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Bistable Equation with

Inhomogeneous Diffusion

u̇j = αj+1(uj+1 − uj) − αj(uj − uj−1) − f(uj)

for

αj =

{

βj −m ≤ j ≤ m

α |j| > m

Diffusion coefficients vary on the lattice to give a region of
decreased excitability.

The nonlinearity
f(u) = u(u − a)(u − 1)

is the derivative of a double-well potential W(u).
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Numerical Simulations for

the Evolution Equation

For the case of a single defect αj =

{

0.6 j = 30

1 j 6= 30
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A slightly slower wave is stopped by the defect.
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Bistable Waves in Discrete

Homogeneous Media

Cahn, Mallet-Paret, and Van Vleck (1998) derive an analytic
solution for αj = α for all j ∈ Z.
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Bistable Waves in Discrete

Homogeneous Media

Cahn, Mallet-Paret, and Van Vleck (1998) derive an analytic
solution for αj = α for all j ∈ Z.

Traveling Wave ansatz

uj(t) = φ(ξ) for ξ = j − ct

gives

−cφ′(ξ) = α(φ(ξ + 1) − 2φ(ξ) + φ(ξ − 1)) − f(φ(ξ))
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Bistable Waves in Discrete

Homogeneous Media

Cahn, Mallet-Paret, and Van Vleck (1998) derive an analytic
solution for αj = α for all j ∈ Z.

Traveling Wave ansatz

uj(t) = φ(ξ) for ξ = j − ct

gives

−cφ′(ξ) = α(φ(ξ + 1) − 2φ(ξ) + φ(ξ − 1)) − f(φ(ξ))

Seek solutions with φ(−∞) = 0, φ(∞) = 1 and φ(0) = a with

φ(ξ) < a for ξ < 0 and φ(ξ) > a for ξ > 0.
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McKean’s Caricature of the Cubic
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d(φ − 1), φ > a,

d[φ − 1, φ], φ = a,

dφ, φ < a.
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McKean’s Caricature of the Cubic
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d(φ − 1), φ > a,

d[φ − 1, φ], φ = a,

dφ, φ < a.

or f(φ(ξ)) = φ(ξ) − h(φ(ξ) − a) = φ(ξ) − h(ξ),

where h is the Heaviside function.
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An Analytic Solution

via Fourier Transform

Using the Fourier transform

φ̂(s) =

∫

∞

−∞

e−isξφ(ξ)ds

gives the solution

Φ(ξ) =
1

2
+

1

π

∫

∞

0

A(s) sin(sξ)

s(A(s)2 + c2s2)
ds +

c

π

∫

∞

0

cos sξ

A(s)2 + c2s2
ds

where
A(s) = 1 + 2α(1 − cos(s)).
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Detuning Parametera

vs. Wave Speedc

In the case of inhomogeneous diffusion we do not have
translation invariance.

a fixed =⇒ the wave form and c

will depend on the position of the wave in the media.
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Detuning Parametera

vs. Wave Speedc

In the case of inhomogeneous diffusion we do not have
translation invariance.

a fixed =⇒ the wave form and c

will depend on the position of the wave in the media.

c fixed =⇒ the wave form and a

will depend on the position of the wave in the media.
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Ansatz for Inhomogeneous Diffusion

Traveling Wave ansatz

uj(t) = φ(ξ; ξ∗) for ξ = j − ct

and for some ξ∗ ∈ R gives

−cφ′(ξ) = αj(φ(ξ + 1) − φ(ξ)) + αj−1(φ(ξ − 1) − φ(ξ)) − f(φ(ξ))
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Ansatz for Inhomogeneous Diffusion

Traveling Wave ansatz

uj(t) = φ(ξ; ξ∗) for ξ = j − ct

and for some ξ∗ ∈ R gives

−cφ′(ξ) = αj(φ(ξ + 1) − φ(ξ)) + αj−1(φ(ξ − 1) − φ(ξ)) − f(φ(ξ))

Seek solutions with

φ(−∞; ξ∗) = 0, φ(∞; ξ∗) = 1, φ(ξ∗; ξ∗) = a(ξ∗)

and
φ(ξ; ξ∗) < a(ξ∗) for ξ < ξ∗

φ(ξ; ξ∗) > a(ξ∗) for ξ > ξ∗.
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Significance ofξ∗

Each ξ∗ defines a new problem.
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Significance ofξ∗

Each ξ∗ defines a new problem.

We want solutions φ(ξ; ξ∗) for ξ = j − ξ∗, which gives

uj(t) = φ(ξ; ξ∗)

for fixed ξ∗ (i.e. fixed t).
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We want solutions φ(ξ; ξ∗) for ξ = j − ξ∗, which gives

uj(t) = φ(ξ; ξ∗)

for fixed ξ∗ (i.e. fixed t).

Variation of ξ∗ allows one to translate the wave with respect
to the defect.
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Significance ofξ∗

Each ξ∗ defines a new problem.

We want solutions φ(ξ; ξ∗) for ξ = j − ξ∗, which gives

uj(t) = φ(ξ; ξ∗)

for fixed ξ∗ (i.e. fixed t).

Variation of ξ∗ allows one to translate the wave with respect
to the defect.

The result is

a(ξ∗) = φ(ξ∗; ξ∗) ≡ Γ(ξ∗, αj , c).
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Case: A Single Defect

If αj = α for j 6= 0, and γ = α0 − α, then

−cφ′(ξ) = α(φ(ξ + 1) − 2φ(ξ) + φ(ξ − 1)) − f(φ(ξ))

+ γδ(ξ − ξ0)(φ(ξ + 1) − φ(ξ))

+ γδ(ξ − ξ1)(φ(ξ − 1) − φ(ξ))
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Case: A Single Defect

If αj = α for j 6= 0, and γ = α0 − α, then

−cφ′(ξ) = α(φ(ξ + 1) − 2φ(ξ) + φ(ξ − 1)) − f(φ(ξ))

+ γδ(ξ − ξ0)(φ(ξ + 1) − φ(ξ))

+ γδ(ξ − ξ1)(φ(ξ − 1) − φ(ξ))

Fourier transform implies

φ(ξ; ξ∗) = Φ(ξ−ξ∗)+γ(φ(ξ0; ξ
∗)−φ(ξ1; ξ

∗))(F (ξ−ξ1)−F (ξ−ξ0))

for

F (x) =
2

π

∫

∞

0

A(s) cos(sx) − cs sin(sx)

s(A(s)2 + c2s2)
ds.
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a(c, ξ∗)
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a(ξ∗)
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a(c)
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a(α0)
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c(ξ∗)
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c(α0)

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
1

1.5

2

2.5

3

3.5

4

4.5

5

α
0

c

ξ* = 1/2

a = 0.98 

a = 0.95 

a = 0.9 

April 2005 – p. 17/19



Wave Formsφ(ξ; ξ∗) for α0 = 0.6
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Wave Formsφ(ξ; ξ∗) for α0 = 0.6

−5 −4 −3 −2 −1 0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ξ

φ(
ξ;

ξ* )

c = 1

ξ* = −1
ξ* = −0.5
ξ* = 0
ξ* = 0.5
ξ* = 1
ξ* = 1.5

April 2005 – p. 19/19


	Bistable Waves in Discrete \ Inhomogeneous Media
	Bistable Equation with\ Inhomogeneous Diffusion
	Numerical Simulations for \ the Evolution Equation
	Bistable Waves in Discrete \ Homogeneous Media
	Bistable Waves in Discrete \ Homogeneous Media
	Bistable Waves in Discrete \ Homogeneous Media

	McKean's Caricature of the Cubic
	McKean's Caricature of the Cubic

	An Analytic Solution\ via Fourier Transform
	Detuning Parameter $a$ \ vs. Wave Speed $c$
	Detuning Parameter $a$ \ vs. Wave Speed $c$

	Ansatz for Inhomogeneous Diffusion
	Ansatz for Inhomogeneous Diffusion

	Significance of $xi ^{*}$
	Significance of $xi ^{*}$
	Significance of $xi ^{*}$
	Significance of $xi ^{*}$

	Case: A Single Defect
	Case: A Single Defect

	$a(c,xi ^{*})$
	$a(xi ^{*})$
	$a(c)$
	$a(alpha _{0})$
	$c(xi ^{*})$
	$c(alpha _{0})$
	Wave Forms $phi (xi ;xi ^{*})$
for $alpha _{0} = 0.6$
	Wave Forms $phi (xi ;xi ^{*})$
for $alpha _{0} = 0.6$

