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Outline of talk - part |

The “prototype” problem:
* from a retarded functional differential equation...
* ...to a derivative operator .4 with boundary conditions

* asymptotic stability and eigenvalues of A
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Outline of talk - part Il

Derivative operators with non-local boundary conditions:

linear autonomous differential systems with multi
discrete and distributed delays

linear autonomous neutral retarded functional
differential equations

linear abstract functional differential equations
age-structured population models

mixed-type functional differential equations

ple
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Outline of talk - part Il

Numerical methods:
* general structure
* pseudospectral differencing approach
* convergence analysis
* numerical results

e conclusions
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Collaboration

Research activity with
R. Vermiglio - Universita di Udine
S. Maset - Universita di Trieste
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| - RFDEs

“A retarded functional differential equation (RFDE) consists
of a rule to extend the initial function beyond its original

domain of definition”
[Diekmann et al, 1994]
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| - The protoype problem

* letC = C(|—,0],C™) with supremum norm

1ol = sup |4(0)

oc[—,0]
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| - The protoype problem

* letC = C(|—,0],C™) with supremum norm

1ol = sup |4(0)

oc[—,0]

* consider the initial value problem for the linear
autonomous RFDE

2/ (t) = Lox(t) + Lix(t — 1), Lo, Ly € C™™ >0
o(t) = ¢(t), ¢€C, te[-70)

* constantdelay 7 > 0
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| - State

From a dynamical system point of view:

* Initial state: ¢ € C
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| - State

From a dynamical system point of view:
* Initial state: ¢ € C

* state at time ¢ > 0: “piece of information needed to
uniquely fix the future”, i.e. z(0), 0 € [t — T, t]
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| - State

From a dynamical system point of view:
* Initial state: ¢ € C

* state at time ¢ > 0: “piece of information needed to
uniquely fix the future”, i.e. z(0), 0 € [t — T, t]

* to use same space C, shift back to [—, 0]:

r(0) :=x(t+0), 0¢€l[—-70]
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| - State

From a dynamical system point of view:
* Initial state: ¢ € C

* state at time ¢ > 0: “piece of information needed to
uniquely fix the future”, i.e. z(0), 0 € [t — T, t]

* to use same space C, shift back to [—, 0]:
r(0) :=x(t+0), 0¢€l[—-70]

* state space: C

e stateattimet¢ > 0: 2, € C
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| - Abstract Cauchy problem

* analyze behavior of solution following time evolution of
initial state in C
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| - Abstract Cauchy problem

* analyze behavior of solution following time evolution of
initial state in C

* description by the abstract Cauchy problem

<( du(t) = Au(t), ¢>0
(o) =

where...
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| - derivative operator with boundary conditions

e ...A: D(A) C C — C linear unbounded operator

A = 1)’ shift = derivative

D) ={vec|vec, v(0)=L(0)+Lip(-)}

extension rule = boundary condition
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| - derivative operator with boundary conditions

e ...A: D(A) C C — C linear unbounded operator
A = 4’ shift = derivative

D) ={vec|vec, v(0)=L(0)+Lip(-)}

extension rule = boundary condition

cpeDA =ult)=x€C
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| - derivative operator with boundary conditions

e ...A: D(A) C C — C linear unbounded operator

A = 1)’ shift = derivative

D) ={vec|yec, ¢(0)=L(0)+Lip(-7)}
extension rule = boundary condition
cpeDA =ult)=x€C

NOTE: A is the infinitesimal generator of the Cy-semigroup
{T(t) }+>0 of linear bounded operators on C where T'(t) is
the solution operator associated to the problem and

defined by T'(t)p =z, t > 0
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| - Stability and eigenvalues

* position on C of eigenvalues of A determine stability
properties of solution
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| - Stability and eigenvalues

* position on C of eigenvalues of A determine stability
properties of solution

* for A\ € C consider the linear operator D(\) : D(A) — C:

DN =AY — A
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| - Stability and eigenvalues

* position on C of eigenvalues of A determine stability
properties of solution

* for A\ € C consider the linear operator D(\) : D(A) — C:

DN =AY — A

* )\ is eigenvalue of A iff there exists eigenvector
Y € D(A)\ {0} st (A, ) satisfies the characteristic
equation

ANea(A), v e My DNy =0
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| - Prototype problem: characteristic equation

* )\ € Cis eigenvalue of A iff there exists ) € C \ {0} st

y

¥'(0)
¥'(0)

Ap(0), 6 € |—T,0]
Lop(0) + Ligp(—7)

\
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| - Prototype problem: characteristic equation

* )\ € Cis eigenvalue of A iff there exists ) € C \ {0} st

y

v/ (6)
00

* i.e. there exists ¢)(0) € C™ \ {0} such that

Ap(0), 6 € |—T,0]
Lop(0) + Ligp(—7)

(M — Lo — Lie ") 4(0) = 0

0

det (A — Lo — Lie ") =0
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| - Asymptotic stability

Let p be the smallest real number such that

RA) < p

forall A € o(A). Then
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| - Asymptotic stability

Let p be the smallest real number such that

RA) < p

forall A € o(A). Then
* if p <Othen |ju(t)|| = 0ast — oo for ¢ € D(A)
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| - Asymptotic stability

Let p be the smallest real number such that
R(A) < p

forall A € o(A). Then
* if p <Othen |ju(t)|| = 0ast — oo for ¢ € D(A)

* if p = 0 then there exists ¢ € D(.A) \ {0} such that
lu(®)|| = [|¢]| for £ = 0

Department of Mathematics and Statistics, McGill University - April 25, 2005 — p. 13/49



| - Asymptotic stability

Let p be the smallest real number such that
R(A) < p

forall A € o(A). Then
* if p <Othen |ju(t)|| = 0ast — oo for ¢ € D(A)

* if p = 0 then there exists ¢ € D(.A) \ {0} such that
lu(®)|| = [|¢]| for £ = 0

* if p > 0 then there exists ¢ € D(A) \ {0} such that

|u(t)]] — ccast — oo

Department of Mathematics and Statistics, McGill University - April 25, 2005 — p. 13/49



| - Rightmost eigenvalue

The zero solution is asymptotically stable iff p < 0
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| - Rightmost eigenvalue

The zero solution is asymptotically stable iff p < 0

In particular, the position on C~ of the rightmost eigenvalue
of A ensures the asymptotic stability of the zero solution of
the RFDE.
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| - Rightmost eigenvalue

The zero solution is asymptotically stable iff p < 0

In particular, the position on C~ of the rightmost eigenvalue
of A ensures the asymptotic stability of the zero solution of
the RFDE.

This theory represents an important mathematical tool to
Investigate the behavior of solutions of more general
classes of linear autonomous RFDEs and other types of
functional differential systems.
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Il - Delay differential equations (DDES)

Let C = C([—7,0],C™) and consider the linear autonomous
system of DDEs

z'(t) = L(x;), t>0,

with £ : C — C™ given by

£) = Lob(0) + 3 | Lib-m) + [ M0)0(0)as

—Ti—1

wthO=7r<--- <7, =71, L; € C™""™ and
M, : |—7_1,—7] — C™™ suff. smoothfori =1,... k
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Il - DDEs

* State space: C with supremum norm
° State: x; € C, t>0

* Operator: A: D(A) C C — C given by
Ap = ¢/
D(A) ={pec|vec, v'(0)=LE)}
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Il - DDEs

* State space: C with supremum norm
° State: x; € C, t>0

* Operator: A : D(A) C C — C given by
Ap = ¢/
D(A) ={pec|vec, v'(0)=LE)}

NOTE: A is the infinitesimal generator of the Cy-semigroup
{T(t)}+>0 of solution operators on C given by T'(t)xy = x4,
t >0
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Il - Neutral RFDEs

Let C = C([—7,0],C™) and consider the linear autonomous
system of neutral RFDEs

% 2(t) + N(xe)] = L(x), t=>0,

with N/, £ : C — C™ continuous, linear and N atomic at
zero given by

N () = / n(0)(8), L) = / A (0)(6)

—T —T

where 7, 1 have not singular part
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[l - Neutral RFDEs

* State space: C with supremum norm
° State: x; € C, t>0

* Operator: A: D(A) C C — C given by
Ap =
D(A) ={pec|vec ¢0)+Nw) = L))
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Il - Neutral RFDEs

* State space: C with supremum norm
° State: x; € C, t>0

* Operator: A : D(A) C C — C given by
Ap =
D(A) ={pec|vec ¢0)+Nw) = L))

NOTE: A is the infinitesimal generator of the Cy-semigroup
{T(t)}+>0 of solution operators on C given by T'(t)xy = x4,
t >0
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[l - Abstract FDEs

Let X and C = C(|—7,0], X) be Banach spaces and
consider the system of linear abstract FDEs

dx(t)
dt

= Arx(t) + L(x;), t>0,

where Ar : D(Ar) C X — X is the infinitesimal generator
of a Cy-semigroup of linear bounded operators on X and
L :C — X Is a linear mapping
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[l - Abstract FDEs

* State space: C with supremum norm

1)l = sup [(0), |- |norm of X

oc[—7,0]
° State: x; € C, t>0

* Operator: A : D(A) C C — C given by
A = ¢/

D(A) = {wec|v ec, v(0) € D(Ar),
¥/(0) = Arv(0) + £(1) }
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[l - Abstract FDEs

* State space: C with supremum norm

1)l = sup [(0), |- |norm of X

oe[—,0]
° State: z; €C, t>0
* Operator: A : D(A) C C — C given by
A = ¢/
D(A) ={vec|v e, p(0) € D(Ar),
¥/(0) = Arv(0) + £(1) }

NOTE: A is the infinitesimal generator of...
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Il - Age-structured population models

Let C = C([0, a;],C™) and consider the age-structured
population model

/

a,t) + 2(a,t) =0, ac(0,a], t>0,
(

a,0) = p(a), ac]0,ai,

\

where z € C' (|0, a4] x [0, +00),C™"), p e Cand K : C — C™:
d %
K = Z / kD (a)y(a)da, 0=ag<a; <---<ag=as,
=1
h—1

with sufficiently smooth matrix kernels £V, 1 =1,...,d
|
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Il - Age-structured population models

* State space: C with supremum norm
* State: z(-,t) €C, t>0

* Operator: A : D(A) C C — C given by
A =
D(A) ={vec|vec, v0) = Ky|
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Il - Age-structured population models

* State space: C with supremum norm
* State: z(-,t) €C, t>0

* Operator: A: D(A) C C — C given by
Ay = —¢f
D(A) ={vec|vec, v0) =Ky}
NOTE: A is the infinitesimal generator of the Cy-semigroup

{T(t)}+>o Of solution operators on C given by
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Il - Mixed-type FDEs

Let C = C(|—p,q],C™), p,q > 0, and consider the system of
linear autonomous FDEs of mixed-type (i.e. advanced and
retarded)

dfiff) - / dk(0)z(t + ),

where x(t) € C™ and dk(0) is an m x m matrix of
Lebesgue-Stilties measures on |—p, g].
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Il - Mixed-type FDEs

Let C = C(|—p,q],C™), p,q > 0, and consider the system of
linear autonomous FDEs of mixed-type (i.e. advanced and

retarded)
q

= /dk(@)x(t + 0),
4
where x(t) € C™ and dk(0) is an m x m matrix of

Lebesgue-Stilties measures on |—p, g].
Although such equations do not generate semigroups, it is
still useful to take...

dx(t)
dt
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Il - Mixed-type FDEs

* State space: C with supremum norm
° State: x; € C, t>0

* Operator: A : D(A) C C — C given by

A =
D)= {vec|vec v = [
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Il - Mixed-type FDEs

* State space: C with supremum norm
° State: z; € C, t>0
* Operator: A : D(A) C C — C given by

Atp = o’

D)= {vec|vec v = [aouo}

—P

NOTE: under suitable hypothesis on o(.A), A is exponential
dichotomous, i.e. there exists a direct sumC = P & Q,
suchthat Ap: D(A)NP — P, Ag: D(A)NQ — Q are
infinitesimal generators of (exp.ly stable) semigroups.
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l1l - General structure

* all problems presented can be reformulated as
abstract Cauchy problems
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l1l - General structure

* all problems presented can be reformulated as
abstract Cauchy problems

* asymptotic behavior of solutions depends on the
position on C of the eigenvalues of a derivative
operator A
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l1l - General structure

* all problems presented can be reformulated as
abstract Cauchy problems

* asymptotic behavior of solutions depends on the
position on C of the eigenvalues of a derivative
operator A

* A has non-local boundary conditions contained in its
domain
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l1l - General structure

* State space: C := C(|a, (], X) with supremum norm

||| = Sup 14(0)|, |- | norm of the Banach space X
ocla,B

Department of Mathematics and Statistics, McGill University - April 25, 2005 — p. 26/49



l1l - General structure

* State space: C := C(|a, (], X) with supremum norm

||| = Sup 14(0)|, |- | norm of the Banach space X
ocla,B

* State: 24(6) = x(0,t),0 € [, 5], t >0
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l1l - General structure

* State space: C := C(|a, (], X) with supremum norm

||| = sup |¥(0)], |- |norm of the Banach space X
S [eNE]

* State: 24(6) = x(0,t),0 € [, 5], t >0

* Derivative operator: A : D (A) C C — C given by
Ay = (£)¢/
D) ={vec|vec,

W(0) + N (W) = L) or 9(8) = L(V) |
with 0 € [o, 8] and L, N : C — X linear
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l1l - Infinite dimension

* Ais an oo-dimensional linear operator

* how to compute its infinitely many eigenvalues?
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l1l - Infinite dimension

* Ais an oo-dimensional linear operator
* how to compute its infinitely many eigenvalues?

* need of numerical approximation
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lll - Pseudospectral methods

* |dea: turn eigenvalue problem for operator A into
corresponding eigenvalue problem for matrix Ay
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lll - Pseudospectral methods

* |dea: turn eigenvalue problem for operator A into
corresponding eigenvalue problem for matrix Ay

* Proposal: discretize A into Ay by pseudospectral
differencing methods:
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lll - Pseudospectral methods

* |dea: turn eigenvalue problem for operator A into
corresponding eigenvalue problem for matrix Ay

* Proposal: discretize A into Ay by pseudospectral
differencing methods:

o approximate functions of C by interpolating
polynomials on certain nodes
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lll - Pseudospectral methods

* |dea: turn eigenvalue problem for operator A into
corresponding eigenvalue problem for matrix Ay

* Proposal: discretize A into Ay by pseudospectral
differencing methods:

o approximate functions of C by interpolating
polynomials on certain nodes

o approximate exact derivative with that of
interpolating polynomials
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lll - Pseudospectral methods

* |dea: turn eigenvalue problem for operator A into
corresponding eigenvalue problem for matrix Ay

* Proposal: discretize A into Ay by pseudospectral
differencing methods:

o approximate functions of C by interpolating
polynomials on certain nodes

o approximate exact derivative with that of
interpolating polynomials

° use boundary condition applied to the polynomials
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Il - Mesh

Given a positive integer N, discretize |«, 5] with the mesh
Qn={6;]¢=0,...,N}

of N + 1 distinct points
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lll - State space

* replace the continuous space C by the space
Cy = (C™)¥v =~ Cm(N+D) of the discrete functions
defined on the mesh Q2
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lll - State space

* replace the continuous space C by the space
Cy = (C™)¥v =~ Cm(N+D) of the discrete functions
defined on the mesh Q2

* i.e. any v € C is discretized into the block-vector
x € Cn of components

xizw(ei)ECm, Z:O,,N
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Il - Operator: 1)/ (0) + N (¢') = L(v))

* assume 0 € Qy, i.e. 6; = 0 forsomeic {0,1,...,N}
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Il - Operator: 1)/ (0) + N (¢') = L(v))

* assume 0 € Qy, i.e. 6; = 0 forsomeic {0,1,...,N}

* let Pyx, x € Cy, be the unique C™-valued interpolating
polynomial of degree < N such that

(PNﬂf)(QZ) — Xy, ’i:O,l,...,N
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Il - Operator: 1)/ (0) + N (¢') = L(v)

* assume 0 € Qy, i.e. 6; = 0 forsomeic {0,1,...,N}

* let Pyx, x € Cy, be the unique C™-valued interpolating
polynomial of degree < N such that

(PNﬂf)((gz) —= X, ’i:O,l,...,N

* approximate A by the matrix Ay : Cy — Cy given by

y

(Anz); = Ln(Pyz) — Ny ((Pyz)')
(.ANZE)Z — (PNZC),((QZ), )= O,l,,N, 1 #E

\

with £ and Ny possibly approximating £ and N/
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Il - Operator: 1)/ (0) + N (¢') = L(v))

* use Lagrange representation

(Pna)(0) =) 1;(0)z;, € af],

7=0

with /;’s the Lagrange polynomials on €2y

Department of Mathematics and Statistics, McGill University - April 25, 2005 — p. 32/49



Il - Operator: 1)/ (0) + N (¢') = L(v)

* use Lagrange representation

N
(Pyx)(0) = le 1725, la, 3],

with /;’s the Lagrange polynomials on €2y

* the matrix Ay is defined by the relations

[ (Pra)(0) = 3 (Lx (OT) — N (1)) 1,
< ‘7;0
(Pyz)'(6;) = > U(0;)z;, i=0,1,....,N, i#i

\ 7=0
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Il - Operator: 1)(0) = L(v))

* assume 0 € (o, 3] \ Qw, set Oy, =0

Department of Mathematics and Statistics, McGill University - April 25, 2005 — p. 33/49



Il - Operator: 1)(0) = L(v))

* assume 0 € (o, 3] \ Qw, set Oy, =0

* let Oni12, ¢ € Cy, be the unique C™-valued

interpolating polynomial of degree < N —+ 1 such that

(QN-le)(ei):xia ’i:O,l,...,N,

(On117)(0) = Ly(Qni1z) (= 2np)

with £ possibly approximating £
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Il - Operator: 1)(0) = L(v))

* assume 0 € (o, 3] \ Qw, set Oy, =0

* let Oni12, ¢ € Cy, be the unique C™-valued
interpolating polynomial of degree < N —+ 1 such that

(Oni1x)(0;) =x;,, ©1=0,1,... N,
(On117)(0) = Ly(Qni1z) (= 2np)

with £ possibly approximating £

* approximate A by the matrix Ay : Cy — Cy given by

(ANQ:)Z — (QN_|_133),((97;), i20717°°°7N
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Il - Operator: 1)(0) = L(v))

* use Lagrange representation

N

(Qn12)(0) = Y my(0)z; + my(B)ane, 0 € [a,f],

7=0

with m;’s the Lagrange polynomials on Qy U {0y41}
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Il - Operator: 1)(0) = L(v))

* use Lagrange representation

N

(Qn12)(0) = Y my(0)z; + my(B)ane, 0 € [a,f],

7=0

with m;’s the Lagrange polynomials on Qy U {0y41}

N
* solve boundary condition to get xy 11 = > 7,
J=0
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Il - Operator: 1)(0) = L(v))

* use Lagrange representation

N

(Qn12)(0) = Y my(0)z; + my(B)ane, 0 € [a,f],

7=0

with m;’s the Lagrange polynomials on Qy U {0y41}
* solve boundary condition to get x4 = Z Vi

* the matrix Ay is defined by the relatlons

(QNHZC

Mz

—|—mN_'_1(6i)’}/j)ZEj, ’i:O,l,...,N
jZO
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lll - Convergence assumptions

Eigenvalues of Ay approximate a finite number of the
eigenvalues of A. How accurate are these approximations?
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lll - Convergence assumptions

Eigenvalues of Ay approximate a finite number of the
eigenvalues of A. How accurate are these approximations?

* choose #;,1 =10,1,..., N, as the Chebyshev extremal
nodes in |a, 3]
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lll - Convergence assumptions

Eigenvalues of Ay approximate a finite number of the
eigenvalues of A. How accurate are these approximations?

* choose #;,1 =10,1,..., N, as the Chebyshev extremal
nodes in |a, 3]

* possibly assume

sup [|[Ly|| < o0
NeN

and

sup ||[Nul|| < +o0
NeN
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lll - Convergence: spectral accuracy

* let \ € C be an exact eigenvalue of A with multiplicity v
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lll - Convergence: spectral accuracy

* let \ € C be an exact eigenvalue of A with multiplicity v

* Ay has v eigenvalues \;, i =1, ..., v, such that

1o\
max = N\| < o <6N(£) +en(N) + TN (]\;> )

en(L) = sup , ueC”
AeB(\,r) Jul
N (eru) — Ny (e u
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* let \ € C be an exact eigenvalue of A with multiplicity v

* Ay has v eigenvalues \;, i =1, ..., v, such that

1o\
max = N\| < o <6N(£) +en(N) + TN (]\;> )

en(L) = sup , ueC”
AeB(\,r) Jul
N (eru) — Ny (e u
en(N) = sup ( ) v ( )|, ue Cm
XeB(\,r) Jul

* () = C1(N), Cy = C5(\) constants independent of N
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[l - Ghost roots

* sure that approximated roots converge to exact ones?
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[l - Ghost roots

* sure that approximated roots converge to exact ones?

* let {Qyu }i>1 be a sequence of meshes on |«, 3] such
that N — 0 asi — oo

o if \() — X\ asi— oo for \(¥) eigenvalue of Agf,), then )\ is
eigenvalue of A
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lll - Results: DDEs

0.1 ~0.5
T’ (t) = Lox(t)+L1x(t—1)—|—/ Mlzc(H—@)d@Jr/ Msx(t+0)do
0.3 1
—3 1 1 0
Lo = ., Ly =
—24.646 —35.430 2.39993 2.00365
2 2.9 —1 0
Ml — ) M2 —
0 —0.5 0 -1
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lll - Results: DDEs, spectrum and convergence
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[l - Results: NDDEs, spcetrum

—a —b 0 h

a=1,b=05,h=087=5, a=1,b=4, h=05,7=05
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[l - Results: abstract RFDEs

9 (q,t) = g%(a,t) —bx(a,t) —cx(a,t —7), a€l0,xw], t>0
r(0,t) =x(m,t) =0, t>0
z(a,t) = p(t)(a), a€l0,x], te|-7,0], ¢el(—1,0],X)

X = L*([0, 7], R)
Ar: D(Ar) C X — X
Ary =y
D(Ar) : {y € C*([0,7],R) | y(0) = y(r) = 0}
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[l - Results: abstract RFDESs, spectrum
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lll - Results: population model, spectrum
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lll - Results: population model, spectrum variation

H(r)
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lll - Results: mixed-type RFDESs, spectrum

z'(t) = ax(t + 1) + bx(t) + cx(t — 1)
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lll - Results: space discretized PDE, delay in diffusion

x'(t) = Lox(t) + Liz(t — 1),
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lll - Results: space discretized PDE, delay in diffusion

m =20, h=-=L a=0.1, p#£g=2, R=0.08
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Conclusions

* describe RFDEs as abstract Cauchy problem:
derivative operators with boundary conditions
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Conclusions

* describe RFDEs as abstract Cauchy problem:
derivative operators with boundary conditions

* behavior of solution as time-evolution of state

* asymtpotic stability depends on eigenvalues of
derivative operator

* holds for more than DDEs

* oo eigenvalues: discretization via pseudospectral
methods

* fast convergence
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The end

...and thanks for your attention!
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