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Department of Mathematics and Statistics
McGill University
Math 262 Practice Midterm
Solutions

INSTRUCTIONS

You have TWO HOURS to complete the exam.

Please show how your answers are derived. A correct solution without work will NOT
receive full mark.

Please read each question carefully and answer all questions neatly in the place pro-

vided.
Non-programmable calculators are permitted.
Formula sheets are not permitted.

PLEASE NOTE: Invigilators are unable to respond to queries about the interpre-
tation of exam questions. Do your best to answer exam questions as written.
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1. Calculate the following limits.

The limit is equal to 0, since e.g. the ratio a,1/a, = 4/(n + 1) — 0, so the terms
decay faster than a geometric progression.

lim arctan(n) - (n — 1)"

n—00 nm

First, arctann — 7/2 as n — oo. Next, the ratio (1 — 1/n)" — 1/e by a result
discussed in class. Thus, the limit is 7/(2e).
/3 . In(n—2014)
lim .
n—300 (n2 + 5n + 2)1/6 . elnlnn
The fraction is equal to

—(2014) Inn

(T +5/n+2/m) 75 Inn (=2014).

Determine if the series > v/n - sin(1/n) converges or diverges. Hint: first compute
n=1

the limit n - sin(1/n).

We first remark that lim, ,..n - sin(1/n) = lim, . sin(l/n)/(1/n) = 1, since

lim, .osinz/x = 1. Accordingly, for large n, v/n-sin(1/n) ~ (1/y/n) - (n-sin(1/n)).

Using the limit comparison test, we find that the series converges or diverges to-

gether with >~ 1/y/n. Since the latter series diverges, so does the original series.

[e.o]

1
Determine if the series 16223 k(ln—k)l/2

We use the integral test. The series converges or diverges together with the integral

/°° dx
5 ax(lnx)l/?

Changing variables u = Inz, the integral becomes [, du/u/? = oo since the power
of u is equal to —1/2 > —1; thus the series diverges.

converges or diverges.

Use the integral test to estimate the difference between the partial sum Si5 of the

oo
series > =7, and the sum of the series.
n=1
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The remainder |Rys| = |S — Si2| is less than or equal to

/12OO d_x = [-1/(32%)]3s = 1/(3-12%).

x4

(b) Use the Taylor series of cosz to estimate the difference between cos(mw/5) and the
number 1 — 72/(2-25) +71/(24 - 5%).
All the derivatives of f(z) = cosx satisfy |f*)(z)] < M := 1. The remainder

satisfies
M xn—i—l

R, o

Ralo)] <
Here x = m/5 and n = 4, so |Ry| < 7°/(5° - 5!). Actually, the 5-th term in the
Taylor series is equal to 0, so we also have |Rs| < 76/(5° - 6!).

4. (a) Find all the values of = for which the series Z [” converges.
n=1

We use the root test: |a,|'/™ = |(2—1)/2], so the series will converge if | (z2—1) /2| <
1 (case 1); and diverge if |(x?—1)/2| > 1 (case 2). The case |z*—1| = 2 is borderline.
The case 1 is equivalent to 22 — 1 €] — 2,2[ or, equivalently, z? € [0,3[. This
corresponds to = €] — \/g, +/3 [; for those x the series converges by the root test.

The case 2 is equivalent to |22 — 1| > 2, or 2? > 3, equivalently |z| > v/3; for those
x the series diverges by the root test.

The borderline case |72 —1| = 2 is equivalent to 2 = ++/3. In that case, (22 —1)/2 =
1, and the series diverges.

Answer: the series converges for |z| < v/3, and diverges for |z| > v/3.

(b) Find the sum of the series Y - "2 /nl. Hint: recall the Taylor series of e”.
We have e” =Y > ja"/nl =1+ x +2?/2! + 2 /3l + ... It follows that

rie” = Zx"”/n! =2+ 2+ /2 + 273+ ...
n=0

5. (a) Find the Taylor series of the function f(z) = [ (y* cos(y)) dy near the point z = 0.
The Taylor series of the integrand is given by
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We next integrate term by term: [ y*dy = [y /(k+1)]§ = 2**!/(k +1). Substi-
tuting into the previous power series, we get

1)n . x2n+3

/() :$3/3+; (§;+ 3)- (2n)!"

6. (a) Consider the space curve

r(t) = (', V2t e

where 0 < ¢ < 2. Find T and the curvature at the point (1,0,1). Find the length
of the curve.

The tangent vector r'(t) = (!, v/2, —e~*). Its norm is equal to ||v/(¢)|| = V€2t + 2 + e~2 =
(€' + e ). The length of the curve is equal to

2
/ ("+e)ydt = [e—ep=e"—e 2
0

Also
T(t) = —— - (e, V2, —e").

et _ et
The point (1,0, 1) corresponds to t = 0. We have T(0) = (1/2,1/v/2,—1/2). We
also have r'(0) = (1,v/2, —1) and ||r'(0)]| = 2.

Next, r’(t) = (e*,0,e7"), r”(0) = (1,0, 1). The curvature at t = 0 is given by

_ IF0) < e"(O)f] _ 1 o ey VB 1
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