MATH 264: Heat equation handout

This is a summary of various results about solving constant coefficients heat equa-
tion on the interval, both homogeneous and inhomogeneous.

1. HOMOGENEOUS EQUATION

We only give a summary of the methods in this case; for details, please look at the
notes Prof. Xu or L. Laayouni.

1.1. Zero BC.
utzﬁu;m’a U(JZ,O) :f(x)’ u(ovt) :OZU(L,t>

To solve, expand f(x) in sine Fourier series; this corresponds to the odd extension
of f(z) to the interval [—L, L], e.g. f(—z) = —f(z). The expansion is

f(z) = ibn sin (W—Zx> : b, = %/OL f(z)sin (%) dx.
n=1

The solution u(z,t) is then given by

- . (Tnx
f(z) = Z by, sin <T) exp[—pBt(mn/L)?].
n=1
The steady solution is equal to 0.

1.2. Insulated BC:.
U :ﬁuwm u(x,O) :f(l’), uw(07t> :O:u$<L7t)

To solve, expand f(x) in cosine Fourier series; this corresponds to the even extension
of f(z) to the interval [—L, L], e.g. f(—z) = f(z). The expansion is

Qo  — ™I 2 [k 2 [k ™
fe) = G2 becon (7). w= [ fwdn =g [ e () drn 1

The solution u(z,t) is then given by
fla) = % + nz:; ay, sin (%) exp[—Bt(rn /L)Y,

The steady solution is equal to ag/2.



2. INHOMOGENEOUS EQUATION

2.1. Inhomogeneous BC. For brevity, we shall only consider one kind of inhomoge-
neous boundary conditions; for solutions in different cases, see section 10 of Professor
J.J. Xu’s notes.

U = ﬁux:va U(ZE, O) - f(ZL‘), U(O,t) = Uz, U(La t) = Uz.
The steady solution v(x) is a linear function satisfying the boundary conditions:
v(z) =uy + (ug — up)x/L.

The steady solution only depends on the boundary conditions, and does not depend
on the initial condition u(z,0) = f(x).

A general solution u(x,t) is the sum of the steady solution v(z) and a transient
solution w(z,t), u(z,t) = v(z) + w(z,t).

The transient solution w(z,t) satisfies a homogeneous IBVP with zero boundary
conditions:

W = Py, w(x,0) = f(z)—v(z)= f(x)—u1—(ug—u1)x/L, w(0,t) =0=w(L,t).
This equation can be solved as in section 1.1: expand f(z) —v(z) in a sine Fourier

series, etc.

2.2. Inhomogeneous equation (heat source):
U = Py, + H(z), u(z,0)= f(x), u(0,t)=1uy, u(L,t) = us.

Solution: We write a general solution u(x,t) as a sum of the steady solution z(x)
and a transient solution w(z,t) that decays to 0 as t — oco. The steady solution z(z)
satisfies the following ODE:

(1) Vv'(x) = —H(x)/3,v(0) = uy,v(L) = us.

A general solution of the 2nd order equation (1) has the form

u(x):—/: </0ZHéS)ds) dz+ Az + B

we integrate the 2nd derivative twice, then add an arbitrary linear function.

The constants A and B can be found from the boundary conditions v(0) = uy,v(L) =

Hés)ds) dz} .

uy. The final formula is

@ = [ ([ 2@ vws 2w [




If we multiply the coefficient A of x in (2) by L, we get the sum of the temperature

difference uy — u; between the endpoints; and the definite integral fOL ( OZ Hés) ds) dz,

which is equal to (—1) times the indefinite integral in the expression for v(z), taken
with z = L. Finally, not that the steady solution v(z) does not depend on the initial
condition u(z,0) = f(z).

Once we found the steady solution v(x), we proceed as in section 2.1. Namely, we
remark that the transient solution w(z,t) satisfies a homogeneous IBVP with zero
boundary conditions:

Wy = ey, w(z,0)= f(x)—v(x), w(0,t)=0=w(L,t).

This equation can be solved as in section 1.1: expand f(x) — v(z) in a sine Fourier
series, etc.

3. EXAMPLES

We next consider several examples of solving inhomogeneous IBVP for the heat
equation on the interval:

3.1. Example 1. Solve
U = Uge + €%, w(0,t) =u(mt) =0, wu(z,0)=sin(2z).

Solution: We explain how to find the steady solution v(z), the rest is left to the
reader. In this example, § = 1, L = 7, and u; = us = 0. The steady solution v(z)
satisfies

v'(x) = —e ", 0(0) = v(r) = 0.

We first compute the indefinite second integral;

/ (/ €_Sd8>d2’:—/(1—6_Z)dZ:1—ZL‘—€_$.
0 0 0

The steady solution v(z) is then given by
_ € _ _
ve)=1l—-ax—e*+0+—-(r+e " —1)=—"——¢e"+1.
T
The transient solution satisfies
Wy = Wyyp, w(z,0)=sin(2z) —

It is solved as in section 1.1.



3.2. Example 2. Solve
Uy = Qgy + 4z, u(0,t) =2, u(n,t) =2 —7/3, wu(x,0)=sinz.

Solution: In this example, 8 = 2, L = m,u; = 2,uy = 2 — 73/3. The steady
solution v(x) satisfies

V' (x) = —4r/2 = —22,0(0) = 2,v(7w) =2 — 7°/3.

We first compute the indefinite second integral;

The steady solution v(z) is then given by
v(@) = —(2/3) + 2 + ; [(2—7%/3) =2+ 7%/3] =2 —2%/3.
The transient solution satisfies
W, = 2Wye, w(w,0)=sinz+2*/3-2, w(0,t)=0=uw(rt).
It is solved as in section 1.1.
3.3. Example 3. Solve
Ut = Uy +sin(3x), w(0,t) =u(m t) =0, u(x,0)=u=z.

Solution: In this example, § = 1, L = 7w, u; = us = 0. The steady solution v(x)
satisfies
v"(x) = —sin(3z),v(0) = v(7) = 0.

We first compute the indefinite second integral;

/Ox </Oz B Sin(3:c)ds> ds — %/OI(COS@Z) e = siné?mc) B g

The steady solution v(z) is then given by

v(r) = sin(de) _ 2 +0+§ (

9 3

The transient solution satisfies

Wy = Wayy, w(z,0)=2—-sin(3z)/9, w(0,t)=0=w(m1).

sin(3w) sin(3x)
-2, 2 |

It is solved as in section 1.1.



