McGill University Math 262: Intermediate Calculus, Fall 2014
WRITTEN ASSIGNMENT 2 Solutions

Problem 1. (4 points) Consider the space curve r(t) = (3t?,6t,3Int), where
1<t <3

a) Find r/(t),r"(t); compute the arc-length of r(¢).
b) Find T and the curvature x at t = 1.

Solution:

a) We'll start with finding r’(¢). This can be done by deriving each component of
r(t) in terms of ¢ :

o 3
(1) = (61,6, ).

Now, to find the second derivative, r”(t), we take the derivative of each compo-
nent of r'(¢) in terms of t:
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I‘”<t) = (6, O, t—z

).

Recall the arc-length equation given by,

S(t) = /t () | du.

In this case, this is calculated as follows,
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= [3t> + 3Int] |}
=24+ 3In3.

b) Recall that the unit tangent vector T is found through the equation,

From part a), we have r'(¢) so we just need to find the magnitude,
/ 1 2
| v'(t) | = ;(615 +3).

Now, putting r'(¢) and | r'(¢) | back into the equation for the unit tangent, we
have,

(6¢,6,2)  (612,6t,3)

s 1 .
+(6t2 +3) 6t2 4 3
When t =1,

The curvature is given by the equation,
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k(1) = Ok 77




Problem 2. (4 points) Find T, NN, B for the following curves:

a) r(t) = (t2,2t3/3,t) at t = 1;

b) r(t) = (cost,sint,Incost) at t = 0.
Solution:

a) To calculate the unit tangent, we need to find r(t) and | r(t) |:

r'(t) = (2t,2t% 1)
and
|/(8) |[= /(202 + (2022 + 12 = VAt 42 + 1 = /(22 + 1)2 = 26> + 1.

The unit tangent is therefore given by,

T = Ii((f))\ N 2t21—|— (24,26%,1).

Evaluating the above at t = 1 gives,

T()= (.2 5

To find the unit normal, we need T" and | T’ |:

() = ( 2 24y 24y 4 )
202 +1 (22412722 +1 (224 1)2 (212 +1)2
_( 2 8t 4t 8t? 4t

A +1 (2 +1)2° 2241 (22 +1)2 (212 + 1)2>'

Now,

and




Substituting the above into the equation for N gives,

The unit binormal is calculated by taking the cross product of the tangent and
the normal vectors,
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b) To calculate the unit tangent, we need to find r(¢) and | r(¢) |:

1
'(t) = (—sint, cost, —(—sint
r'(t) = ( sm,cos,cost( sint))

= (—sint,cost, —tant)

and

| 1/(t) | = v/(sint)? + (cost)? + (— tant)?2
=/1+ tan?t
= Vsec?t

= sect.

The unit tangent is therefore given by,

v
0=

—sint cost —tant

= ( )

sect 'sect’ sect
= (—sintcost,cos’t, —sint).

Evaluating the above at t = 0 gives,

T(0) = (—sin0cos 0, cos® 0, —sin 0) = (0, 1,0).



The unit normal vector requires T’(¢) which is given by,
T'(t) = (—cos®t +sin®t, —2sint cost, — cost),
evaluating this at t = 0 gives
T'(0) = (—1,0,—1)

with magnitude
| T/(0) |= V12 + 12 = V2.

The unit normal is therefore given by,
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The binormal can be calculated in the same way as previously done and is given
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Problem 3. (4 points) Verify the following identities:
a) ux (vxw)=(u-w)v—(a-v)w;
b) u-(vxw)=v-:(wxu)=w-(uxv).

You can use any properties of the determinant that you know.
Proof:

a) Let u = ui—+ usj+ usk, v.= i+ v9j + v3k, w = wyi+ wyj + wsk with respect
to the standard basis.
From this, we have
i j k
VXXW=|U (%) V3| = (Ugwg — v3w2)i — (Ulwg — Ugwl)j + <U1w2 — Ugwl)k,
w1, W W3



then we have
1 J k
ux (vxw)= Uy Us Us
VW3 — V3W9 —UV1W3 + V3W1 V1Wo — VW1

(u2(vlw2 — vowy) — uz(—vyws + vgwl))i
—
(
= ((u-w)v; — (u- v)w1)1
+((
+((

=(u-w)v—(u-v)w.

uy (V1w — vawy) — uz(vaws — U3w2))j
+ (u1 (—vyws3 + v3wy) — ug(vaws — Ugwg))k
u-w)vg — u-v)wg)_]

u-w)ug — u-v)wg)k

b) Note that

i j k
u- (v xXw)=(ui+ugj+usk) [vy vy w3
w1 W W3

U Uz U3
= (U1 Vg2 Ug]|.
w; W2 w3

With the properties of determiant, say, if two rows of a determinant interchanged,
then the determinant changes signs, the identity u-(vxw) =v-(wxu) =w-(uxv)
follows.

Problem 4. (4 points)

a) Find the distance between the lines x + 2y = 3,y +22 =3 and x +y + z =
6,r — 2z = —5.

b) Show that the line x —2 = (y + 3)/2 = (2 — 1)/4 is parallel to the plane
2y — z = 1. What is the distance between the line and the plane?

Solution:
a) The two plans x + 2y = 3,y + 2z = 3 have normals
n =i+2j, ny,=7j+2k.
Thus a direction vector of the line {; of their intersection is



Let z =0, then P, = (—3,3,0) € ly;

Similarly, the two plans z +y + z = 6, — 22 = —5 have normals
ny=i+j+k, ny=1i-2k
Thus a direction vector of the line [, of their intersection is
vo=mn3xny =(i+j+k)x({i-2k)=-2i+3j—k,

Let z =0, then P, = (—=5,11,0) € l5.
Therefore

Vi X Vo = (4i — 2j + k) x (=21 + 3j — k) = —i + 2j + 8k,
then the distance between the line [; and [ is given by

e
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Note that the line [ is the intersection of plans 2(z — 2) =y + 3 and 2(y + 3) =

z — 1. Their respective normals is
n =2i—j mny=2j—k,
Thus a direction vector of the line [ is
v=mn; Xxny=(2i—j) x(2j — k) =1+ 2j+4k.
On the other hand, the plane H defined by 2y — z = 1 has normal
n=2j—k.

Since
v-n=(i+2j+4k)-(2j — k) =0,

therefore, the line [ is parallel to the plane H.



Moreover, since the line [ is parallel to the plane H, the distance between [ and H
equals the distance from any point P € [ to H. We may take P = (2,—3,1) €,
then

2-(=3)—1-1] 8 85
02+224+12 V5 5

distance between [ and H =

Problem 5. (4 points)

a) Express the length of the curve r = (at?,bt,c-Int),1 < t < T as a definite
integral. Evaluate the integral if b* = 4ac.

b) Find the arc length parametrization of the curve r = (3t cost, 3t sint, 21/2t3/2).
Solution:

a) We compute
r'(t) = (2at,b, 7).

then

ds_ dr

dt — ldt

Therefore

2
= \/4@2152 + 02+ ;—2 = \/(Qat + %)2 + (b — 4dac),

T
arc length = / \/(2at + 5)2 + (b% — 4ac)dt.
1
In particular, if b = 4ac (Since ac > 0, let us assume a,c > 0), then

T T
arc length = / (2at + g)dt = (at* +clnt)| =a(T*—-1)+clnT.
1 1

b) Note that the curve is defined on [0, 4+00), then

d
d_:; = (3(cost — tsint),3(sint + t cost), 3@)

and thus

o _ |ar
dt — |dt

=3¢/ (cost —tsint)2 + (sint + t cost)? + 2t

=3V1+£242
= 3(t+1) >0,



thus s(t) is a strictly increasing function of ¢, and ¢ = ¢(s) can be parametrized
in terms of arc length s either. Moreover, s(0) = 0, thus

3
= 22 4 3t.
S 5 +

t \/1+2 1
= -s—1.
3

From this, we obtain the arc length parametrization:

Solve t in terms of s, then

r(s) = (3t cost, 3tsint, 2v/2t%?),

Wheret:,/l%—%s—l,szO.

Problem 6. (4 points)
Find T, N, B, curvature and torsion at a general point on the curve r = (e’ cost, e’ sint, e').
Solution:

(I) Write
r(t) = e'(cost,sint, 1),

we first compute the velocity,

ds

i r'(t) = e'(cost,sint, 1)+’ (—sint, cost,0) = e'(cost —sint,sint +cost, 1)

then we obtain

' (t)| = ef\/(cost — sint)2 + (sint + cost)? + 1 = v/3el.
The Frenet frame is

T(t) = Wr'(t)

= ——(cost —sint,sint + cost, 1)




i j k
cost —sint sint+cost 1
—sint —cost cost —sint 0

(sint — cost, —sint — cost, 2)

S
G-

The curvature is

~/ 1 . .
dt d ~ T (¢ |-=(—sint — cost, cost — sint, 0)| 2
ds dt r/(t)] V/3et 3
Next we compute the torsion,

d ~
—B = —(sint + cost,sint — cost, 2).

-~ G

With the definition of torsion

d~ dsd
Pt —[r'()|7N,
therefore
(1) = e
T(t) = =
3
(IT) Alternatively, we apply the general formula with respect to general parametriza-
tion. Write

r(t) = e'(cost,sint, 1),

we first compute

r'(t) = e'(cost,sint, 1) + e'(—sint, cost,0)
= e'(cost —sint,sint + cost, 1)
r’(t) = e'(cost —sint,sint + cost, 1) + e'(—sint — cost,cost — sint, 0)
= ¢e'(—2sint,2cost, 1)
r(t) = e'(—2sint,2cost, 1)+ e'(—2cost, —2sint,0)
= e'(—2(sint + cost), —2(sint — cost), 1)

From these, we obtain

/(1) = e'/(cost — sint)? + (sint + cost)2 + 1 = /3¢,

i ; K
r'(t) x r’'(t) = e'e’ |cost —sint sint +cost 1
—2sint 2cost 1

— 6275(

sint — cost, —sint — cost, 2).



The Frenet frame can be determined as

T(t) = r'()

1 J k
= ———sint —cost —sint —cost 2
cost —sint sint +cost 1

= ——(—sint — cost,cost — sint,0).

\)

The curvature is

o O] Ve V3
YOF By 8

and the torsion is

= WO X)) 2 1
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