Math 320a, Differential Geometry, D. Jakobson, Fall 2003
Proof of the THEOREMA EGREGIUM of Gauss

Let X (u,v) be a coordinate patch on our surface, and let N be the unit normal
vector. We first express various partial derivatives of X, N in the basis X,, X,, N
of R?; we take into account the fact that e = Xy - N,g = Xpo - N, f = Xyo - N =
Xou-N:

Xyu = I‘}1Xu + F%le +eN,
Xow = I%QXU + FgQXU + gN,
KXy = Fiqu + F%sz + fN,

. (1)
Xopu =T Xy +T5, Xy + fN,
Ny = a11 Xy + a21 Xy,
Ny = a12 Xy + a2 Xy.
Here a;; are given by
(a11, @12, 21, a2) = (fF — €G,gF — fG,eF — fE, fF — gE)/(EG — F?).
@)

The coefficients Ffj are called Christoffel symbols. Since X, = X,, we see immde-
diately that T'%, = T'y; for i =1,2.
We next prove the following

Lemma 1. The following identities hold: (1) Xyy - Xo = Ey/2; (2) Xy - Xo =
Fu _Ev/27' (3) Xuv Xu = EU/Q; (4) Xu’u 'Xv = Gu/2; (5) va Xu = F'u _Gu/Q;
(6) Xy - Xy = GU/2.

Proof. (1): Differentiate E = X, - X,, with respect to u; (6): Switch u and v in
(1). (3): Differentiate E = X,, - X,, with respect to v. (4): Switch u and v in (3).
(2): Use dF'/du = Xy - Xy + Xy - Xy and (3). (5): Switch v and v in (2). a

Taking inner products of the first equation in (1) with X, and X, we obtain

(using the identities (1) and (2) of Lemma 1)
FilE + F%lF = Xuu - Xu = Eu/2, (3)
THF+T5G = Xyu Xy = F, — E, /2.

Taking inner products of the second equation in (1) with X, and X, we obtain

(using the identities (5) and (6) of Lemma 1)
TLE +T2%,F = Xy - Xy = Fy — Gu/2, W
T3, F +T2,G = Xy - X, = Gy /2.

Taking inner products of the third equation in (1) with X, and X, we obtain
(using the identities (3) and (4) of Lemma 1)

F%QE + P%2F =Xy - Xy = Ev/27

| > (5)
TLF+T2%,G = Xyy - Xy = Gu/2.

The formulas (3), (4), (5) are systems of linear equations for Ffj; the determinant
for all systems is EG — F? # 0, so we have proved

k.

Proposition 2. The coefficients I';;

derivatives.

can be expressed in terms of E, F,G and their

1



We now use the identity (Xyy)y = (Xuv)w- We substitute the first (respectively,
the third) equations of (1) for Xy, (respectively, X,,) and obtain the following
equality:

T} Xy + T2, Xy + eNy + (T1) o Xo + (T3,)y Xy + e, N = -
T X + Do Xou + fNu + (Th2)uXu + (T30)u Xy + fulV
Since X, X,, N are linearly independent, the coefficients of X, X,, N should be
zero after we collect the terms in (6).
We collect the coefficients of X, in (6) and use (1) once again to obtain
[T, + T35, + eass + (T7))y = D115, + Tl + faor + (T3s)u- (7)
Substituting the values of e, f (cf. (2)) into (7), we find that
T Tl + THT% + (T31)o — [T1207 + DTl + (T12)u] =
[(eF — fE) —e(fF —gE) _ . eg—f _ .. ®)
EG — F? ~ "EG-F? ’
where K is the Gauss curvature. Proposition 2 and (8) together finish the proof of
the THEOREMA EGREGIUM of Gauss. d




