n1+1]

12" (2 = 3om) @ €[5, 5]

Now,
1/2" 1 1
d ms - — Jn d S an -1
Wb = [ Vnte) = fu@li < (5 = gz ) 10
as m,n — oo 1.
Exercise. Let
0, xz € [-1,0]
hnp(2) = { (n2)'/?, x € [0, 1]
1, z €[5 1]
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and
1/p

[/Ol/nmn,p(z)wx] [/Ol/nmxv/p)wx] Vol/”wx)dx] (;n)”pw

as n — 00. Use hy, p(z) to modify the construction for p = 1.

1/p

THEOREM 32.  The space X is complete if and only if for every sequence of nested closed balls
-+- C B(xp,ry) C - C B(x1,71)

such that r, — 0 as n — co. We then have a nonempty intersection.
Proof.
(=) Let (z,) be a sequence of centres of the balls. Then, (x,) is a Cauchy sequence. Indeed,

d(xp, Tm) < max(ry, rm) — 0

as n,m — oo. X is complete, so x,, -y € X asn — co. We want to show that

1
Yy S ﬂ B(Ii,Ti)

1=n

We know that

y= lim z,
n—roo

for xy, € B(xp, ), m > n, we get

im d(zm, v) <1 = d(y, zn) <1y

n—o0

(<) We must prove now that if X is not complete, then 3 a sequence of balls
<+ C B(xp,ry) C -+ C B(xy,71)

such that r, | 0 and

e}

ﬂ B(xp, 1) =0

n=1

Suppose now that X is not complete. Then there exists a Cauchy sequence (x,,) such that x, doesn’t have a
limit in X. Also, there exists ny such that

ATy, Ty ) <

N | =

for m > ny. Now, let By = B(xp,,1), then there exists ny > ny such that

1 1
d(xm,xm) < 2*2 = Z
for each m > ny. Now let By = B(xy,,1/2). We claim that By C B.
The induction step is that there exists ny > np_1 such that

for all m > ng. Now, let



Now, we claim that By C Bp_1.
We know that

C By, C By
where
1
Ty = 27 — O
as k — oo. Any point lying in
1 B
k=1

must be a limit of (xr,). We assumed that (xy) doesn’t converge. Thus

ﬂ B, =0
k=1

and this contradiction completes the (<) direction of the proof. (|

In general, there exist complete metric spaces, and there exists r, that doesn’t converge to zero such
that
- C B(J?Qﬂ“g) - B(l‘l,?”l)

but that -
ﬂ B(:L'k,Tk) = @
k=1

Hint (Problem 5(ii), Assignment 1): Prove that

{All 3-adic rationals in [0,2]} C K + K

and then a/3™ is dense in [0, 2] where 0 < a < 2-3™.

SECTION 3.2

COMPLETION & DENSITY REVISITED

DEFINITION 30.  The Completion of an incomplete metric space X is a metric space Y such that
f: X =Y

is a function that satisfies
o f is I-to-1, with
d(f(z1), f(z2)) = d(z1,22)
[f is an isometry from X to f(X)]
o f(X) as dense inY

e Y is complete

PROPOSITION 33.  Ewvery incomplete metric space has a completion that is unique up to isometry.
Proof (Idea). Let Z be the set of all Cauchy Sequences x = (x1,...,2Zpn,...) in X.
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DEFINITION 31.  We say that two Cauchy sequences (x,,) and (y,) are Equivalent if and only if
d(mna yn) —0

as n — o0.

PROPOSITION 34.  Equivalence is an equivalence relation.

Proof.

The only non-trivial part of this part is transitivity. Thus, if (xy) ~ (yn) and (yn) ~ (zn), then we know
that for n > nq,

€
d ny In a
(@n,yn) < 5
and for n > ng,
€
d ny~n a
(Yn,20) < 5
and thus
A(Xp, 2n) < €
forn > N = max{ny, ns}. O

DEFINITION 32. If we let Y denote the set of all equivalence classes in Z with respect to ~, then for
(zn), (yn) Cauchy sequences in X, we define

a (), ) = lim dx(@a,yn)

n—oo

PROPOSITION 35.

Proof.
So, if (xn) ~ (), then
lim d(znayn) = lim d(:clnvyn)

n— oo n—oo

We have
f: X—>Y

such that f(z) = {z,z,z,...}. It remains to show that
o f(X) is denseinY
e Y is complete
For the first part, let (z}), (22),...,(zF) be Caucy sequences. We know that
dy ((a3), (a72)) = 0

n

as ki, ko — infty. Now, let y € Y. y is an equivalence class of the sequence (x,,). Let € > 0, and let N be
such that
A(xp, Tm) < €

for alln,m > N. Choose, n > N, and we get

dy (y, f(2n)) = dy (Y, (Xpy Ty o ooy Ty .. )) < €

where f(zy) € f(X). This implies that f(X) is dense in Y.
For the second part, let yi,...,yn be Cauchy in'Y. Choose

{ansdaxronm < 1}

n

We claim that (z,,) is a Cauchy sequence in X. If z = (x,), then y, = z in Y.
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We now ask the question: Why are complete metric spaces cool?
A possible answer would involve the Contraction Mapping Principle.

SECTION 3.3
O.D.E. & CONTRACTION

DEFINITION 33.  If X is a metric space and A : X — X, then we say that A is a Contraction Mapping
if there exists 0 < a < 1 such that

d(A(z), A(y)) < a-d(z,y)
for any x,y € X. It is a fact that if A is a contraction mapping, then A is continuous.
THEOREM 36 (Contraction Mapping Principle).  If X is complete, and A is a contraction mapping, then
there exists a unique point xg € X such that A(xg) = z¢ is a fized point of A. Moreover, for any x € X,
A" () = xo as n — oo.

Proof.
Let x € X and consider

{z,A(x),...,A"(x),...} ={z0,...,Tpn,...}
We claim that (x,,) is a Cauchy sequence. To this end, we begin with
d(A™ (z), A" (2)) = d(A™ (2), A™ (A" (2))) < a™d(z, A" (x))
By induction on m, we see

d(A*(x), A*(y)) < ad(A(2), A(y)) < o®d(z,y) < -

and so if m — oo, then a™ — 0.

Now, we know that A™(x) — xy as n — oo, since X is complete. We now want an a priori bound on
d(z, A¥(x)) for each k.

d(z,A(x)) =b
d(z, A¥(2)) < d(z, A(x)) + d(A(z), A(2)) + - - + d(A* (@), A*(x))
Where
d(A'(z), A () < a'b
and so
d(z, A¥(2)) <b(l+a+---+a" 1) < . Ea

which is the bound we need. We also know that
A" (z) — A(A™(2)) — A(o)

asn — 0o0. And thus A(xzg) = xo which means that xq is a fized point of A. A cannot have two fized points
since if xg,yo are fixd, then

Azg = x9 A(yo) = yo
then

d(A(z0), A(yo)) = d(zo,yo)

which is a contradiction that completes the proof. O
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Remark. Alternatively to our original proof, we let our sequence be z,, = Az, _1 so that xz, = A"z and
since A is continuous, and since x,, — =*, we get that

Ar*=A lim z, = lim Az, =z*
n—oo n—oo

which shows existence of a fixed point.

DEFINITION 34.  We say that a map f is Lipschitz, denoted f € Lipg if

[f(@) = f(y)l < K[z -yl

and if K <1 then f is a contraction mapping.

ExXAMPLE 13. 1. Suppose that f : [a,b] — R and that f is Lipschitz with K > 0. If K < 1 then we
know that f is a contraction mapping from [a,b] — [a,b]. Hence if

zo, 21 = f(z1), 22 = f(f(20)), ..
then f(z) — y such that f(y) = y. Sufficient condition is that if f € C*([a,b)),
<K <1
for all t € [a,b].

for some t € [x,y] C [a,b]. So

’f(y)_f(x) =) <K <1

y—x

2. Solving ODE’s.
d
Y =f@y)  ylze) =wo

Now, suppose that
|f(z,y1) — f(z,y2)| < M - [y1 — y2|

for M fized, then f € Lipy iny. We assume that f is continuous on some rectangle R C R? such
that (xo,y0) € R. Then, on some small interval

|z — x| < d

there exists a unique solution to the ODE satisfying the initial condition y(xg) = yo.
Proof.

Solving the ODE above is equivalent to solving an integral equation

o) =+ [ “flhe) dt olwo) = o

and we note that
¢'(z) = f(z, ()
f is continuous on R and so
[f(z,y)| < K

for all points (x,y) € Ry where Ry contains (xg,yo). Now we choose d > 0 so that if
o |z — 29| <d and |y —yo| < Kd, and
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e Md<1

then (x,y) € Ry.
Let C be the space of continuous functions ¢ on [xg — d,zo + d] such that

|z —yo| < K -d
Let doo be the sup distance

d(p1,p2) = sup  [p1(x) — pa(2)]
z€[zo—d,x0+d]

then C is complete. Now we need to define a contraction mapping and so let
x
Ap=v(0) =0+ [ Flt.plt)
o

So we claim that A is a contraction map from C — C. If this claim is true, then there exists a
unique fized point ¢ of A such that Ap = @ which means that this unique @ solves the integral equation
uniquely and thus solves the ODE uniquely.

Now, to prove the claim, we define a starter function ¢ € C' such that

|z —zo| < d
and we have that N
9() ~ ol = 146D ~ w0l = | [ el 0) dt\
max [£(e(t),0)]- |z — ]

te(zo,z]
< Kd

IN

Now, for the contraction (with respect to the sup norm)

[A(p1(2)) — Alpa(2))] =

wt [ 1te0) it - [ 56ea0) dt\

/ (o) — £t oa(e))] dt

0

xT
0

< / £t o1 (1)) — F(t 0a(t))] dt

s/zM~|so1<t>w2<t>\dt

<M [z — 20| max [p1(t) — p2(t)]
t€[xo,x]
<M -d-do(p1,92)
Thus,
doo (A1), A(p2)) < M - d - doo (01, p2)

remember that M -d <1 and M = «.

Fact. Let X be a complete metric space. If A™ is a contraction map from X. Then A(z) = z also has a
unique solution.
We will leave the proof of this until when we need to use it.
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CHAPTER 4

COMPACTNESS

SECTION 4.1

Basics & DEFINITIONS

DEFINITION 35. Let A C X where X is a metric space. We say that A is Sequentially Compact if
every sequence in A has a subsequence which converges to some x € X (x ¢ A is possible).

DEFINITION 36. A C X is called an e-net if for each x € X, there exists y € A such that
d(z,y) <e
DEFINITION 37. X is Totally Bounded if for each € > 0, there exists a finite e-net in X.

OR
X is Totally Bounded if for any € > 0, there exists a finite set x1,...,x, such that

X C B(xy,€) UB(JJQ, €) U S UB(xn, €)
where n = n(e).
Other problems where knowing what n(e) is useful include
e Coding
e Complexity
We note first that a totally bounded space is bounded. That is,

d(zy,29) < 2 + max  d(y1,y2) = 2€ + diam(e — net A)
Y1,y2€e—net A

Fact. If B C X is totally bounded, then B C X is also totally bounded.

We now ask the question: What is the minimal number of points in an e-net? [0, 1],

1 n
least number of points ~ ( + 1)
€

Hint: We can use without proof the fact that all norms in R? are equivalent. This implies that we can

use our favourite norm in R™ to define the operator norm, namely

Az]l,  [lA2]le

||$|‘p 2[00
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Now, suppose that C; < Cy, so if

1 dl(xay)

— <C

Ci = do(z,y)
then ) J ( )
1T,y

— < < C.

Cy = do(z,y) ~ °

EXAMPLE 14.  Ezamples of totally bounded sets.

e InR™, a set is totally bounded iff the set is bounded (n is fized).
o In 2, take the set

1 1
A:{x:<x1,...,xn,...):|x1|s1,|x2|s2,---|xn|<}

We claim that A is totally bounded.
Proof.
Let € > 0 and choose m such that )

<
2m

DN ™

Now, let
Cy={z=(x1,...,2m,0,0,...,0,...): 2z € A}

First, we claim that Cy is totally bounded. Cy can be covered by N(e) < e ™ balls of radius €.
Now we claim that the whole set C lies in an e-neighbourhood of C1. It suffices to show that for any
x € C, there exists y € Cy such that

d(z,y) <e

To this end, take x = (x1,...,Tm, Tm+1,...) € C andy = (z1,...,Zm,0,...,0,...) € C1. Now,

2 2
d*(z,y) = Z |2} < (2m+1)2 + (2m+2)2 o

I
His
N
+
| =
_|_
Sl
_l’_
——

gm1—1/4  3.4m-1

Now, the e-net in Cy is also a finite (2¢)-net in C. So since, € is arbitrary, we conclude that C is
totally bounded.
We remark that the same construction would work if

o0
|zk] < ap s.t. Zai < oo
k=1

o We claim that the whole of 1% is not totally bounded. To this end, define
xz1 = (1,0,0,0,...)
z9 =(0,1,0,0,...)

23 = (0,0,1,0,...)

31



A={x1,29,...}
We know that
A (xp, xp) =12 412 =2
for any m,n. So, for any e < \/2/2, A cannot be covered by a finite e-net.

THEOREM 37.  Let X be complete, and suppose that A C X. A is sequentially compact if and only if A is
totally bounded.

Proof.

(=) Suppose that A is not totally bounded. There exists an € > 0 such that A doesn’t have a finite e-net.
Choose x1 € A, then there exists xo € A such that

d(.’ﬂl,xg) Z €

and there exists x3 such that
d(zg,x1) > € d(zs,x2) > €
and continuing this way, we see that there exists xy such that for any j < k,
d(zg, z;) > €

Now, we claim that x; cannot have a convergent subsequence. To yield this claim, we simply say that any
subsequence is not Cauchy.
(<) Suppose that X is complete and A is totally bounded. Let (z,) be a sequence of points in A. Let

1 1
€1,€2 = 5,...,6]@ = E
For any k, there exists a finite set a¥, ak, ..., a,’ik such that

U B(af, €k) =A
i=1

ne of B(a;, as infinitely many x’s. In a ball B; of radius 1, there is an infinite subsequence of xy’s
0 lelh ' tel ’s. In a ball B dius 1, there 1 infinite sub ’

Jfgl), . 37(1)

ey Tyl

1
2
B (aj, 2)

has infinitely many acg-l). Call it By. Call the corresponding subsequence

Also, one of the balls

xf),...,xf), e
One of
B (af, ;)
has infinitely many points of
xik_l), kD
Call it By. Elements lying in By for a subsequence
IO

(k)

Now, let yr, = ;. yr is a subsequence of xy’s.
Yy is Cauchy. For m > 1,

ENl N

1
d(Yk, Ye+m) < diam (B (af, k)) <

X s complete. yr, — z € X. O
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SECTION 4.2

ARZELA & COMPACTA

PRrOPOSITION 38. X is complete, and A C X is compact if and only if for all € > 0, there exists in X a
sequentially compact e-net that covers A.

DEFINITION 38.  Let F = {p(x)} be a family (collection) of functions on [a,b]. We say that F is Uni-
formly Bounded if there exists M > 0 such that

lp(x)| < M, Yz €la,b], Vo F

DEFINITION 39.  We say that the family F is Equicontinuous if for every e > 0, there exists 6 > 0 such
that ¥V x1, 2 € [a,b], with |21 — x3| < §, and ¥V ¢ € F, we get

lp(z1) — p(a2)] <€
Remark. Both of the above definitions work for any metric space X.

THEOREM 39 (Arzela).  Let F be a family of continuous functions on [a,b]. Then F is sequentially compact
in (C([a,b]),dso) (which is complete by Theorem 30) if and only if F is uniformly bounded and equicontinuous.
Proof.

(=) It is true that F is sequentially compact in (C([a,b]), ds) if and only if F is totally bounded in C([a, b])
by Theorem 36.

Now, let € > 0, then F can be covered by a finite (¢/3)-net. There exists ¢1,...,pr € C([a,b]) such that for
any ¢ € C([a,b]), we have

€
doo(‘pv@]) < g
for some 1 < j <k. Now, |p;(z)| < M; for all x € [a,b]. Take

M = max{M;} + g

and for any x € [a,b] and for any ¢ € F, there exists 1 < j < k such that

Now, for all x,

and since

which means that F is uniformly bounded.
Each o(z) € C([a,b]) is uniformly continuous, so there exists 6; such that

€
|21 — m2| < 65 = |pj(71) — @j(x2)] < 3

and let 6 = min{d;}. Let x1,x2 € [a,b] such that |1 — x2| < . Let p € F and choose 1 < j <k so that

Wl m

doo (0, 05) <
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and now

lp(z1) — @(z2)| < lp(z2) — @) ()] + 905 (21) — @i (22)| + |pj(2) — P(T2)]
< % + g + % =€

(«<==) We know that (C([a,b]),d) is complete and hence it is sequentially compact if and only if it is totally
bounded. We claim that F is totally bounded. Let € > 0. By uniform boundedness, we get that

()] < M
Now, let 6 > 0, then for any x1,x2 € [a,b], we have that
€
|z1 — 22| <6 = |p(r1) — @(x2)] < 5

for any ¢ € F. Now, let
b—a

)

N <

and let
b—a b—a b—a
To=a $1ZG+T To=a-+2 I ry_1=a+ (N —1) N =b

Now we let m > 0 and

M _ ¢

m 5

and yo = —M and y,, = M so that the points yi subdivide the interval [—M, M] into m equal parts. Now,
we take any continuous function ¢ € F. We look at values {p(x0), o(x1),...,0(xN)} and for each j, we
choose y; such that

lp(xy) —y;] <

(181

Now let 1) be a piecewise-linear function such that (z;) = y;. The set of all possible 1 (call it A) is finite
and
|A| < (M +1)"*!

Furthermore, since we know that the slope is between —3 and 3, it follows that the number of functions
Al < (M+41)-7T"

Now we claim that the set A of possible 1 form an e-net in F. To this end, we first note that for any
0<k<n,

() = wlen)| < £

and .
lo(Trt1) — Y(Tps1)] < 5
by our choice of Y. Also, by uniform continuity, we get
€
(@) = plzrea)l < ¢
3e

= [¢(zx) — Y(Tpt1)] < 5
Now, for any © € [z, Tg4+1], we have by linearity that

9(2) — plon)] < 5
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Then
lo(@) — v(@)] < le(z) — olzr)| + [o(zr) — ()] + [W(zk) —P(2)| =a+ B+

We know that a < €/5 by uniform continuity, and 8 < €/5 by construction of ¥ and v < 3¢/5. Thus

p(z) = ¥(x)] <€

for any = € [a,b] which completes the proof. .

Recall that A C X is sequentially compact if and only if any sequence (z,) € A has a subsequence that
converges in X.

DEFINITION 40. A subset A C X is Sequentially Compact In Itself if and only if any sequence (z,,) € A
has a convergent subsequence that converges in A.

EXAMPLE 15.  If B=QnN[0,1] then B is sequentially compact but not in itself.

ExXaMPLE 16. If A = X then sequential compactness is equivalent to sequential compactness in itself.
DEFINITION 41. A sequentially compact metric space is called Compactum.

PrOPOSITION 40.  Let A C X. If A is sequentially compact, then A is sequentially compact in itself if and
only if A is as a closed subset of X .

COROLLARY 41.  Any closed bounded subset of R™ is sequentially compact in itself.

PROPOSITION 42.  Let X be a metric space. X is a compactum if and only if X is complete and totally
bounded.

Proof.

EXCERCISE

ProproOSITION 43.  Every compactum has a countable dense subset.

THEOREM 44.  The following are equivalent:

(i) X is a compactum.

(ii) An arbitrary open cover {Uy}tacr of X has a finite subcover. That is there exists ay,...,a, € I such
that
n
X C | JUa,
i=1

(iii) (Finite Intersection Property)
A family {F}aer of closed subsets of X such that every finite collection of F,’s has a nonempty

intersection has
() Fa#0
acl

Proof.
((1) <= (i3)) Suppose that X is sequentially compact in itself. Let €, = 1/n and take a finite €,-net; with
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centres a,(cn) for each n so that
n 1
xcl|JB (a,(c ), n)

We proceed by contradiction. Assume that there exists an open cover {U,} without a finite subcover and

choose one of
n 1
B (Cl’(f ), ')’L)

that cannot be covered by a finitely many U, ’s. Now, say

n 1
B (ako(n)’ n)
(n)

Let x,, = {wkg(n)}, Now, X is a compactum, so a subsequence x,,;, —y € X. y € Ug, for some B € 1. Ug is

open and so
B(y7 6) g O,B

for some € > 0. Now choose n so that

<

S|
N

and then - .
Now, we claim that
n 1
B (a’gmzn)’ n) < B(yv 6) c Oﬁ

which is trivially true. But this is a contradiction which completes this part of the proof.
((it) = (i)) Suppose that any open cover of X has a finite subcover. Then we claim that X is complete,
and that X s totally bounded. To show total boundedness, we let € > 0 and then

X C n B(z,e =U,)
reX

has a finite subcover. Thus, there exists x1,...,%y ) such that

is a finite e-net and € is arbitrary, so total boundedness follows.
To show completeness, we let
.. CB,C---CHB

be a sequence of closed, nested spheres of radius r, — 0 as k — co. Now, suppose, for a contradiction, that

B, =10

DL

=
Il
—

Now,
U &\Bw)

keN

is an open cover of X. It cannot have a finite subcover, otherwise Bj =0 for j > N which is a contradiction
that completes the final portion of the proof. O
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Remark. Open cover property is usually taken as a definition of compactness for general topological spaces.
To get a ”sequential” definition for general topological spaces, one should generalize the notion of sequence
to "nets.”

THEOREM 45.  If X is compact, and f : X — 'Y is continuous, then f(X) is compact.
Proof.
Let
fx)cYva
acl
Then, for any «, define f=*(V,) = U, which is open and {Uy}aer is an open cover of X which is compact.
Then there exists a finite subcover
X CUy UUp, U---UUq,

which implies that
f(X)CV,,Uu---UV,,

is a finite subcover of f(X) which yields our claim. O

THEOREM 46. If X is compact and f : X — Y is continuous, one-to-one and onto, then f~' is also
continuous and hence f is also a homeomorphism.

Proof.
Define Y = f(X) to be compact. Let B C X be closed. Then B is compact since closed subsets of compact
metric spaces are compact. Now, f(B) = C is closed in'Y which completes the proof. (]

If we let X,Y be compact metric spaces and if C(X,Y) is the set of continuous functions from X to Y.
Now, let f,g € C(X,Y) and define

doo(f,9) = sup dy (f(x),9(x))

THEOREM 47. Let D C C(X,Y) where X,Y are compact. Then D is compact in C(X,Y) if and only if
for every e > 0, there exists § > 0 such that for every x1,x9 € X,

dx(x1,22) < 0 = dy (f(21), f(22)) <€

for every f € D.

Proof. (Sketch)

Let Mx y be the space of all mappings (not necessarily continuous) from X toY. Define doo as before. Now,
C(X,Y) is a closed subset of Mx y. Also, if f, : X =Y converges uniformly with respect to do then the
limit function is continuous.

THEOREM 48. A closed subset Y of a compact set X is compact.

Proof.

Let (Uy,) be a cover of Y. (Uy) U (2\Y) is an open cover of X which is compact. This implies that a finite
subcover Uy, ... Uy, (X\Y) possibly of X. Hence, the subcover covers Y. |

PROPOSITION 49. Let X be a metric space. Then Y is sequentially compact in X if and only if Y is
compact in itself.

PROPOSITION 50.  Any function that is continuous on a compact metric space X is uniformly continuous.
Proof.

Suppse, for a contradiction that there exists € > 0 such that there exists (x,,), (z),) in X such that

A, ) < - = | (n) = S()] 2 €
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Now, X is compact, so there exists x,, —y € X. Then x;, — y. f is continuous and so f(xy,), f(x),

f(y). This contradicts our assumption and the proof is complete. O

) —

ProposiTION 51.  If X is compact, then f : X — R attains a least upper bound U and greatest lower
bound L.

Proof.

Suppose, for a contradiction, that U is not attained. Then, for each n, there exists x,, € X such that

1
U>f($n)ZU—E

by sequential compactness, x,, — y € X. Now, by continuity, f(zn,) — f(y). Thus, f(y) = U which
contradicts our assumption and completes the proof for attaining the supremum. For the infimum, it is
symmetric. We just replace f by —f. O

THEOREM 52.  (General Arzela)
Let D C C(X,Y) where X, Y are compact metric spaces. Then D is sequentially compact in C(X,Y") (which
is equivalent to D is compact in C(X,Y)) if and only if for every e > 0, there exists 6 > 0 such that for
every r1,xs € X,

d(x1,22) < 0 = dy (f(x1), f(z2)) <€

for every f € D.

Proof.

We remarked that it suffices to show that it suffices to show that D is totally bounded in M (X,Y") with respect
to

doo(f,9) = sup dy (f(z), g(x))

reX

where M(X,Y) is the space of all maps from X toY (not necessarily continuous). Also, it was proven that
C(X,Y) is closed in M(X,Y)

To prove that D is totally bounded, we shall be approximating functions in D by piecewise constant (but
discontinuous) functions.

Now, let € > 0, and in the definition of equicontinuity, choose 6 > 0 such that

dx(l'l,l'g) <= dy(f(l‘l),f(l'g)) <€
for all f € D. Let {x1,...,x,} be a (§/2)-net in X. Then let

A1 =B <$17 (2;) y A2 =B (3327 (2;) \Al, A3 =B (1‘3, g) \(A1 UAQ)

so that

1
A, =B (xk, 2) \(Al .- UAkfl)

Now, A1 U---UA, =X. The A; are disjoint. Also, if x1,22 € A;, then
dx(l’l,xz) <4

Now, if Y is compact, then there exists a finite (¢/2)-net {y1,...,ym} C Y. We shall approzimate functions
in D by the set of mappings that are constant on A;’s and take values in {yi1,...,ym}. This is a finite set
and the number of functions is less than or equal to m™.

We call this set ® and we claim that for every f € D, there exists p € ® such that d (f, p) < 2€.

To this end, for all 1 < i < n, there exists 1 < j < m such that

dy (f(z:),y5) <€
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Now, let ¢ € ® be defined by letting p(x;) = y;, then

dy (f(x),(x)) < dy (f(2), f(z:)) + dy (f (20), 0(2i)) + dy (p(x), (1))

The first two terms are less than € and the last term is 0. Thus,

dy (f(x), p(x)) < 2€

and the proof is complete. O

EXAMPLE 17.  Let f,(z) = 2™ and we wish to show that {f,} C C([0,1]) is uniformly bounded and
uniformly equicontinuous.

Clearly, it is uniformly bounded by 1. For uniform equicontinuity, we have

o) = nan

n

and so
) =n

We suppose for a contradiction that for every e > 0, there exists 6 > 0 such that for each x,y € X,

‘.’ﬂ 7y| <= |fn(x) - fn(y)| <e€

for each n € N. By Taylor’s theorem, we get

[fn(2) = Fu ()] = [(@)] - 2 =yl

the rest is provided in a note online.
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CHAPTER 5

BAsic POINT-SET TOPOLOGY

SECTION 5.1

Propuct ToPOLOGY

le...xUnx...
The basis of open sets are the sets where
(i) Uj’s are open in X;’s

(ii) U; = X, except for finitely many j’s
PRroprOSITION 53.  Let -
f:Y - X = HXi
i=1

be a function. Then f is continuous (with respect to the product topology) if and only if

where the f;(y) are continuous for each i.
Proof.
It suffices to show that f~'(Basis element of the product topology) is open in'Y. Let

U=U; xU, X Xpy1 X Xpyo X -+

and so
o) =) N0 U NY NY N =Y
s open, as we disregard the intersections with Y and also since each ffl(UZ-) is open. O
ExaMpLE 18.  If we let
f:R—=>R™®
be such that
T (T, )

then we can see that f is not continuous in the box topology.

THEOREM 54.  (Easy Version Of Tikhov Theorem,)
Suppose that X; is compact for each j, then

X = ﬁXi
i=1

with the product topology is also compact.
Proof.
Suppose that X has an open cover O that has no finite subcover. We first claim that there exists x1 € X3
such that no basis set of the form
Uy x Uy X -+
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is overed by finitely many open sets O. To show that this claim holds, we will suppose, for a contradiction
that for any x1, there exists Uy containing x1 such that

Up(zy) x Xg X - -+
is covered by finitely many sets in O. Then the sets
{U(z1) : z1 € X1}
are open covers of X. If Xy is compact, then
X1 CU(x1)U--- U U (xg)
and each U; x Xo X -+ x X, X -+ is covered by finitely many open sets in O. Thus
Xy XX Xy X o e

is covered by finitely many sets in O which contradicts our assumption proving the claim.
Now, by induction, there exists Xo € Xo such that no basis set of the form

Uy xUs X X3 X+ X Xp X+

such that (x1,22) € Uy X Uy can be covered by finitely many open sets in O. This is step 2 in the induction.
This is proven using the compactness of Xo. Now, for step k, we have that for each k € N, there exists
x € Xk such that no element of the form

Uy X XU X Xpg1 X -+
can be covered by finitely many open sets in O. Now, consider
T= (21, Tp, ) EXp X X Xpp X e
and so there exists v € O, such that x € V. So there exists a basis element
U=U; X xXUp X Xpg1 X -+

which contradicts step m of the induction. |

Suppose now that X is a metric space. Is the product topology metrizable? The answer is yes. We wish to
put a metric on

o0

1%

j=1
Step 1. Let d; be the metric on X;. Replace d; by

> __di(z,y)
dj(z,y) = m <

It is a fact that ch preserves topology on Xj.
Step 2. Let

z= (1, @) Y=Y Yns )
and we say that

D(@,g) — i dj(xkvyk)

2k
k=1

and we’re done!
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ExXAMPLE 19.  We recall that the rational numbers can be completed to p-adic rational numbers, so

o0
Q-Q= Zajpj:meNﬁmte,ogajgp_1

j=—m

SECTION 5.2

CONECTEDNESS

DEFINITION 42.  Let A C X and we say that OA is the Boundary of A if 0A is the set of points x € X
such that Ix,, € A such that x, — x and Iy, € A® such that y,, — = also.

PROPOSITION 55.  Let X be a metric space and let A C X. Then, 0A is closed, and also (AU B) C
OAUIB. We can also find an example where O(AU B) # 0A U dB.

Proof.

Ezcercise.

DEFINITION 43.  Let X be a topological space. We say that X is Connected if and only if we have for
subsets A, B C X either both open or both closed with AN B = () that

X — AUB —> A=0,B=X or
A=X,B=10

If X is not connected, then X is called Disconnected.

We make the remark that if X = AU B, then A, B are both closed and so.

PRrOPOSITION 56. X is connected if and only if we have that the only subsets that are both open and closed
are ) and X.

EXAMPLE 20.  Any set with discrete topology with greater than 2 elements is disconnected.

PROPOSITION 57.  The interval [a,b] is connected.
Proof.
Suppose that [a,b] = AU B where A, B are both open in [a,b] and AN B =0 with A, B # 0 (so, we’re looking
for a contradiction). Suppose that a € A, then [a,a+ €) C A for some € > 0 which must happen since A is
open. Let
C={ce(a,b]:[a,c C A}

Clearly, b ¢ C. Let L = supC, then either L € A or L € B.
If L € A which is open, then we can find €, > 0 such that

(L7617L+61) QA
Then ¢

[a, L —+ §:| g A

so L cannot be an upper bound which contradicts our assumption.
If L € B, then we can find €5 > 0 such that

(L—€27L+62) Q B

and so L cannot be the least upper bound which is also a contradiction to our assumption. (]
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DEFINITION 44. X is called Path Connected if for each x,y € X there exists a continuous map f :
[a,b] = X such that

ProposiTiON 58.  If X s path connected, then X is connected.

Proof.

Suppose for a contradiction that X is disconnected. Thus X = AU B where A, B are open and AN B = ().
Then, U = f~1(A) is open in [a,b] and V = f~1(B) is open in [a,b]. Now, UUYV = [a,b] since [a,b] is
connected and we have a contradiction which completes the proof. ([

COROLLARY 59.  All open and half open intervals are connected.

COROLLARY 60. Convezx sets are connected.

DEFINITION 45.  If X is a linear space, then A C X is Convex if for every x,y € A, we have
{tz+ (1 - tyy;t € [0,1]} C A}

That is, there is a line segment connecting every x,y € A.
COROLLARY 61.  Any star like set B in R™ is connected.

PROPOSITION 62.  Let f: X — Y be continuous and surjective. Then
(i) If X is connected, then Y is connected.
(i) If X is path connected, then'Y is path connected.

Proof.

(i) Suppose for a contradiction thatY is disconnected, then Y = AUB where A, B are open with ANB = ().
Now, U = f~1(A) and V = f~1(B) are both open, with UNV = 0 and also, UUV =) and UUV = X.

(ii) Let yi1,y2 € Y and let z1 € f~ *({y1}) and z2 € f~1({y2}). We know that X is path connected, so
there exists a continuous map h : [a,b] — X such that h(a) = x1 and h(b) = 5. Now, foh:[a,b] =Y
1s also continuous since both f and h are continuous, so

(foh)(a) = flz1) =

(foh)(b) = f(z2) = y2
so Y is path connected. (|

THEOREM 63 (Intermediate Value Theorem).  Let X be connected, and let f : X — R be a continuous map
and also, let a < b. If there exists v1 € X such that f(x1) = a and there exists xo € X such that f(x2) =0,
then for any ¢ € (a,b), there exists y € X such that f(y) = c.
Proof.
Suppose for a contradiction that there exists ¢ € (a,b) such that f(y) # c for eachy € X. Then f(X) cannot
be connected. This is because

F(X) € (=50,) U (e, +00)

and so if we let U = f~1((—o0,¢)) and V = f~1((¢,00)), then UNV =0 and UUV = X. Also, U,V # )
with 1 € U,xy € V which explains the impossibility of connectedness in this case which contradicts our
assumption. O
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COROLLARY 64.  There exists two antipodal points x, —x on earth such that T(x) = =T (—zx).

Proof.

Let f : S? — R where f(x) = T(x) — T(—x). If f(y) = 0, then we’re done. Thus, we suppose for a
contradiction that f(y) = C # 0, so f(—y) = —C. S? is path-connected which implies that it’s continuous.
Now, 0 € (—c,c). By the intermediate value theorem. O

SECTION 5.3

CONNECTED COMPONENTS/ PATH COMPONENTS

Suppose that X is not path connected and let x € X, then we define

P(z) ={y € X : 3 a continuous z — y path}
={yeX:3f:[a,b] = X s.t. f(a) =2z, f(b) =y}

PROPOSITION 65.  P(x) is path connected. Proof.
Follow that path from y, to x then from x to ys.

PROPOSITION 66.  If x ~ y is defined to be the relation where y € P(x), then it is an equivalence relation.
Proof.

1. x~x
2. x ~y implies y ~ x
3. x~y andy ~ z implies T ~ z.

Path components are equivalence classes of ~. If y ¢ P(x), then P(x) N P(y) = 0.

PROPOSITION 67. Let A C X if A is connected, then A is also connected.
Proof.
Suppose for a contradiction that A is connected but A is disconnected. Then CI(A) = B U C where both B
and C are closed in A and hence also in X. Now, we know that a closed set B in A have the form BN A
where B is closed in X. So

A=(BNA)U((CNA)

where B and C are closed in X (by our remark above) and so if we let
BNA=5B CNA=C;

and then
A= Bl U Cl

where By, C1 are both closed i?LA. é s connected, so one of By and Cy must be empty. Su@ose that C1 = 0,
then BNA= A and thus BNA = A and so C = () which contradicts our assumption that A is disconnected,
and completes the proof. O

LEMMA 68. Let A C X where A is both open and closed and let C C X be connected. Then if C N A # ()

then C C A.
Proof.
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Let A be both open and closed in X. Thus, AN C is both oen and closed in C. C is connected, so if C # (),

then we know that
C
ANC =
s

but by what we just said above, we’re done and AN C is forced to be equal to C. ]

PROPOSITION 69.  Let (Cu)acr be a family of connected subspaces of X. Suppose that for any o, € I,
we have Co, N Cg # 0. Then
U ¢c.

acl

is connected.
Proof.
We use the lemma for this proof. The details are left to the reader as an excercise.

An application of this would be if C,, is the collection of all connected subsets Y C X such that z € X. By
the above proposition,
U¢a

acl

is connected.

DEFINITION 46. Let © € X and let (Cy)acr be the collection of all connected subsets Y C X containing
x. Then we say that

Cz)= | Ca
acl
is the Connected Component of x.
ProPOSITION 70.  Ify ¢ C(x) then C(z) N C(y) = 0.
PRrROPOSITION 71.  If each point in X has a neighbourhood that is path connected, then path components in
X are connected components.

x~yify € C(x) is an equivalence relation.

EXAMPLE 21.  Open subsets of R™. Open sets of a normed linear space.
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CHAPTER 6

BANACH SPACE TECHNIQUES

DEFINITION 47. A complex vector space X is said to be Normed if there exists a function || -||: X — C
such that

(i) ||z]] >0 VzeX
(ii) ||z]| =0 <=2 =0
(i) ||azx|| = || ||z]] Ve X,aeC

(w) lle+yll <|lzl| +lyll VzyeX

PROPOSITION 72.  The space (X,d) where d(z,y) = ||z — y|| always defines a metric space.

Proof.

Simply check the four axioms of a distance. The only non-trivial part is the triangle inequality, so for any
z,y,z € X, we have

da,y) = llz =yl = llz =z + 2z =yl <[l = 2l + ||z =yl = d(z, 2) + d(z,9) T

DEFINITION 48. A normed vector space (X,|| - ||) is said to be a Banach Space if it is complete with
respect to the metric induced by || - ||.

EXAMPLE 22.  (a) Consider the space
X =C%a,b)) = {f : [a,b] = C: f is continuous}

with norm

1 fllsc = sup [f(z)|

z€la,b]

this is a Banach space.

(b) Consider
X:lQ:{J}ZN—)CIZ.’Ei2<OO}
i=1
with norm
llz]] = V/(z,2)

and this space is a Hilbert space which implies that it is Banach.

SECTION 6.1

LINEAR FUNCTIONALS

DEFINITION 49. A map A : X — Y between vector spaces X,Y is said to be Linear if
A(azx + By) = aldx + Ay
for any x,y € X and o, B € C.
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DEFINITION 50.  If a linear map A : X — Y between normed vector spaces X,Y has norm

1Al = sup{||Az[ly : z € X, [|z[[. <1}

and saitisfies ||A|| < oo, then we say that A is a Bounded Linear Map.

ProrosITION 73.  If A is bounded, then the following are true.

(1)
|All = inf{K > 0: ||Az[|y < K]|z[|x} = sup{[|Az]| : |J«|| = 1}

(i)
1Az|ly < [IAll [|2]|x

(iii) A maps B (0) = {a : ||el| < 1} into BY,,(0) = {y : [lyl| < I|Al|}.

DEeFINITION 51.  If Y = C, then the linear map A : X — C is said to be a Linear Functional (not
necessarily bounded).

THEOREM 74. Let A: X — Y be linear and X,Y be normed linear spaces. The following are equivalent.
(i) A is bounded.
(ii) A is continuous.

(i1i) A is continuous at some xg € X.

Proof.
(1) = (it)
|Azy — Azs| = [[A(z1 — z2)ly < [[Al] [l21 — 22||x
and continuity follows by taking € > 0 and
€
0<6< —
|| All

(19) = (¢91) Trivial.
(#91) = (i) Let A be continuous at xg € X. Take € > 0, and there exists 6 > 0 such that for any x € X,

[|lx — 20l] < d = ||A(z — x0)|| < €

Let ||h|| < § so that

Ah
||$o+h*fﬁo||<5:>||A(Io+h)*AI0H:%<§
Then, if ||z|| <1, then
€ €
Az||| € = All < =
lAz| < & = |14 < &

and then A is bounded. O

EXAMPLE 23.  Let A : C%([a,b]) — C°([a,b]) and K : [a,b]> — C be continuous, then

b
(Af)(t) = / K (t,5)f(s)ds

18 bounded.
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SECTION 6.2

BAIRE’S CATEGORY THEOREM, BANACH-STEINHAUS THEOREM & THE OPEN MAPPING THEOREM

THEOREM 75 (Baire’s Category Theorem). If (X,d) is a complete metric space, then the intersection

of every countable collection of dense open subsets of X is dense in X. In particular, the intersection is

nonempty.

Proof. _

Let Vi,...,vp,... C X be open and dense. So, for any i, V, = X and V is open. Let g € X and look at
Bx(zg,€) ={z € X : d(x,x0) < €}

We want to show that

Bx(xo,e) n <ﬂ Vn> #* 0

First, we notice that since Vi is dense, we have that Bx(zo,€) NVy # () so there exists x1 € Bx(xo,€) N V4
and there exists r1 > 0 such that
Bx(z1,71) € Bx(z9,e)NW;

and continuing after n steps, Bx (xp—1,7n—1) NV, # 0 so there exists x, € Bx(zp_1,7n—-1) NV, and
1
0o<r, < —
n

so that
BX (xnv Tn) g BX (xn—la Tn—l) N Vn

So this is in fact a sequence of nested balls Bx (xn, 1) C -+ C Bx(xo,€) with the sequence (x,)22, and
2
A(Tpaks Tnam) < 2r, < = =0
n
as n — 0o so this sequence is Cauchy. Thus, by completeness, there exists x* such that

T, — T

as n — 0. Now, z* € Bx(xyn, ) € V,, for every n and thus

and z* € Bx(xg,¢€), and finally

and this completes the proof.

COROLLARY 76.  If (X,d) is complete then any countable intersection of Gs supersets of X is again G
dense.

Proof.

e P
=1
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for U; open in X. If G is dense, then so are the U; and we have

ﬂl z:ﬂﬂ _ﬂlUf
1= i=1j=1 1,]=

which by Baire’s Category Thoeorem is dense and E C X is nowhere dense if E contains no nonempty open
subsets of X so X\E is open and dense. O

DEFINITION 52.  We say that the set F is First Category where

F= ﬁEi
i=1

and E; is nowhere dense if everything else is second countable.

THEOREM 77.  Let (X, D) be complete, then X is not first category.

THEOREM 78 (Banach Steinhaus).  Let X be Banach, and let Y be a normed vector space and let (Ay)aca
be a collection of bounded linear maps A, : X =Y, then either

o There exists M < oo such that ||As|| < M for each o € a or

sup || Aqx|| = 00
aca

for all x € F, where F is G5 dense.

Proof.
Let po(z) = ||Aaz|ly and let
Pa = SUp pq (1) = sup [ Aaz|

and @, pq : X — R where ¢ is a function and @, is continuous. Now, let
V=t (n,4o00) = {r € X : po(z) > n}
and let

V" = Hn,+00) = {z € X : p(z) > n}

:UV;

aca

and we can see that

So
(i)

2 € UVE = 2 € VI = n < pa,(z) < p(2)
= XeV"

(ii)

x €V = supy,(z) >n
(0%
assuming that for each o, @ (x) < n, but then

sup pq () <n
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which is a contradiction and so there exists ag such that v (z) > n which implies that
zeVy cl v
«
and V" is then open because each V' is open.
Case 1. There exists ng € N such that V™ is not dense, and so there exists xg € X, 6 > 0 such that
B(:L'(),(So) NV =0
and if ||z||x <& then zo+x ¢ V™ but xg + x € B(xo, o) and so
plx+x0) <ng
if and only if for each o € a, we have
[Aazoll <no [[Aa(z + z0)]| < 10
now let x = (x + xo) — xo such that ||x|| < 3, then
[Aazlly = [|Aa(z + z0) = Aaol| < [[Aa(z + o)l + [|Aazoll < 2n0

and we can say that for any

. T
T
we have
2] <1
and so on
R 0
[AaZ| < (570
for every a € a, and finally
sup [ Ao < 220 = M1
a 60

Case 2. FEvery V" is dense in X. By Baire’s theorem,

o0
v
n=1
is Gs dense in X so for every
oo
T € m v
n=0

and p(x) = 0o and we’re done. O
This theorem can be interpreted as if X is Banach and Y is normed linear with our collection of A, then
either there exists By (0, M) C Y such that for every a € a, we have

AL(Bx(0,1)) € By (0, M)

or A, maps F to A,z.
Now, before we continue, we first define for a Banach space X,

Bx(zg,r) ={z € X : |lz — zo|| <}
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THEOREM 79 (Open Mapping Theorem). Let X,Y be Banach spaces and let A : X — Y be a bounded
linear map such that A(X) =Y (i.e. A is onto), then there exists § > 0 such that

By (0,6) C A(Bx(0,1))

An alternative way of stating this theorem is: For each y with |y|| < §, there exists an x such that ||z| < 1
such that Az = y.

Proof.
Given y €Y, there exists x € X such that Az = y. If ||z|| < k, then it follows that y € A(kBx(0,1)). Thus,
Y is the union of the sets A(kBx(0,1)) for k = 1,2,.... Now, since Y is complete, the Baire Category

Theorem implies that there exists a nonempty open set W in the closure of some A(kBx/(0,1)). This means
that every point of W is the limit of a sequence Az, where x, € kBx(0,1). Now we fix k and W.
Choose yg € W an choose n > 0 so that yo +y € W for any |ly|| < n. For any such y, there exist sequences
(xh,), (i) in kBx(0,1) such that

Az, —yo Az, —yo+y

1., we get that ||z,|| < 2k and thus Az, — y as n — oco. Since this holds for
each y with ||yl < n, we get from the linearity of A that for every y € Y and for all € > 0 there exists an
x € X such that

: Y/ /!
as n — 0o. Setting v, =, —

() el <7yl & lly— Azl <e

when we simply put § = 3.
We’re almost there, we just need e = 0.

First, take y € 6By (0,1) and let e > 0. By (x), we have that there exists x1 with ||z1]] < 1 and
1
ly — Azq|| < 556

Now, suppose that x1,...,x, are chosen so that
ly — Azxy — - — Az, || < 27"e

then using (x) with y replaced by the vector on the left hand side of the above inequality, we obtain x,+1 so
that the above holds with n + 1 in place of n, and

[Znal] <27

forn=1,2,.... Now, if we set s, = x1 + ...+ x,, then we get that (s,) is a Cauchy sequence in X, and
thus by completeness, there exists v € X such that s, — x. Then since ||z|| < 1, we use the above and get
that ||z|]| < 1+ €, and since A is continuous, As, — Ax. Now, by (x), As, — y and thus Ax =y. We have
now that

0By (0,1) C A((1+¢€)Bx(0,1))

or
1

1+e

for every € > 0. The union of the sets on the left, taken over each ¢ > 0 is precisely 6By (0,1) which
completes the proof. (I

A(Bx(0,1)) € 6By (0,1)

THEOREM 80. Let X andY be Banach spaces and let A be a bounded linear functional from X — Y which
is one to one, then there exists 6 > 0 such that for each x € X

[Az|| = o]

That is, A~ : Y — X is also a bounded linear functional.
Proof.
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If we choose 0 as we chose in the Open Mapping Theorem, then the conclusion of that theorem, combined
with the fact that A is now one to one shows that

|Az|| < 6 = ||z]| < 1

Thus, ||x|| > 1 implies that ||Az|| > ¢ and so ||Az|| > d||z||, as needed.
The functional A™' is defined on Y by the requirement that A~ y = x if y = Ax. A trivial verification then
shows that A~ is linear and

A= <

| =

follows from the fact that || Ax| > 6||x]|. O

DEFINITION 53. A Linear Manifold L in a Banach space X is a set such that for any x,y € L and for
any a, B € R, we have
axr+ Py € L

A linear manifold L is called a Subspace if and only if it is a closed subset of X.
EXAMPLE 24.  Consider R® = X. Let
L={(z1,...,%n,...) i xx, =0V k >N}

Then, L is a linear submanifold of X. L is not closed. If we have

1 1 1 1 1
Ty = <1,2,...,2n70,0,...) — T = (1727”.72’71’271-"-1".')

and x ¢ L.

ProPOSITION 81.  Let X be Banach with z1,...,2,,... € X. Consider

M = Zajzj ta # 0 only for finitely many j
J

then M is a linear submanifold of X. Let M be the closure of M. Then M is a linear subspace of X.
Proof.

First, we note that M is closed. We want to prove that M is a linear submanifold of X. Let x,y € M. Fix
€ > 0, then there exists x1,y1 € M such that

o1 —all <€ [lyr —yl <e
Let o, € R. and we examine

lazi + By1 — axy — Py < |lax — oz || + || By — By |
<la|-||lz =zl + 8] - [ly — vl
< (laf + |B)e

and ¢ is arbitrary, and (axy + By1) € M is close to ax + By which implies that ax + By € M as required.

In the statement of this proposition, M is a subspace generated by z1,...,2n,...). O

52



SECTION 6.3

CONVEX SETS

DEFINITION 54. Let A C X be a linear space. A is said to be a Convex Set if for every x,y € A, we
have that
ar+ py € A

where a, f € [0,1] and o+ 5 = 1.
We say that A is a Convex Body if A is conver and A has an interior point (that is, it contains some ball).

EXAMPLE 25. Let X =15. Let

= {(gl,...,gn,...) Dy n?el <oo}
n=1

we claim that ® is convex but does not contain any ball in ly (that is, it’s not a convex body).
Proof.
Let £ = (&1,...,&n,...) €D, letn= (N1, Nn,...) €. Lett € (0,1). We have to show that

te+(1—tned

SO

inQ(tfn + (1= t)nn)? tQan‘ +2t(1 —t) Zﬁnnn (1—1) i
" 1/2 /o . 1/2
<t22n2€2+2t17t (Zn§> (Zn%}i)
n=1

n=1

+ (1 —1t)? Z n’n?
n=1
o 1/2 1/272
= t(Zn%i) +(1—1%) <Zn )
n=1

<[t-1+01-t)-12=1

and thus we have that ® is conver.
Now we suppose for a contradiction that ® contains some ball. ® is symmetric (that is, if £ € O, then
—£€®). & will contain all

{z=te+(1—-t)y:2z € B,y € —B1}

It is left as an excercise to show that if the radius of By is r, then ® will contain B(0,r) and so ® should
contain a segment of every line passing through 0. Then let

l—t(l,l,...,l,...>
2 n
Then IN® = {0}.

Suppose that A C X, where A is convex, symmetric. Suppose further that
B(z,r) C A

Then
B(0,r) C A
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To prove this, we first notice that
B(z,r) ={z+y: |yl <r}

B(—a,r) ={-z+y: |yl <r}
So, let y € X such that ||ly|| <r and we write

y= 5@ty + (-2 +y)

where the first term is in B(x,r) and the second term is in B(—x,r). Now we claim that if we take a line l

in the direction
1,=,...,—, ...
2 n

lﬂ{x:(ml,...,xn,...):Zn2x2<oo}:(0,...,0,...)
n=1

To this end, suppose that AN # 0, then there exists t # 0 such that
t t
=(t,=,...,—,...| €A
(i)

oo t2 oo

g n’— = E t? = 00
n2

n=1 n=1

and so z ¢ A which is a contradiction and which yields our claim.

Then

and consider

LEMMA 82.  If Im(a;) >0, Im(z) <0, we have

S #0
J

j=1

THEOREM 83 (Gauss-Lucas).  Let P(z) be a complex polynomial defined as
Piz)=as+a1z+ - +apz"

then

P'(2) = ay +2a22 + - - - 4+ na,z" !

and the roots of P'(z) lie inside a Convex Hull of the roots of P(z).
Proof.
We first note that

CH(z1,...,2n) = ﬂ B,

Bo half—plane,, . cs,

WLOG, assume that P(z) has simple roots
P(z)=(z—a1)-(z —an)

then




by the extended product rule applied to the factored polynomial P(z). Now, the set of roots of P'(z) is defined
as

and applying the lemma yields our result.

THEOREM 84. If A is conver, then A is also convex.
Proof.
Let x,y € A. For every € > 0, there exists x1,y1 € A such that

le—zfl<e  Jy—wmll<e

Now, let t € (0,1) and we want that -
tr+(1—tye A

We know that
try + (1 — t)yl €A

and
[tz + (1 =)y —tzr — (1= )y || < [lte — tza || + |1 — )y — (1 — t)u |l

<t =zl + (1 =By — vl
<te+(l—te=ce¢

as required.

THEOREM 85.  Suppose that M, is convex for each o € I, then

e

ael
18 also convex.
Proof.
If
T,y € ﬂ M,
acl

then, x,y € M, for alla € I. Thentx+ (1 —t)y € M, fort € (0,1). Thus

[t + (1 —t)yl € [ Ma

Now, if x1, ..., Tnt1 are in general position, then CH (x1, ..., Tny1) 18 a simplex with vertices at x1,. .., Tpi1-
If no 3 points lie on the same straight line, then no 4 points lie in the same plane, and so on. If x; is not
in the subspace containing all x1,..., 251,41, Tnt1-

We note that if A : X — R is a bounded, continuous linear functional, then the norm of A is defined
by
[All = sup [Ax]
zeX:||z||=1

EXAMPLE 26.  Consider f € Cla,b], and let

Af:/abf(x)da:
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is a linear functional. To compute the norm, we let ||f|| <1 so that

sup [f(z)] <1

then
b
[ @] <511~ a
= ||A|| < |b— 4
so if
f =X = IIfll =1
and thus

b
/ ldr=b—a

= [l Al = [b—al

Now consider g € Cla,b], and define

Af= [ f@)g@)de
and let
sup |g(@)| = M
z€la,b]
then
b b b
f@g@dz] < [ 17@)- lg@)ldz < |If] / l9(2)|dz
and so

b
41 < [ lo@)lds

One can show that .
4 = [ lgta)ldz

Proof. (Sketch)
If g(x) > 0, then this is easy. Just take f =1 on [a,b]. Then

b b
g = [ 1glo)in = [ lgta)liz
a a
But if g(x) crosses zero at some point in [a,b], then the idea is to take a piecewise continuous function f

defined by
1 g>0
) = {1 o

and approzimate sgn(g(x)) by continous functions.
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SECTION 6.4
KERNEL

DEFINITION 55.  The Kernel of a continuous linear functional A is defined as

ker(A) ={r € X : Ax =0}

PROPOSITION 86.  Let L = ker(A), then L is a linear submanifold (closed linear subspace) of X .
Proof.
Suppose that x1,29 € L. Then

A(tl.’El + t2$2) =t Az, + 1Az =0

Ifx; € L, and x; — y, then 0 = Az; — A, =0 and so
yeL

and we’re done. O

DEFINITION 56.  Let L be a linear subspace of a Banach space X. Then we say that L has Index k if and
only if

(i) There exists k linearly independent vectors z1,...,x € X such that for every x € X, there exists
ti,...,tx € R and y € L such that

(*) r=y+tizi+- -+ itk
(i) There is no set of (k — 1) elements &1, ...,Tk—1 such that (x) holds.

THEOREM 87.  Let A # 0 be a continuous linear functional on X. Then L(A) (i.e. the kernel of A) has
index k = 1. That is, there exists xo ¢ L such that for any y € X, there exists A € R and x € L such that

y=1z+ Axg
Proof.
Since A # 0, there exists xg € X such that Axg # 0. Let y € X, let
A
A= L
A.’ﬁo
Now we want x € ker(A) = L so let
_ Ay
T =1y — X A

A
éAx:Ay—ﬁ(Azo) =0
0

and so x € ker(A). Now we claim that if xo is fized, then there is only one way to write y = A\xg +x. To
this end, we suppose for a contradiction that

Y= Axo+ 1
Now, if A = A1, then x = x1, S0 A # A1, so

()\1 —)\)1‘0 =T — 1
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xr — I
:>1‘0:

A1 — A
now x,x1 € L and so x — x1 € L by linearity, and also
r — X
el
A1 — A

but we assumed that xo ¢ L. This contradiction yields the result.
Conversely, if L is a subspace of X of index k = 1, then there exists a linear functional A such that
L = ker(A). Consider the set

le{ZGXIA.Tzl}

If xg € X such that Axg =1 then
Ly =x0 + ker(A)

so if Axg = Axg =1, then
A(xo — i‘o) =0

since both xg, Ty € ker(A). Now, we want to compute
d(Ly1,0) = inf{||z| : Az =1}
We claim that d(L1,0) = 1/||A||. To show this, we suppose that x € Ly so that

| Az =1 < [|A[| - ||z

— e >
s L
1]

and so 1
d>—
I1A]]
and the other direction follows by the definition of ||A]|.
SECTION 6.5

CONJUGATE SPACE

Suppose that X is a normed linear space and that A, As are continuous functionals on X, then so is
tlAl + t2A2 for tj € R.

||A|l defines a distance on the space X™* of all continuous linear functionals on X and we say that X* is
Conjugate Space. We also note that

[A1 + Ao|| < [[Ar]| + [[A2]|

THEOREM 88.  X* is always complete whether X is complete or not.

Proof.

Let A, : X — R be a cauchy sequence of linear functionals. Consider a sequence of real numbers (A,x).
This is a Cauchy sequence in R. Now, let x € X and so

|Ap — Ama| < [|An — Apllop - [|]|

where the norm of the difference fo the functionals tends to zero as m,n — oo and where the norm of x is

fixed. Thus
A,x — Bx
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as n — 0o. Now, since Ap,x — Bz, A,y — By, we have
Ap(t1z + toy) — t1 Bz + t2 By

Let N be such that
[An — Apgpll <1

forn> N, p>0. Therefore,
[Anspll < [[Anll +1

So,
[ Antpr| < ([ Anll + 1)

and as p — oo, we get
|Bz| < ([[An] + Dzl

and so B is bounded since

|Bu|
1Bllop = S0 el < ([Anll + Dlz]] < o0

It remains now to show that || A, — Bllop — 0 as n — co. To this end, let € > 0, then there exists x = . € X

such that
|Anze — Bz n €

|4, - B < :
||$eH
T T €
|- (7o) -2 ()l +
‘ [ (||l 2
and we let
Te
Y=
(EA

We know that
By = lim A,y
n—o0

So, there exists ng = no(e) such that for any n > ng, we have
€
[Any = Byl < 5

Thus e e
”ATL_BHOP <s+5=

B €

[\

for any n > ng. Thus, X* is in fact complete.

Remark. We can replace A,, : X — R by T,, : X — Y, where Y is a linear normed space and complete.
Then it follows that X* is Banach. So, A,z = y, € Y will be a Cauchy sequence and Y is Complete, so
Yn — 2z = Bx, and the rest of the proof is virtually identical.

We have thus shown that the space of all bounded linear operators T : X — Y where Y is Banach is complete
and moreover it is Banach.

EXAMPLE 27.  Look at the space of sequences

Y={z=(x1,...,2n,...) : 2y, = 0 as n — oo}
Now, let a = (a1,...,an,...) €11 have
o0
Z\aj\<oo
j=1
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and let
(oo}
Az = Z a;x;
=1

we know that |z;| < € for j > N and so

oo oo
> lajzil <€ lag| —0
j=N j=N

as N — oo.

PROPOSITION 89. -
Al = llally = la;]
j=1

Proof.
LetY Cly and let x € Y. Now,
2|l = S_gglel

and so let ||z;|| < 1. Then
oo (oo}
o0
Az = ) ajz;| < SUII)|$J'| > lajl = llaalls
j=1 7= j=1

and so
HAHOP < lall:

For the converse, fiz € > 0 and suppose that

N
> lagl > Jlally — €
j=1

Then, let
zj=<¢-1 a;<0,j<N
0 >N
and let x = (x1,...,2n,0,0,...). Then ||z|| =1 and we have
oo N
>_ajzj =) _laj| > Jla] — ¢
j=1 j=1
as required. O

SECTION 6.6

LINEAR FUNCTIONALS REVISITED

PropPosITION 90.  Let
C={z=(z1,...,&n,...): xy, = 0}
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and define the linear functional

o0
Az = E a;x;
=1

where

o0

Z laj| < oo

j=1
Then, C* = 1.
Proof.
Lete; =(0,...,0,1,0,...) € C where there is a 1 at the jth index and zeros everywhere else. Now, let A be
a bounded linear functional on C, then

Aej = aj V llj

If v = (21,...,2,,0,...,0,...), then we have that
x=$161+-"+$n6n

so that
Ax = z1a1 + 2000 + -+ - + Tpan

Now we claim that

but that || Allop < M where M > 0. Thus, there exists N € N such that

N
> lagl > M
j=1

Now let
1 j<N,a; >0
zj=<¢ -1 7<N,a; <0
0 J>N,z||leo =1
then

N N
Az = Zaj -sgn(a;) = Z laj| > M
j=1

j=1

but then M > M which contradicts our assumption and completes the proof. O

EXAMPLE 28.  Consider ls and let x = (x1,...,%n,...) such that
>l
j=1
and let a = (ay,...,an,...) such that
> la,l?
j=1



and define the linear functional
o0
Azr = Z a;T;
j=1

and we claim that Az < co. To this end we write

oo
(a,2)| =D ajz;| < llallzllz]

=1
so that m
x 1
[Alop = sup T+ = (a,2) < [lall2 = (a] + - +a} +---)2
lziio0 [l
now take x = a so that
Az (a,a) _ |laf? lal
—_— = = a
| [lall all
and thus
||A||0P = |lafl

Every bounded linear functional on ly is obtained like this.

PROPOSITION 91.  (I3)* = ls.
Proof.
The proof for this is similar to the proof of the above proposition. Let x = (z1,...,%n,...) € I, so that

oo
PNETRSS
j=1

then let a = (a1,...,an,...) € l; where

1 1
,+,:1
p q

So,
oo
Az =3 ajz; < |allg|ll,
j=1
by Holder’s inequality. Thus,
[Allop = [lallq

and all bounded linear operators on l,,p € (1,00) will have this form and thus,

(p)" = lq
for all p,q € (1,00) such that

1 1

B 1

p q
and we have proven something stronger than what we set out to prove! Bonus! O
EXAMPLE 29. Let x = (z1,...,Zp,...) € l1 so that

o0
Z |z < oo
j=1
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and let a = (ay,...,an,...) € lo S0 that

suplaj| < T < oo
j=1

Then
oo
Zajxj < 0
j=1
and so
oo
> lajl <o
j=1
and thus

[ Allop = Scacp |a;]
j=1

and thus (I1)* = l.

We now know that C* = I3 and that (I1)* = loo, however (lo)* = A where A is the space of horrible
nightmares. The main point here though, is that C, [y, are not reflexive.

THEOREM 92. X C (X*)*, and X = { a linear subspace of (X*)*}.
Proof (Idea).
Let A be a bounded linear functional on X and let z € X. Now, define [,(A) = Az (0 function at z). If
A, Ay € X* then
lz(tlAl + f,gAg) =t1 A1z +toAsz = Tfllz(A) + tglz(A)

Now, if ||A]| < 1, then
|Az| < [[Allop - lI2]lx

and thus
=1 < [l=l1x

and now we claim that ||lop, x++ = ||2||x which follows directly from the Hahn-Banach Theorem.
SECTION 6.7

BERNSTEIN POLYNOMIALS

LEMMA 93. We claim that

e+ (1 -y =) o (Z) (1—y)*

k=0

n

Proof.
First,

i <dd> Fonn = Do+ (1 -y = kik(k 0 (f) a-wr

0

Now evaluate both at y = x so that

1= ; (Z) S
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_ - k[T n—k
nx = ka (k) (1—-x)
k=0
2 _ - k(T n—k
n(n—1)2%=> k(k— 1) (k) (1-x)
k=0
Now, adding the above three identities together yields our result.

THEOREM 94 (Bernstein Approximation Theorem).  Let f € C([0,1]) and define the n'* Bernstein Poly-
nomial of [ by
n

k n n—
Butfin) =31 (5) () -t

k=0

where
ny nn—-1)---(n—k+1)
k] 1-2---k

then
sup |f(x) — Bn(f;2)] — 0
z€[0,1]

as n — oo.

Proof.

We consider

2 2k’ kQ—]{? k n k n—k

k=0 k=0
n 1 n
+ =) k(k—1) (Z) aFl—a)" >k (Z) (1 — )"k
k=0 k=0
2 1
=2 1—%-nw+ 2n(n—l)ch—&——2

by applying the three identities from Lemma 88. Now, let 6 > 0 and fix x € [0,1] and look at

(o) ()ra-orrz ¥ 2 ()umar

k:lx—k/n|>6

Now, since f € C([0,1]), we can say that [ is uniformly continuous on [0, 1] and so
B . _ — (n k(1 n—k S k ny _k 1 n—k
f(2) = Bu(f;2)| = f(w)kz_o p )2t (1 —a) —I;f ~) )=

|71 (fj)\ BECEE

k=
=51+ 5
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We wish to construct S1 and So so that S1 sums over all k such that

T — E <94
n
Now, to bound S1, we have
k
=1 (5)] <21 =2 s 110
n z€[0,1]
and so R )
z(l -z
<O f e
S <2l
_ 7l
- 2nd

by the fact that (1 — x) has mazimum value 1/4. Now, to bound Sz we choose € > 0 and there exists 6 > 0
such that

2=yl < 3= |f@) - fWl < 5

Now, in the second sum we know that

x—fL'<5:>’f(x)—f(k>’<;

n
so that .
€ €
Sy < 3 Z (Z) 2*(1—z)F = 3
k=0
e 141
€ 00
S1+ 52 < 5 + g2
Finally, let n be large so that
[flls _ €
2nd2 < 2

which gives that

€ €
Sl+52<§+§:€

SECTION 6.8

INVERSE & IMPLICIT FUNCTION THEOREM IN R"

THEOREM 95 (Inverse Function Theorem).  Let Q@ C R™ and let F' : Q — R™ be such that F € C*(Q) where
F=[F,....,F,)] and F; € CY(Q) for each 1 <i <n. Let a € Q and let DF(a) be invertible where

_OF;
o a$j

(DF);j

and if we let F(a) =b e R", then
(i) There exists open sets U,V C Q such that a € U,b €V and F : U — V is a bijection.
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(ii) The inverse function G = F~' defined by G(F(x)) = z is contained in C1 (V).

Proof.
Part (7).
Let A= DF(a) and let
1

 AA lop

and x — DF(x) is a continuous map from Q@ — Mat, «,(R). There exists an open ball U containing a such
that

€

[DF(z) = Allop < 2¢

forany x € U. Solet x,x +h €U and let f(t) = F(xz+th)—t- Ah fort € [0,1]. Also, bear in mind that x
and h are both vectors. Now we look at

IF @Il = IDF (2 + th) - h — AR||| < 2¢ - |||

and now
[ A

2ef|hll = 2¢[ A7 A~ bl < 2€[| A7 lop - [|AR] = 7=

by our definition of . Now, we have
1
IF7 @I < S llAR]

and by the Generalized Intermediate Value Theorem we get
1
1£(1) = O = 51 AR]
and by our definition of f, this is the same as
1
IF(z + h) = F(z) — Ah|| < S ]| Ah]|

and so by the Triangle Inequality,

|F(z + h) — F(z)|| > || AR|| (1 _ ;) _ @

and since 1
Ah|| = —
JAB] =

and since by the computation of 2¢||h|| which gives

[ AR||
Ihll < == == [lAR]| = 4e|A]
we get
[F'(z + h) — F(z)|| = 2¢]|A]|
and this implies that F is 1-to-1 on U. -
We now claim that if xo € U and r > 0 is such that B(xg,r) C U then
B(F(x9), er) € F(B(zo,7))
to this end, let S = B(xzo,7) and let
ly = F(zo)|| <er

For xz € S, define
V(@) = |ly — F(x)|?
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It suffices to show (for the claim) that ¥(x) = 0 for some x € S. First, v is continuous since F' is continuous
and y is fized and S is compact, so ¢ takes a minimum and a mazimum on S and in particular, ¥ takes a
minimum at say T = x1. Second, ¥ is differentiable particularly at x1 and

V'(x) = DF(x) - (y — F(z))
noticing that 0 denotes the zero vector 0 and at the minimum,
¥ (1) = 0= DF(21) - (y — F(a1))

and since DF(x1) is invertible, we must have that y = F(x1) and so ¥(x1) = 0 as required.
We have just shown that every point in F(U) is an interior point. Since B(F(z),er) C F(U), take V = F(U)
and we have yielded (i) of the theorem. Part (i).

Define G = F~1 by G(F(x)) = x. Then G € C*(V). Lety,y +k € V. Now, let v = G(y) € U and let
h=Gly+k)—G(y) sothatx + h=G(x+k). Thenx+h € U. Now, DF(z) is invertible. Also,

IDFG) — Al < 2
on U, so let B(x) = [DF(x)]~!. Now

(%) k=F(x+h)—F(z)=DF(z)-h+r(h)
where

()]
a0

as ||h]| = 0. Apply B = B(x) to both sides of (x) so that

Bk =[B(z)-DF(z)]-h+ B-r(h)=h+ B -r(h)

since B- DF(x) = Id. Then
h=Gly+k)—Gly)=B-k—B-r(h)

Weve already proven that
1
1F(z +h) = F(z)ll > 5[lAR]| = 24

which implied that the map is 1-to-1. This now becomes
1Bl = 2¢[|n]|
if ||k|| = 0, then ||h|| = O since € is fized. Therefore, the map G is continuous at y since we’ve shown that

lim Gly+k)=0G
o (y+k) (y)

Now, to show that G is differentiable, we look at

1B (W [1Bllop - Ir (Wl _ [1Bllop _ lIrI_,
[1&] 2e[|A] 2¢ il
as ||k|| = 0, since
(M
—0
il

by definition of remainder. Thus, G is differentiable at y and its derivative is

DG(y) = [DF(G(y)]~" O
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THEOREM 96 (Implicit Function Theorem). Let z = (21,...,2,) € R", y = (y1,-..,Ym) € R™ and let
E CR"™™ and F : E — R" be such that F € C*(E). Now, let (a,b) € E be such that F(a,b) = 0 and let
M = DF(a,b) where M is an n X (n+m) matriz so write

DF = (D,F | D,F)

where Dy F' is n xn and DyF isn x m. Also,

o= (22) o= (55)

Now suppose that D, F is invertible, then there exists an open set W C R™ containing b and a unique
function G : W — R™ such that G(b) = a and

where G(y) = x is then dependent and y is independent. Moreover, G € C1(W).

COROLLARY 97. We have

o(z1,...,2n) 1
—= = |-D,F -|D,F
CHAPTER 7

LINEAR OPERATORS & THE OPERATOR NORM

SECTION 7.1

THE HAHN-BANACH THEOREM

THEOREM 98 (Hahn-Banach Theorem).  Let L be a linear subspace of a normed linear space X. Let f(x)
be a linear functional defined on L. Then f(x) can be extended to a linear functional F on X such that

1Ellop,x = I fllop,z

Note that extended means that F|p = f. That is, for any x € L, F(z) = f(x).
Proof.

We shall give a proof in case X is separable (contains a countable dense subset). Let xg € X,x0 ¢ L and let
L, = {1'1 +tl’02t€R,.’E1 S L}

Now, let y € Ly which implies that
y=txg+zx reL,teR

So,
F(y) = tF(zo) + f(z)
and let F(x9) = —C which gives
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We want to show that
[Fllop,x < [I.fllop,z

We should then have that

IE@)| = 1f(x) — Ctl < | f]| - |z + taol = || ]| - t] - on n %H

assuming t # 0, so let z = 5. Then we rewrite

F) =t|f (F)—c[=t-17() ¢

so that
If(z) = < IfIl - Iz + 2ol

then
=) = fll- Iz + 2ol < f(2) = C < |[fllop - I + 20l x — f(2)

which implies that
() () = fllop - 12 + zollx < C < f(2) + I fllop - 12 + 2ol x

Now, if (%) holds, then
[Ellop.x < Ifllop.z

and we can do an induction step so that (x) should hold for any z € L. We now want to show that

sup(f(z) = [ fllop - Iz + wollx) < inf (f(2) + [[fllop - |z + zollx)
2€L z€L

so we claim that if z1,20 € L, then
fz2) + 1 fIF- 122 + moll = f(z0) =[] - l21 + 2ol
To this end, we write

f(21) = f(22) < fz1 = 22) < || fllop - 122 — 22/l = [ fII - I(21 + 20) — (22 + o)l
<Az + zo)[l + (22 + zo)])

and our claim follows. So, we can now extend f to
{L +txg:t € R}

such that ||FllL, < ||fllL- Let us take a countable dense subset x1,...,x, € X where the x;’s are linearly
independent and not in L. First, extend f to Fy on L+ (x1) = Ly. Then extend to Fy on Ly + (x3) = Lo,
and continue until we obtain F,, defined on L,_1 + {x,) = L,. At each step, we have that

[Elop.x = [1fllop,z

This way, we obtain a bounded linear functional F, defined on a dense subset of X such that |F|| = | f]|.
It is now left as an excercise to show that on the rest of X, we can define F' by continuity, so that x, — z
gives
F(z)= nli)rr;o F(xn)
and
[F(zn) = f(@m)| < FI - llzn — 2zmll

where |F(xy) — f(@m)], ||2n — Zm|| = 0. This will define a bounded linear functional F on X.
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COROLLARY 99.  Let g € X, where zo # 0 and let M > 0, then there exists f € X™* where f is a bounded
linear functional on X such that

[ fllop = M
and
f(zo) = M -lzoll = [[fllop - lzollx
Proof.
Define f on (xo) by F(txg) = M -t ||xo| and the rest follows from Hahn Banach.

We recall that for any xg # 0,29 € X, there exists a linear functional A € X*, such that
|Azo| = [[Allop - [[zollx

and if X is a normed linear space, then so is X*. Also, we can define a linear functional on X* by
Ae X*
fao(A) = Axg
with
(MA1 4+ AAg)(x0) = A1 A120 + M Asxg

This way, X can be realized as a linear submanifold of X**. So on X*, we have

A(EO
g llop = sp 12700 <
2R T,
and
Ly Al = | Azo|

with ||Allop # 0. Now, Hahn-Banach implies what we just recalled. This shows that

Lo llop = [0l x

So, X can be isometrically embedded in X**.

SECTION 7.2

EXAMPLES

Also recall that if X is reflexive if X** = X.
ExaMpPLE 30.  We now consider the norms of some linear operators.

(i) Let X = C([0,1]) and take
(Th)(x) = g(z)f(x)
and we ask for which g is T continuous. The answer to this is continuous g. To find ||T||op, we let

g € C([0,1]) and let f =1 so that Tf =T1 =g € C([0,1]). Then
ITllop = llgllcc = sup|g(x)|

Now we claim that since

ITf|
ITlop = sup T

1/l

and so
sup |f(z)g(z)| < sup | f(@)] sup lg(z)| = [|fllo sup lg(z)]

Now, find f(x) such that sup |f - g| = sup|f|sup|g|. Just take f = 1!
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(iii)

Let X =1y and take
Tr = (o121, .., T, .. .)

and we ask for which o = (a1,...,ap,...) is T a bounded linear operator. Now, T is bounded if and
only if supy, |ax] < M < co. This is true since if a; < M for each j, then

oo o
S lesril? £ 073 e
k=1 k=1

and so
ITz|7, < M?|x]||Z,

Now, suppose that sup,, |ag| = oo, then take k1 < --- <k, <--- such that oy, | > n then let

1 1
z=10,...,0,1,0,...,0,=,0,...,0,—,0,...
2 n
where terms only appear at the k; index and zeros everywhere else. Then

o0

1
23 =" 5 < oo
k=1
now,
Tz = (0,...,0,ak1,0,...,0, a2 o0, O‘k",o,...) ¢ I
2 n
so T is not well defined since
lak, [ =1

and it is left as an excercise to show that

[Tl = st |

and note that we have already proven "<”. Take a sequence of “test vectors” x\9) € ly such that

1Tzl

= — sup|as
o], Pl

Suppose taht aij # 0 for all j, then

and whe ask when T,T~" are both continuous. So
0<m< o] <M< oo
for any j and so
1

— < My < 0
&%

Consider the shift operator
Ter=0,21,...,Zn,...)

that shifts to the left so that the inverse is the right shift operator S. Then we define the left inverse to
be S such that T o S = Id and we define the right inverse to be S such that SoT = Id. Now, if we let

Sz = (x2,...,Tn,...)
then, S is a left inverse, but T has no right inverse since we "lose” the x1 term after applying S. Thus,

T oS # Id since T is not onto ls.
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(iv) Let Y = C1([0,1]) and let
Ifller = sup |f ()] + sup |f(z)]

and let T : C* — C° where
(Tf)(x) = f'(z)
Then T is bounded for | T,p|| < 1. Now, let

Sf(x) = /0 " f(s)ds

where S : CY — Ct then T(S(f)) = f so that S is the right inverse of T. However, it is left as an
excercise to show that T has no left inverse. But, let Y C C' defined by

Y={feC": f(0)=0}

then, S is a left inverse on Y.

FiIN.

Goobp Luck ON THE FINAL!
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