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Abstract

We consider arrays of coupled scalar differential equations organized on a spatial lattice. One component of this system is
analogous to the Allen—Cahn partial differential equation which on the integer lattice has interactions of nearest neighbor type,
and the other to the Cahn—Hilliard partial differential equation which has interactions of nearest and next nearest neighbor type.
Our coupling functions are forms of the so-called double obstacle nonlinearity. The interaction strengths of both equations are
not restricted in magnitude or in sign and need not be near a continuum limit. We prove existence and uniqueness results for
the initial value problem and consider the existence and stability of a class of equilibrium solutions called mosaic solutions.
These equilibrium solutions take only the values +1, —1, and O at each lattice point. Using the notion of a weakly forward
invariant set we provide criteria for weak Lyapunov and weak asymptotic stability. Rigorous results are then obtained for
the spatial entropy of these stable mosaic solutions and it is shown that the existence and stability results obtained on the
integer lattice can be used to obtain similar results on an arbitrary lattice. Numerical results are presented that illustrate the
importance of the analytical results. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

In models of phase transitions of polymers in chemical engineering and of alloys in metallurgical engineering
one often obtains models that are similar in form to Allen—Cahn equations [3] (where mass is not preserved)
and/or Cahn—Hilliard equations [6] (where mass is typically preserved). Multi-component versions of both models
have been studied. Our interest is in multi-component models where there is one conserved order parameter, and
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one unconserved order parameter. Such models are well-known in physics and are known as “model C” in the
terminology of Hohenberg and Halperin [15].

Cahn and Novick-Cohen [8] derive such a model which results in an Allen—Cahn equation coupled to a Cahn—
Hilliard equation through the nonlinear terms. The Allen—Cahn/Cahn—Hilliard system is used to describe simultane-
ous phase separation and order—disorder transition in a BCC Fe—Al binary alloy. Dorgan [12,13] has used a similar
model in studying liquid crystals. More recent work on coupled Allen—Cahn/Cahn—Hilliard equations includes
problems with degenerate mobility [11] and finite element numerical solutions [4]. The Allen—Cahn/Cahn—Hilliard
system contains both the Allen—Cahn and Cahn-Hilliard equations which often serve as diffuse interface models for
limiting sharp interface motion. The Allen—Cahn equation is a diffuse interface model for antiphase grain boundary
motion, while the Cahn—Hilliard equation describes phase separation with mass conservation. For certain choices
of the concentration or order parameter the system of equations reduces to a single equation.

We study microscopic versions of model C, in particular an Allen—Cahn/Cahn—Hilliard system, that are discrete
in space and continuous in time. Thus, we consider the following one-dimensional spatially discrete coupled system:

. ’ —B1Au; — i» U
v; —aAl—BrAvi — fa(u;, vi)]

where 81 # 0, o # 0 and A denotes the discrete Laplacian operator defined by
Aui = ujry —2u; +ui—y.

We take coupling functions f and f> given by

(_007 _)/1 +S] v]a u= _17

Fl, ) = yiu + s1v, lul <1, 1.2)
[y1 + s1v, 00), u=1,
0, lul > 1,
(_OO, S2u — ]/2], V= _17

P, v) = s2u + yau, lv] <1, (1.3)
[s2u + y2, 00), v=1,
@, lv] > 1.

These are generalizations of the double obstacle nonlinearity [2,5,10,14,17]. Note that by fixing v in f] and varying
u, or by fixing u in f, and varying v, we obtain a function similar to the double obstacle nonlinearity previously
applied to spatially discrete Allen—Cahn equations [10] and Cahn—Hilliard equations [2]. The arguments of f; and
f> are restricted to the interval [—1, 1] with the values %1 acting as barriers. The parameters y1, y2, s; and sp can
be positive, negative or zero. We assume, however, that s; and s, are not both zero as this would mean that f; and
> no longer behave as coupling functions, and we simply have separate Allen—-Cahn and Cahn-Hilliard equations.
We note here that Cahn and Novick-Cohen [8] focus on one of the more physically relevant parameter regions in
which (1.1) has a well posed continuum limit, 8; < 0 and ¢8> < 0.

The equation for u; corresponds to a one-dimensional spatially discrete version of the Allen—Cahn equation [10],
which arises naturally from a spatial discretization of the partial differential equation

U = uye — f(u). (1.4)

This discretization requires 1 to be negative and of large norm, however, we are not restricted to the PDE case and
hence consider a full range of parameters.
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In a similar fashion, the equation for v; is the one-dimensional spatially discrete Cahn—Hilliard equation which was
introduced in [2]. When @ > 0 and > < O, this corresponds to a finite difference spatial discretization of the PDE

up = —(€thpe — f(U)xx Vx €R, 1.5

but in what follows no restriction is placed on the sign of « and 8 and the resulting system need not necessarily
be near a PDE continuum limit.

Following the example in [10], subsequently used in [2], both systems are written with negative coupling coeffi-
cients.

Our motivation in studying spatially discrete models is threefold:

1. In many cases spatially discrete models allow for microscopic effects that cannot easily be modeled with con-
tinuum models. For example, anisotropy arises naturally in discrete models [7], also phenomena with fixed
interaction length are easily modeled.

2. Often there is interesting dynamical behavior in spatially discrete models that is not present in the analogous
continuum models. For example propagation failure of traveling waves arises and can be studied in discrete models
[7,16] (spatially continuous models fail to represent this phenomenon). Also, discrete models are often applicable
in parameter regions which are physically reasonable, but for which the PDE arising from the corresponding
spatially continuous model is ill-posed.

3. In cases in which the spatially discrete model corresponds to the spatial discretization of a PDE model, careful
study may lead to a better understanding of the effects of discretization. Note that (1.1) could be viewed as a
finite difference discretization of the continuous Laplacian (where the mesh size 4 is factored into the parameters

o, B1 and B)).

With f1 and f> given by (1.2) and (1.3), the differential equations are interpreted as differential inclusions and
the values of the variables are restricted to the ranges |u;| < 1 and |v;| < 1. The phase space of the system is hence

u e[-1,1] VieZ

. (1.6)
v e[—1,11 VielkZ

-1, 112 x [-1, 112 = {U:(u,v):ZxZ—HRZxRZ
We add and subtract set-valued functions as follows. If f = [a, 00) and g = [b, 00) witha,b € Rthen f + g =
[a 4 b, 00). In other words f 4 g is taken to be the set of all sums x + y, where x € f and y € g. In particular, this
implies that if f and g are both unbounded with opposite sign, i.e. f(u, v) = [a, o0) and g(u, v) = (—o0, b] with
a, b € R, then their sum is the whole real line, f + g = (—00, 00).
Eq. (1.1) can now be written in the form

= | —a[—B2(vit2 — 4viy1 +6v; —4vi— +vi-2) Vi € Z, (1.7)
—Hig1, vigD) + 2o (ui, v;) — fo(ui—1, vi—1)]

both when f] and f> are uniquely valued, so that (1.7) has a conventional meaning as a differential equation, and in
the case where f] and f, are set-valued so that (1.7) must be interpreted as a differential inclusion with the addition
of sets on the right-hand side of (1.7) taking the meaning given above.

The time evolution of our system is described by an infinite system of ordinary differential equations that we call
a lattice differential equation (see [9]). With i € Z denoting the space variable, the state of our dynamical system
is an infinite vector {U;};cz = {(u;, v;i)};cz. We are interested in bounded solutions and take U € [*°(Z) x [*°(Z),
where [°°(Z) is the Banach space with norm | - [|;~(z,, given by

(zl ) —B1(miy1 — 2u; +ui—1) — f1(ui, v;)

V;

IP(Z) = {u : Z — R |lullj=z) < oo}, lluelljoo(zy = Suglud-
i€
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We write the general autonomous system U = g(U), where g : [°°(Z) x [®°(Z) — [°(Z) x *°(Z), in coordinate
form as

Ui = 8i({Uj}jez) for i € Z.

We can solve the initial value problem with U (0) = U for any given U" = (u°, %) € ®(Z) x [®(Z),if gis a
locally Lipschitz function on [*°(Z) x [°°(Z). The familiar existence and uniqueness proof for finite dimensional
ODEs carries over to this infinite dimensional setting (see, for example [18]). In Section 2, we provide conditions for
existence and uniqueness of solutions of (1.1)—(1.3). These conditions do not depend on the parameters f1, y» or si.
However, for « > 0 we require 8> > 0, and for ¢ < 0 we are restricted to a range of the parameters 8>, y2, and s».

In Section 3, we study equilibrium solutions of (1.1)—(1.3). We define mosaic solutions to be equilibrium solutions
that are restricted to take only the values +1, —1, and 0, as in [2,10], and in Theorem 3.1 we give explicit necessary
and sufficient conditions for an equilibrium solution to be a mosaic solution. Theorem 3.1 is in the spirit of results
for discrete Allen—Cahn equations [10] and Cahn-Hilliard equations [2]. However, with the result presented here
we obtain an understanding of the effect of the coupling through the nonlinear term and we obtain the results from
Abell et al. [2,10] as special cases.

In Section 4, we consider the stability of mosaic solutions. Using the notion of weak forward invariance we obtain
criteria for weakly Lyapunov stable and weakly asymptotically stable mosaic solutions, and identify classes of such
mosaic solutions.

In Section 5, we introduce the concepts of pattern formation and spatial chaos. Using transition matrices we
extend the analysis in [2,10], and determine the spatial entropy over certain ranges of parameter values for (1.1). We
first calculate the spatial entropy of an essentially decoupled system. This system is much simpler than the coupled
case, and so we can calculate the entropy explicitly for all parameter regions. We then extend this to calculate the
entropy of various examples of parameter regions in the fully coupled case. This involves transitions between two
4-tuples (which overlap to form three 5-tuples) which arises from the 2-tuples for the Allen—Cahn equations [10]
and the 4-tuples in the Cahn—Hilliard case [2]. We then focus on the effect of the coupling through the nonlinear
term so that parameter ranges may be determined in which the equations act in an uncoupled fashion, when one
equation drives the other, and when there is strong coupling but neither equation drive the other.

Finally, numerical simulations are presented in which the solution to the initial value problem is approximated.
These numerical results confirm the importance of the analytical results by showing how the asymptotic state of the
system depends upon the given parameter values.

2. Existence and uniqueness

We will establish existence and uniqueness theorems for the initial value problem (1.1)—(1.3). Because the
functions f; and f> defined by (1.2) and (1.3) are set-valued, the theorems that we present are non-standard. In
addition, our results concern only forward time, as existence and uniqueness do not hold in general for such systems
in backward time. Our treatment will closely follow that in [2,10], where similar theorems were established for
spatially discrete Allen—Cahn and Cahn—Hilliard equations.

Before proceeding, we must first define what we mean by a solution of such a system.

Definition 2.1. By a solution of (1.1)—(1.3), we mean a continuous function

U:T—[—1,11% x[~1, 1% CI®®Z) x I°(Z)
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on some interval /, such that the coordinate function U;(¢) = (u;(t), v;(¢)) is absolutely continuous in / for each
i € Z, and such that the inclusions

ui(t) € =PrAui(t) — fi(u;(t), vi(t)) Vi € Z, Vi (1) € —aA[=paAvi(t) — fa(ui(1), vi(1))] Vi € Z,
2.1)

hold for almost every ¢ € 1.

Alternatives to Definition 2.1 are possible. In particular, for the Cahn—Hilliard term some authors prefer
vi(t) € —aAw;(t) Vi €Z, wi(t) € —PaAvi (1) — fo(ui(t), vi(t)) Vi€ Z.

This reduction of the fourth-order equation to a second-order equation effectively forces consistent choices of the

set-valued f when evaluating the v;’s, which ensures conservation of mass in the Cahn—Hilliard component (under

suitable boundary conditions). However, we prefer (2.1), even though it is not mass conserving in the Cahn—Hilliard

component, because it is amenable to a purely local analysis which is not applicable to the reduced order equations.
We have the following existence result in forward time.

Theorem 2.1. Consider (1.1)~(1.3) with U® € [—1, 11Z x [—1, 1]% given. If:

1. o >0and By >0 or
2. a <0andyr + |s2| <4B; <0,

then there exists a solution U = (u, v) : [0, 00) x [0, 00) — [—1, 1]Z x [—1, 1]Z in forward time, to the initial

value problem U (0) = U°, or in other words (u(0), v(0)) = u?, v9).

Proof. We will prove the result by constructing solutions to a series of approximating problems, to which a standard
existence result applies, and then taking limits of the approximating solutions, after having obtained the appropriate
a priori estimates.
The approximating problem is given by replacing the set-valued nonlinearities (1.2) and (1.3) with
1
—(u+1)—y+sv if u <-—1,
e
fiu,v) = rviu+sv if Jul <1, (2.2)

1
—u—D+y1+siv if u>1,
£

1

-+ 1D =y +su if v<-—I,

&

f(u, v) = { v2v +s2u if vl <1, (2.3)

1
—w=D+y+su if v>1,
I

which for any & # 0 are globally Lipschitz functions f{ : R x R — Rand f; : R x R — R. With & > 0 fixed,
consider (1.1) with f" and f; replacing fi and f>. We shall restrict ¢ to be sufficiently small, specifically,
yile <1, ly2le < 1, (24
@lp1l +2s1De < 1, @Bzl +2[s2])e < 1. (2.5)

We can write this system, with the nonlinearities f; and f;, abstractly as an ordinary differential equation Ut =
F&(U¥?), with U = (u®, v®). This equation is in the Banach space [°°(Z) x [°°(Z), and F* : [*°(Z) x [*°(Z) —
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[°°(Z) x I°°(Z) is a globally Lipschitz function. In a standard fashion we obtain a unique solution U¢ = (u?, v®) :
R x R — [%®(Z) x [°°(Z) to the initial value problem U®(0) = U°, with ||U0||loo(Z) < 1 as in the statement of
Theorem 2.1. In other words, (u(0), v(0)) = (%, v°) with [[u®]jj00(z) < 1 and [[V0])jee(zy < 1.

Observe that this solution satisfies

1

u; = —prAui — yiui —s1vf — hl.l’g(t) Vi € Z, ¥ = —aA[—BrAv] — v — soui — hl.z’g(t)] Vi € Z,

(2.6)
where the continuous functions hil‘g :R — Rand hl.z’E : R — R are given by
hPS = fEE (), v () — (ul (1) + 515 (1), R = f5 W), vE (1) — (ravf (1) + su (1)),
and satisfy
<0 if uj(t) <1, <0 if vi(@) < -1,
R =0 if @) <1, R =0 if ()] < 1, Q2.7)
>0 if ui(t) >1, >0 if vi() =1,
where here we have used the bounds of (2.4) on ¢.
We now establish the uniform bounds
luf ()| <1+ Kie VielZ Vt=>0, i ()| <1+ Kie VielZ Vt=>0,
W EO < +Ky VieZ V=0, || <Ky VieZVi>=0 2.8)

with constants K| and K, independent of ¢, as well as of i and . (However, the constants K| and K, generally

depend on By, B2, ¥2, v2, s1 and s3.)
First observe that if 1 < uf () < 14 K¢, then from (2.6) and the formula (2.2) for f;, we have from the

definition of hi1 ®(t) that

1
b ()] = ’(g - Vl) Wi (@) — D| < Kill —yie] <2K,

by (2.4). The same bound holds for —1 — Kje < uf(t) < —1, and of course hil’g(t) = 0if |uf(t)| < 1. Similar
bounds hold for 4 (¢), and hence the bounds in (2.8) on A} () and A (¢) hold with K2 = 2K.

To bound u; (¢) and v{ (¢), we show that the ball {U® € [*°(Z) x I°°(Z) : ||U®||j(z) < 1 + K¢} is positively
invariant. To do this it is sufficient to prove that

ui (t) <0 whenever ui(r) =1+ Kie, and |[[U*(t)|oz) =1+ Kie, (2.9)

U7 (1) <0 whenever vi (1) =1+ Kie, and [[U°(t)|j~@z) =1+ Kie, (2.10)

along with the corresponding inequalities u{ (1) > 0, whenever u} (t) = —1 — Ky& and |[U®(t)[l;c(z) = 1 + K1
and also v7 (t) > 0, whenever v; (t) = —1 — K¢ and [|[U*(t)ljc(z) = 1 + K&

We prove (2.9) and (2.10), as the proofs for the corresponding inequalities at u? (1) = —1 — K& and v} (t) =

—1 — K¢ are similar.
First, let u; (t) = 1 + K&, and |U®(t)|l;0(z) = 1 + K& and assume K1 > 2(4|B1| — y1 + |s1]). Then

. 1
uj =—P1(uj —2ui +uj_;) — |:E(Mf -D+n +Slvf] <4B1l(1 + K1e) — K1 — y1 + [s1](1 + K1¢)

K
=4|B1] + Is1] + K1e(4|B1] + |s1]) — K1 — §4|/31|+|Sl|_7_)/1 <0,
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where here we have used (8|81| + 2|s1])e < 1 from (2.5), as well as the assumption that K1 > 2(4|81| — y1 + |s1]).
This establishes (2.9).
Second, assume v{ (1) = 1 + K& and [|[U®(t)]ljc(z) = 1 + Kj¢. Let

gfu,v) = f5 (u,v) —4pov. (2.11)
Then from (1.1) and (2.3), we have
;= alBa6v] + vy + Vi) + 87 iy, viy) — 205 (i, ) + 85 (ui_y, v ] (2.12)
The following inequalities will be useful. If y» + |s2| > 482 or 48> > y» + |s2] and
2(4B2 — 2 — Is2D)

K > , (2.13)
1 —4eBr + |s2le
then if [|u® (1) |0 z) < 1 + K¢ it follows that
g uj,vj)) < y2—4f2 + 52| + Ki1(1 — 4B + |s2le) (2.14)

with the right-hand side non-negative (using (2.5)). It also follows from (2.3) and (2.11) that if 48, > y» and

2(4B2 — v2 — Is20)

Ky < ,
1 —4efr + |s2le

(2.15)

then
Y2 — 4B+ Is2] < g°(uj, vj) <4f2 —y2 + Is2l. (2.16)
We use (2.11) to prove (2.10) in the two different cases.

1. « > 0and B, > 0.
Let K1 > 0 satisfy (2.13). Thus, if u] = 1+ K& and a > 0, it follows from (2.12) that

vf <2a[3B2(1 + K18) + [B2|(1 + K18) + y2 — 4B + 52| + K1 (1 — 4epa + [s2]e)
— (K1 +y2 + Is2/(1 + K18))] = 2a[(|B2] — B2)(1 + K18)] =0,

provided B> > 0. This establishes (2.9).
2. a <Oand y; + |s2] <48, <0.
Let Ky = 0. Thus (2.15) is satisfied and hence (2.16) holds. Thus, if #; = 1 and a < 0, it follows from (2.12)
that

0 <2a[3B21B2l + v2 — 482 + Is2| — v2 — Is2l] = 2a[—(B2 + |B2))] = O,
provided B> < 0. This establishes (2.10).

The proof of the corresponding inequalities at —1 — K¢ are similar in both cases. Thus the ball {U? € [*°(Z) x
I°°(Z) = |U iz < 1+ K€} is positively invariant, which establishes the remaining bounds on [u; (¢)| and |v? (¢)|
in (2.8).

From (2.8), we obtain from the differential equation (2.6) the additional bounds on the derivative of Ul.g 1) =
(uf (1), vi(¢)) that |uf(t)] < K3 and [0} (t)| < K3, for some K3 valid for all i, non-negative ¢, and ¢ < 1. Upon
taking a sequence &, — 0, and possibly passing to a subsequence, we have with a standard application of Ascoli’s
theorem, the limits

U{"(t) — Ui(t) uniformlyfor 0 <7 <T,
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in other words that

uf" (t) = u;(t) uniformlyfor 0 <t < T, vf” (t) = v;i(t) uniformlyfor 0 <t < T,
and also

R () — hl(1) weak* inL®(0,T),  h™(t) — h2(r) weak* in L0, T)

foreachi € Zand T > 0. The limiting functions U; (t) = (u; (t), v; (t)) are absolutely continuous, enjoy the bounds
lui(t)] < 1and |v;(#)] < 1forall r > 0, and satisfy the initial condition U (0) = U 0, They also satisfy

uj = —B1Au; — y1u; —s1v; — h;i(t) Vi €Z, Vj = —aA[=BrAv; — y2v; — sou; — hi(1)] VieZ
2.17)

for almost every ¢ > 0, as one sees by integrating Eq. (2.6) from 0 to any ¢ > 0, and taking the limit &, — 0.
Finally, one sees from (2.7) that the functions hl1 (1) and hiz(t) satisfy

<0 if u;(t) =—1, <0 if vi(t) =—1,
hl@)yy =0 if ui()] <1, R2(r) { =0 if Jui(®] <1, (2.18)
>0 if u;(t) =1, >0 if vi(t) =1

for almost every ¢ > 0. With this, it is now clear that U = (u, v) : [0, 0o) x [0, 00) — [—1, 1]Z x [—1, 1]Z is
a solution to (1.1)=(1.3) with the initial condition U (0) = U, as desired. We note in particular, that the uniform
bounds |i; ()| < K3 and |0; (¢)| < K3 ensure the continuity of u(¢) and v(¢) in ¢, as elements of [°°(Z). U

We will consider existence and stability of mosaic solutions for all parameter values, not just those that satisfy
Theorem 2.1. In the case of parameter values which do not satisfy Theorem 2.1, we may not have infinite time
existence of solutions for arbitrary initial conditions in [—1, l]Z x[—1, 1]Z. However, since a mosaic solution is an
equilibrium solution, we will always have infinite time existence for these solutions. Our first step to establishing
stability of mosaic solutions will be to show that a neighborhood of the mosaic solution is forward invariant. In
this case, existence of solutions for all initial conditions within the neighborhood will follow using the techniques
above, and indeed for any initial conditions within the basin of attraction of the forward invariant neighborhood.

We now prove that the solution constructed above is unique provided ||U (#)||;(z) < 1. The Laplacian operator
acting on the set-valued function f for the v component precludes uniqueness in general, when |v; (#)| = 1 for some.

Theorem 2.2. Let U, U2 : [0, 00) x [0, 00) — [—1, 1]Z x [—1, 1]Z be two solutions of (1.1)—(1.3) with the same
initial condition U'(0) = U2(0) = U, and with U' (1), U%(t) € (=1, DZ x (=1, D)Z forall t € [0, 7] for some
T >0.Then U'(t) = U?(t) forall t € [0, 7.

Proof. Consider (1.1) with

flw,v)=yiu+siv Yu,v)eRxR, W, v)=yv+su Yu,v)eRxR, (2.19)

replacing f1 and f>. Writing this system abstractly as an ordinary differential equation U” = F¥ (U?) in the Banach
space [*°(Z) x [°°(Z), where FY : [*°(Z) x [®°(Z) — [*°(Z) x [°°(Z) is a globally Lipschitz function, as noted
in Section 1, in a standard fashion we obtain a unique solution U? : R x R — [°°(Z) x [°°(Z) to the initial value
problem U (0) = UY, and the result follows. (|

It is straightforward to show that |v;| = 1 can cause non-uniqueness in the solution for the neighboring points
on the lattice, as we now illustrate. Consider (1.1)—(1.3) with « > 0 and (382 — y2) > 0 and initial condition
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Up(0) = (0,9) and U;(0) = (0,0) for all j # 0. Then if ¥ € (1 — §, 1), we have 09(0) = 2a(382 — y2)0 > 0.
But now since v; satisfies (2.17) there exists some interval [0, ¢) such that vg(t) > O for all ¢ € [0, ¢) provided
vo(t) < 1. It follows that if we set © = 1, then any solution of (1.1)—(1.3) must satisfy vo(z) = 1 for all ¢t € [0, ¢),
and moreover, Theorem 2.1 guarantees that at least one such solution exists. Now consider vy (). We have v1 (0) = 0
and v1(0) = a(—4p2 + [y2, 00)), and hence is interval valued. Moreover, since vg(t) = 1 for all ¢ € [0, &), we
have v; (t) set-valued for all ¢ € [0, &) and non-uniqueness of the v component of the solution follows.

3. Equilibrium solutions

Definition 3.1. A function (u, v) with u € [—1,11% and v € [—1, 11Z, is said to be an equilibrium solution of
(1.1)—~(1.3) if

(0) (—ﬂlAui — filui, vi) ) .
c Vi € Z. G-D
0 —aA[—BrAvi — fo(ui, v;)]

Note that this varies slightly from the standard definition of an equilibrium solution, which requires (i;, v;) = (0, 0)
for all i € Z [20]. This difference is due to the set-valued nature of the functions f; and f; which mean that the
equations in (1.1) are interpreted as differential inclusions. Clearly, if both |u| < 1 and |v] < 1 for all i € Z then
f1 and f> are no longer set-valued and Definition 3.1 will agree with the standard definition in this case.

3.1. Constant solutions

Let (u;, v;) = (i, v) foralli € Z, where u, v € (—1, 1). This implies that |u;| < 1 and |v;| < 1 foralli € Z
and so (1.1) can be written as

(u,-)_ =B =2+ 1) —yipu —sv _<—y1M—s1v>
Vi —a[—B2(2v — 8V + 6V) — y2(V — 2V + V) — s2(1 — 20 + )] 0 ’
and hence the constant solution (u;, v;) = (u, —y1/s1) for alli € Z is an equilibrium solution of (1.1)—(1.3) for

|| < min(1, [s1|/|y1]). Note that in particular this implies that the zero solution (u;, v;) = (0,0) foralli € Z is
an equilibrium solution of (1.1)—(1.3) for any set of parameter values.

3.2. Mosaic solutions

Definition 3.2. An equilibrium solution of (1.1)-(1.3) is called a mosaic solution if u; € {—1,0, 1} and v; €
{—1,0,1} for all i € Z. Any functionu : Z — {—1,0, 1}Z is a one-dimensional mosaic, and the set of all such
mosaics is denoted M; = {—1, 0, 1}%. We will denote the set of all pairs of mosaics (u, v) by M2 = M; x M,.

For any (u, v) € Mf, define

O‘~j’u = Ui Ui—j VieZ, jeN, O'~j'v = Vigj + Vi VieZ, jeN. 3.2)

1 1

Using this notation, we now prove the following theorem that establishes necessary and sufficient conditions for
the existence of mosaic equilibrium solutions of (1.1)—(1.3).

Theorem 3.1. A mosaic (u,v) € /\/l% is an equilibrium solution of (1.1)—(1.3), that is (u, v) is a mosaic solution,
if and only if for the Allen—Cahn component either

ui=0,  pro" 510, =0 (3.3)
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or

wi #0, P12 —o"u) — siuvi > yi, (3.4)

and for the Cahn—Hilliard component one of the following holds:
1. Vi =Vi—1 = Vi1 = 0 and

a0} +s2(0" = 2u;) =0, (3.5)
2. Vv = 0 and Vi+1Vi—1 = —1,
3. vz =1,
4. 2u; — Uil’” # 0 and

2vi—ai2’v 2ui—ai]'u
/32 4 - ) I,v -5 1,0 Z )/2 (36)
v —0; 2v;—o0;

foreachi € Z.

Proof. By expanding (3.1), it is clear that (u, v) is a mosaic solution if and only if

—Bi(}"" = 2u;) € filui,v) Vi€, (3.7)

—Ba(07" — 40+ 6v) € faluitt, vie1) — 2f2(ui, vi) + folui—1, vie1) Vi € Z. (3.8)

1. First consider Eq. (3.7). Note that since varying v; does not change the nature of the function fj, we need only
consider explicitly the possible values of u;. There will be two separate cases, u; = 0 and u; # 0.
1.1. Suppose u; = 0. Then fi(u;, v;) = s1v; and hence u; = ,3101.1’“ + s1v;. Therefore u#; = 0 if and only if
Bro" + s1v; = 0, which is Eq. (3.3).
1.2. Now consider u; # 0. If u; = 1 then f(u;, v;) = [y1 + s1v;, 00), and so O € u; provided

—/31(051’“ = 2u;) > y1 + s1v;,

or, equivalently,

B1Qu; —o}"") = s1v; > y1. (3.9)
On the other hand, if u; = —1 then f(u;, v;) = (—o0, —y1 + s1v;] and we require
B1Q2u; — 0,-1’") =SV < —=Y1. (3.10)

Hence, multiplying inequalities (3.9) and (3.10) by u;, we obtain the single condition that for u; # 0, we
have 0 € u; if and only if

1,
Bi1(2 —o; " ui) — siuivi = 1,

which is (3.4) in the statement of the theorem.
2. Now consider Eq. (3.8). In this case, varying u; and u;+; does not affect the nature of the function f>(u, v), and
so we only have to examine the various values of v; and v;1 separately.
2.1. First assume v; = 0, which implies f>(u;, v;) = spu;, and hence 0 € v; provided

—/32(0,-2’U - 40,~1’v) + 2s0u; € fo(uit1, vit1) + fa(ui-1, vi-1). (3.11)

v 1,v
We treat the cases 0; " = 0 and 0; " # 0 separately.

2.1.1. First suppose ail’" =0.
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If vi+1 = vi—1 =0, then
So(uitr, vig1) + fa(ui—1, vi—1) = s2uip1 + s2ui—1 = 520,»]’",
and so 0 € u; if and only if —ﬁzaiz’" + 250u; = szail’” which is equivalent to
a0l + sa(0 " = 2up) =0,

which is case (1) in the statement of the theorem.
If viy1 = —vi—1 = £1, then

Fuit1, vig1) + fo(ui—1, vi—1) = (=00, s2u — Y21 + [s2u + 2, 00) = (—00, 00),

and so 0 € v is trivially satisfied. This corresponds to case (2) in the statement of the theorem.
2.1.2. Now suppose ail’v # 0. First consider oil’v > 0. Then

iy, vig)) + faui—1, vie1) = [s2ui 11 + Y2vit1, 00) + [s2u; 1 + Y201, 00)
= [soujy1 + y2viq1 + S2ui—1 + Y2vi_1, 00)

= [swil’" + y20i1’”, 00).
Therefore, 0 € v; if and only if
—Ba(07 —40"Y) + 250u; € [520]" + ya0]Y, 00),
which is equivalent to
—B2(07" —40,"") = s2(0" = 2u) = yao
On the other hand, if we suppose al.l‘v < 0 we find that

1. 1,
fig1, vig) + foi—1, vie)) = (=00, =20, " + 520, "]

and so 0 € v; if and only if
—Ba(0}" —40") —sa(0" = 2u;) < a0,

Hence, since we have supposed ol.l’v # 0, we have that 0 € v; provided
Brdo — oY) + s2Qu; — o)

Ul,v
i

Z Y2

But for v; = 0 (and recalling that Uil’v # 0, so in particular (2v; — Uil’v) # 0), we have

Br(do — oY) +srQui — o) 20 — " 2u; — o
=phl|léd-—F | 2| —35 ]

L, 1, L,
o, v 2v; —0; v 2Ui_(7,' !

and so this corresponds to case (4) in the statement of the theorem.
2.2. Now suppose that v; = 1, which implies that f>(u;, v;) = [s2u; + y2, 00). Hence (3.8) becomes

—/32(0,~2’v - 40,“ +6v;) € fo(uit1, vig1) — 2[s2u; + y2v;, 00) + fo(ui—1, vi—1). (3.12)

There are two separate cases to consider.
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22.1. Ifoil’” <Oor ail’” =viy; =v;_1 = 0then f>(u;y1,viy1) and f>(u; 1, v;_1) are each either equal
to spuit1 or (—oo, —y2 + soui+1], and so

i1, vig1) =22, v) + f2ui—1, vi—1) = (00, yz(ail’“ -2)+ sz(a,-l’” — 2u;)].
Hence by (3.12), for 0 € v;, we require

—Br(0]"" — 40" + 6v) € (—00, 12(0]"" —2) + s2(0; " — 2uy)]
or, equivalently,

—Ba(0]" — 4o} + 6v) — 520" = 2u;) < y2(0]" —2).
Since we are supposing Uil’v < 0, we have (oil’v —2) < 0 and hence

—Ba(o7" — 40V + 6v;) — s2(0," — 2u;) _

= V2.
al.l’v -2

But for v; = 1, we have

—Ba(o}" — 40V + 6v;) — s2(0," — 2u;) 2 — o’ 2u; — o
=pl4-———— |- ——].

1 1 1
o; v_2 2v; —oi’v 2v; — o; v

which again corresponds to case (4) in the statement of the theorem.
222, Ifal.l’v > 0or ail’” = 0 with v;; 1 = —v;_1| = %1, then at least one of the v; 1 or v;_1 isequal to 1,
and so at least one of the f>(uj11, vit+1), fo(ui—1, vi—1) is equal to [sou; 11 + y2, 00). It follows that

HWiv1,vig1) = 2w, vi) + fo(ui—1, vi—1) = (=00, 00),

and so (3.12) is trivially satisfied. This corresponds to case (3) in the statement of the theorem.
2.3. Finally, the case v; = —1 is similar to the case v; = 1. This completes the proof. ]

4. Stability of coupled equilibrium solutions

To study the stability of mosaic equilibrium solutions (u, v) € M%, we will need to consider the behavior
of solutions (w, w) € [—1, 1]Z x [—1, I]Z, which are perturbations of mosaic equilibrium solutions. For any
(w, w) € [—1, 11% x [—1, 11%, we define

= wiyj+wi; YieZ, jeN, "= wj+wi_; VieZ jeN (4.1)

1

Now, for (u, v) € /\/l% and §, 0 > 0, define the set

lw;j —u;i| <60 if u; =0

|lw; —ui| <6 if u; = =+1
Nwv.6,8)=dw i) :Zx7—[-1,11%x[-1,11%: l . 4.2)
lw;j —v;| <6 if v; =0

lw; —v;| <§ if v; = £1
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Thus N (u, v, 8, §) defines a neighborhood of (u, v) in the phase space [—1, l]Z x [—1, I]Z. Note that for all
(w, w) € N(u,v,0,95)

ui=1=1-56<w; <1, u=0=—-0<w; <6, ui=—1l=-1<w; <-1+4496,
vi=1=>1-46<w; <1, v =0=-60<w; <0, vi=—1l=>—-1<w <-1+43§, “4.3)

and hence defining

M := max{#0, §}, “4.4)
we have

lwi —ui|l <M, lwi —vi| <M, 4.5)

1</ — ol < 2M, 1</" — ol <2M. (4.6)

1 1

4.1. Weak-stability for differential inclusions

The set-valued nonlinearities (1.2) and (1.3) mean that we do not have uniqueness of solutions for (1.1)—(1.3),
and hence we cannot use the standard definitions of asymptotic and Lyapunov stability for dynamical systems.
Following [2] we make the following definition.

Definition4.1. Let (u, v) : [0, 00) x[0, 00) — [—1, 11£x[—1, 1]% be asolution of (1.1)—(1.3), with (x(0), v(0)) =
(u°, v9). Then

I, % = (@), v(t) : t > 0} 4.7)
is said to be a forward orbit of (uo, vo).

This forward orbit need not be unique, since we have a differential inclusion, rather than a dynamical system.
This leads to new definitions of weak and strong forward invariance, asymptotic and Lyapunov stability. Here, the
“strong” definition follows by requiring that every forward orbit of each point have the relevant property for forward
invariance, asymptotic or Lyapunov stability, whereas the “weak” definition follows by requiring only that each
point have a forward orbit with this property. As an illustration we reproduce the definitions of weak and strong
Lyapunov stability here. For all the definitions, see [2] or [1].

Definition 4.2. Let (1, v) € [—1, 1% x[—1, 11% be an equilibrium solution of (1.1)—(1.3) in the sense of Definition
3.1. Then (u, v) is weakly Lyapunov stable if for any ¢ > 0 there exists § > 0 such that every (w, w) € N(u, v, 9, §)
has a forward orbit I'(w, w) C N(u, v, 8, §). Moreover, (u, v) is strongly Lyapunov stable if for any ¢ > 0 there
exists § > 0 such that every forward orbit I"(w, w) of every point (w, w) € N(u, v, 8, §) satisfies I'(w, w) C

N@u,v,0,8).

Note that the weak and strong concepts would be equivalent to each other and to the standard dynamical systems
definitions if we had uniqueness of solutions.

We will often use the properties that if M (u, v, 8, §) is weakly forward invariant for (1.1)—(1.3) with 6,8 > 0
arbitrarily small then (u, v) is weakly Lyapunov stable. If in addition every (w®, w°) € N'(u, v, 0, 8) has a forward
orbit which satisfies (w(t), w(t)) — (u, v) as t — oo then (u, v) is weakly asymptotically stable.
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4.2. Stability of coupled mosaic solutions

The following inequalities and equalities:

BrQu; — o) — iy — s1v; =0, (4.8)
wi[B1Qu; — o) = yru — s1vi] > 0, 4.9)
Ba(ol" — 40V 4 6v) — 220 — o) — s2Qu; — o) =0, (4.10)
viala(0" — 4o +6v) — 2(2vi — 0}"") — $22u; — 0] > 0, (4.11)

will be useful below and are analogous to the conditions (3.3)—(3.6), respectively, in Theorem 3.1 on the existence
of mosaic equilibrium solutions. We now prove a lemma which will be used to establish weak-stability.

Lemma 4.3. Let (u,v) € /\/l% be a mosaic solution of (1.1)—(1.3) which satisfies u; = £1, v; = +1 forall i € N.

If one of:
1. (4.9),
2. (4.8),281 —y1 <0,B81 <0and4p; — y1 < —|s1l,
3. 4.8),281 —y1 <0, B1 > 0and y| > |s1],
holds for each i € N, and also either
4. (4.11), or
5. (4.10), 0 < 4aBy < ayr, asru;jv; > 0and u,-cril’” =-2

holds for eachi € N, then N'(u, v, 6, 8) is weakly forward invariant for all sufficiently small 6, > 0.

Proof. Assume throughout that #; = 1 and v; = %1 for all i € N. We first show that the result follows when
conditions (1) and (4) of the theorem hold and subsequently show that the result follows when conditions (2) or (3)
hold along with condition (5).

1.

First, suppose that (4.9) and (4.11) hold. Let (u#, v) be a mosaic solution of (1.1)—(1.3) satisfying Theorem 3.1.
Let (w, w) be a solution of (1.1)—(1.3), with (w(0), w(0)) € N (u, v, 9, §).
For |w;| # 1, we can write the equation for w; as

Wi = B1(2ui = 0]") = yiui = sivi + B2 —wi) = (5" = 0] = yi(wi — ui) = s1(; = vo).
(4.12)
Hence,
. Ju 1,w 1,u —
i — [B1Qu; — o) — yiu; — s1vill = [B12(w; —u;) — (7,77 — 0,7 — yi(w; —u;) — s1(w; — v;)]
< lwi — u; |21 — il + 17" = 1811 + 1; — vills1]
< M|2B1 — yi| +2M|B1| + M|sy|
= M[1281 — y1l + 2|81l + Is1].

Now by (4.9), we have 81 Qu; — al.l’”) — y1u; — s1v; # 0 and hence, for M sufficiently small
MI12B1 — yil + 2181l + Is1]] < [B1Qui — Uil’") — Yiui — s1vil, (4.13)
which implies

. 1 1
[y — [B1Qui —0;7") — yiug — s1vi)| < |B1Qui — 0;,7") — yiui — s1vil.
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Hence, if (w, w) € N (u, v, 8, §), then w; has the same sign as 81 (2u; —oil’”) —y1u; —s1v;. Thus, from (4.9), we
have w; > 0 when u; = 1 and (w, w) € N (u, v, 8, 8), and w; < 0whenu; = —1 and (w, w) € N (u, v, 0, 8).
Now consider the equation for w;:

Wi = alfa(o7" — 40" +6v) — 12 Qui — 0,"") — $2Qu; — 0"+ alBr (77 — o)
—4T"" = o) + 6 — ) — QWi — v) — (77 = oY)
—5Q2(w; —u;) — (77" — o)1, (4.14)
which can be written in the form

b = ala(o7” — 40"+ 6v) — 22 — oY) — 52Qu; — 0]
Fal(D; — vi)(6B2 — 22) — (1" — 0" V) (@2 — 12) + fa (7" — 7")
—52Qw; —ui) — (77" = o). (4.15)

Hence,

i — a[Ba(0" — 40" + 6v1) — Y22 — ;") — $22u; — ™))
= a[(@; — v)(6B2 — 22) — (7}"" — 0" )@B2 — ) + B — 07")
—52Q2(w; — u;) — (1" — 0,""N] < Mla|[|6B2 — 2y2] + 21482 — y2| + 21B2| + 4ls2]1.
By (4.11), we have a[ (07" — 40" + 6v;) — y22ui — 6;"") — 52Q2u; — 6"")] # 0, which implies that for
M sufficiently small

MIal[|682 — 2ya| + 21482 — yal + 21 Ba| + 4ls2]]
< |alBa(0}’ — 45" +6v) — 2 Qv — ") — 52Qu; — 0]

Therefore, if (w, w) € N (u, v, 6, §), then J}i has the same sign as
alBa(o}! — 40 +6v) — 12 (2v; — 0,"") — $2Qu; — 0,7,

and so from (4.11), we have ﬁ),- > 0 when v; = 1 and (w, w) € N(u, v, 8, §), and 1?1,- < 0 when v; = —1 and
(w, w) e N(u,v,80,8).

We can repeat the above arguments for all i € Z, since for g1, y1, 51 € R there are only finitely many non-zero
values of 81 Qu; — ail My — y1u; — s1v; and similarly, for «, B2, y2, 52 € R there are only finitely many non-zero
values of

alBa(0}’ — 40" +6v) — Qv — 0,"") — 2Q2u; — )],

1 1

so that we can choose M > 0. Hence, if parts (1) and (4) of Lemma 4.3 hold then NV (u, v, 8, §) is weakly forward
invariant.
2. Now, suppose (4.8) and (4.10) hold, so that

B1Qu; — ") — yru; — svp = 0,
Ba(o?" — 40" + 6vi) — 2 Qui — 0"") — 522u; — o) = 0.

Again, let (#, v) be amosaic solution of (1.1)—(1.3) satisfying Theorem 3.1. Let (w, w) be asolution of (1.1)—(1.3),
with (w(0), w(0)) € N (u, v, 8, 8), and recall that (w(0), w(0)) has a forward orbit which satisfies (4.12). Thus,
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by (4.8), we have
Wi = Bil2(w; —up) — (17" — o) = yi(wi — up) — s1(@; — vy). (4.16)
2.1. First suppose 281 — y; > 0. Then
i = k(w; —u;) — [B1(r"" — o) — s1(W; — vp)] (4.17)

withk > 0.Hence,if w; —u; < —M,then tl.l’w —ail " and w; —v; canbe chosen tobe sufficiently close to zero

sothat w; < 0. Similarly, when w; —u; > M thenw; > 0, and so NV (u, v, 8, §) cannot be forward invariant.

2.2. Suppose 281 — y1 < 0, and suppose B; > 0 and 48] — y1 < —|s1], as in part (2) of Lemma 4.3. Then,
taking w; —u; < —M,but |w; —u;| < M forall j # i, and |w; — v;| < M, for all i, we have

w; > —=MQ2B1 —y1) —2B1M — |s{|M = —M[48) — y1 + |s1]] = 0,

since 481 — y1 < —|s1]. Also, taking w; —u; > M, |lw; —u;| < M forall j # i, and |w; — v;| < M for
all i implies

w; < M[481 —y1 + Is1l]1 <0,

since 481 — y1 < —|[s1].
2.3. Finally, again suppose 281 — y1 < 0, but now consider 81 < 0 and y; > |sy], as in part (3) of the lemma.
Now, taking w; —u; < —M,but [w; —uj| < M forall j #i, and |w; — v;| < M for all i, gives

w; = —MQ2B1 —y1) +28iM — |s1IM = M[y1 — |s1]] = 0,

while w; —u; > M, lw; —uj| < M forall j # i, and |w; — v;| < M for all i implies w; < 0. Now, if
u; = 1 then w; < 1 — § implies that w; — u; < —M and hence w; > 0. If u; = —1then w; > —1 4§
implies that w; — u; > M and hence w; < 0. Hence, if any component w; of w is on the boundary of
N(u, v, 8, 8), then w; points into N'(u, v, 6, 8).

Now consider the equation for w i

Wi = a[(W; — v;)(6B2 = 272) — (1" — 0" )Y@B2 — y2) + Pa (77" — ")
—522(w; —up) — (7" — N1,
Suppose 0 < 4afr < ayr, asru;v; > 0and uial.l’” = —2 as in part (5) of the lemma.
2.4. First, consider u; = v; = 1, whichimplies asy > Oandal.l’“ = —2.Suppose w; —v; < —M,|w;—v;| <M

for all j # i, and |w; — u;| < M for all i. Then —asoM < asy(w; — u;) < 0, since asp > 0, and also
0< asz(ti]’w — oi]’”) < 2M. Hence,

w; > —2Ma(3B2 — y2) + 2Ma(4p — y2) — 2Map; = 0.

2.5. Now, consider v; = 1 and u; = —1 which implies as» < 0 and ail’” = 2, and again assume w; —v; < —M,
lwj —vj| < M forall j # i, and |[w; —u;| < M for all i. Then 0 > as(w; — u;) > asyM, and
1,w 1,u
—2asy > asa(t;”” —o;77) = 0.
Hence,

W > —2Ma(3Br — 1) + 2Ma(4Bs — v2) — 2MaBs + 0 = 0.

2.6. Similarly, if v; = —1 and 4; = %1, with asyu;v; > 0 and uioil’” = —2, then 12‘1,- <0.
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Therefore, if any component w; of w is on the boundary of A/ (u, v, 8, §), then tb,- points into A (u, v, 8, §). This,
together with the result for w; gives weak forward invariance of N'(u, v, 8, §).

We have established the lemma in the case where parts (1) and (4) hold, and also in the case where part (5) and
either part (2) or part (3) hold. Clearly, the above arguments could be repeated in the other possible cases, and the
result follows. O

We now identify a class of coupled mosaic solutions which are asymptotically stable. For ease of notation we
will define = {1, B2}, ¥ = {1, 2} and § = {s1, 52}.

Definition 4.4. Let S (a, B, 7, 5) C M3 be the set of (u, v) € M7 such that u; = +1:
ui[B12u; — U,-l’u) —yiui —s1v;] >0

holds, and either
1. v;vj+1 = 1 and

vialfa(o]" — 4o’ 4 6vi) — 12 2u; — 0"") — 52Qu; — 6] > 0

1 1

holds, or
2. v ==+1,2v; # 0", & > 0and
2v; — ol.z’” 2u; — Uil’"
Bro\d—— | 2|\ | >
2v; —o0;° 2v; —0;°

foreachi € N.

Theorem 4.1. Let (u,v) € Sp(a, B, 7,5), then (u,v) is a weakly asymptotically stable mosaic solution of
(1.1)—(1.3).

Proof. Let (u,v) € Sala, B, ¥, §), so that (u, v) satisfies the conditions of Definition 4.4. Now, since (4.9) holds,
this implies that part (1.2) of Theorem 3.1 is satisfied, while case (1) of Definition 4.4 implies that part (2) of
Theorem 3.1 holds, and case (2) of Definition 4.4 implies that part (4) of Theorem 3.1 is satisfied. Hence (u, v) is
a mosaic solution.

Also, if u; = £1 and (4.9) holds, then part (1) of Lemma 4.3 is satisfied, while case (1) of Definition 4.4 implies
that part (4) of Lemma 4.3 is satisfied.

For case (2) of Definition 4.4, note that v; = %1, 2v; # ail’” implies that v; has the same sign as 2v; — oil’” and
so, since « > 0, we have

vialBa(o’ — 40" +6v;) — 2 2ui — ") — 52Qu; — 0] > 0,

l l
and hence part (4) of Lemma 4.3 holds.
So, if (u, v) € SA (a, B 7,5), then N'(u, v, 9, §) is weakly forward invariant for all sufficiently small 8, § > 0.
By Definition 4.2, this gives weak Lyapunov stability of (u, v).
To establish weak asymptotic stability, take M sufficiently small in the first part of the proof of Lemma 4.3, so
that

MI2B1 = y1l + 21811 + Isi 1] < 1B1Qui — 0}"") — yiu; — s1v;].

M|x|[1682 — 2y2| + 2|48 — y2| + 2| 2| + 4s2]]
< |alBa(0}" — 45" +6v1) — 2 2ui — ") — 52Q2u; — 0]

1
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Now, since u; = £1 and (4.9) hold, we have w; > 0 when u; = 1 and (w, w) € N(u, v, 6, §), and w; < O when
u; = —1and (w, w) € N(u, v, 0, §), since w; is bounded away from 0. Similarly, for v;, since v; = +1 and (4.11)
holds, and so weak asymptotic stability follows. ]

We now identify a class of weakly Lyapunov stable coupled mosaic solutions.

Definition 4.5. Let Sy (o, B, 7,5) C ./\/l% be the set of (u, v) € /\/lf such that one of:

Low =1, 12 — 0, u;) — syviu; > y1,

2w =1, B12 — 0" up) — syviui = y1,261 — 1 < 0, Bi < 0,481 —y1 < —Is1l,

3. u; ==+£1, 82— ol.l’”u,-) —s1viu; = 1,281 —v1 <0, 81 >0,y > |s1], holds for each i € N, and either:
3.1. v;jvj+1 = 1 and (4.11) holds,
3.2. vivi+1 = 1, (4.10) holds, 0 < 4afr < ayr, asu;jv; > 0 and uioil’" = -2,
33. v =+1,2v; # 0", a > O and

20 — oY 2u; — o
Bld——————)—s| ———— ] >
2 5 L.v 2 Tv Y2,
v — 0 2v; — o;

34. v =+1,2v; # 0", @ > 0, (4.10) holds, 0 < 4afs < ays, asyu;v; > 0 and ujo; " = —2,

g (4 2u; — O'[Z’v . 2u; — Ul.l’" _
2 5 Lv 2 Tv ="
v — 0 2v; — o;
foreach i € N.

Theorem 4.2. Ler (u,v) € Sy, (a, ,3, ¥, ) then (u, v) is a weakly Lyapunov stable mosaic solution of (1.1)—(1.3).

Proof. Consider the cases from Definition 4.5 separately for each i. If case (1) of Definition 4.5 holds, then part
(1.2) of Theorem 3.1 and part (1) of Lemma 4.3 are satisfied. If case (2) of Definition 4.5 holds, then part (1.2) of
Theorem 3.1 and part (3) of Lemma 4.3 are satisfied. If case (3) of Definition 4.5 holds, then part (1.2) of Theorem
3.1 and part (2) of Lemma 4.3 are satisfied. If (u, v) satisfies case (1) of Definition 4.5, then part (3) of Theorem 3.1
and case (4) of Lemma 4.3 hold. If case (1) of Definition 4.5 is satisfied, then part (3) of Theorem 3.1 and case (5)
of Lemma 4.3 hold. If (u, v) satisfies case (3) of Definition 4.5, then part (4) of Theorem 3.1 and case (4) of Lemma
4.3 hold. Finally, case (4) of Definition 4.5 implies that part (4) of Theorem 3.1 and case (5) of Lemma 4.3 hold.
Hence, if (u,v) € SL(oz, ﬂ_, 7,35), then (u, v) is a mosaic solution of (1.1)—=(1.3), and N (u, v, 8, §) is weakly
forward invariant for all sufficiently small 6, § > 0, which implies weak Lyapunov stability as required. |

5. Spatial entropy
5.1. General entropy calculations

We first define the concept of spatial entropy in a general one-dimensional setting. Let A be a finite set of d
elements and define AZ to be the set of all functions u : Z — .A. Consider any non-empty subset I/ < A%, and
assume that I/ is translation invariant, so that S(U{) = U, where S is the bounded shift operator § : A — A

Suw); =ujy1 VielZ. 6D
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Given any positive integer N, define the set
Ey:={ieZl0<i<N-1},

and consider the natural projection
oy s AL > AEN,

which is given by restricting any u € A” to the finite subset of the lattice Ey C Z. Let
I'y(U) = card(mry (U)),

so that Iy () counts the number of patterns which can be observed among the elements of I/, restricting observation
to the subset Ey C Z. Clearly,

1 < I'v@W) < card(AEV) = dV.

Note that since U/ is assumed to be translation invariant, there is no loss of generality in restricting to the coordinates
0<i <N —lratherthantoc <i < N + ¢ — 1 for some ¢ # 0.

Definition 5.1. The spatial entropy of the set U is defined to be the limit

1
) = lim - log Iy (@).

Existence of this limit together with the formula
1
hU) = inf —log I'y(U),
) Anf  log N U)

is established in [10]; see also [1]. Note also that in general, since I'y (.AZ) = d" for any alphabet of d elements
A, then h(A%) = Ind.

In the one-dimensional case, it is possible to calculate i ({/) explicitly when U belongs to a certain class of
translation invariant subsets known as Markov shifts, or subshifts of finite type. These are defined as follows (see
[19, p. 73]).

Let M be ad x d matrix, all of whose entries are either 1 or 0, known as a transition matrix, and denote the ijth
entry of M by M; ;. Then define the set

UM) = {u e AZ\M, =1 VieZ), (5.2)

Ui+l
so that /(M) consists of the sequences from A% allowed by the transition matrix M. Now note that by (5.1) and
(5.2), we have SU(M) = U(M), so that U (M) is translation invariant under the shift map S. Then the Markov shift
for the matrix M is defined to be the map Sy : U (M) — U(M) defined by Sy = Slym)-

In the case of a one-dimensional lattice, Markov shifts have been extensively studied and are well understood. In
particular (see, for example [19]), we have

hUM)) = In(2), (5.3)

where A is the largest real positive eigenvalue of M.

The system (1.1)—(1.3) is said to exhibit spatial chaos at a point (e, B, 7, 5) in parameter space if the spatial
entropy of a set of stable mosaic solutions of the system, 2(S(a, B, 7, 5)), is positive. The system is said to exhibit
pattern formation at this point if the spatial entropy is zero.
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We will see below that in parameter ranges where the system exhibits pattern formation there is a fixed finite
number of patterns occurring in S(«, B, ¥, §). Where spatial chaos occurs, i (S(«, ﬂ_ , ¥, 5)) gives a measure of how
fast I'y(S(a, B, 7, 5)) grows with N.

5.2. Entropy calculations for a spatially discrete phase transition equation

The techniques in the previous section can now be used to calculate the spatial entropy of sets of stable mosaic
solutions of spatially discrete phase transition equations. This process was used in [10] to calculate the spatial
entropy of the Allen—Cahn equation, and in [2] to calculate the spatial entropy for the Cahn—Hilliard equation. We

define 7" = AF» to be the set of all n-tuples it = (ilg, . .. , ii,_1), where it; € Afori € [0,...,n — 1]. Note that
clearly, 7" has d" elements. We now fix a non-empty subset B C F" and define a set Ug» C M such that
Upn = {u € Miltti—n, ... Ui, ... uisn € B" forall i € Z).

We take " to be the set of n-tuples which satisfy existence and stability conditions for the spatially discrete equation.
We refer to an n-tuple u € B" as an admissible n-tuple and to B" C F" as the set of admissible n-tuples. Thus Upn
is the set of mosaic solutions generated by the set of admissible n-tuples B". In [10], the value of n was taken to be
3, since the Allen—Cahn equation involves values at the points u; and u; 11, whereas in [2] we took n = 5, since the
Cahn—Hilliard equation involves values at v;, v;+| and v;4».

To show that Ugn is equivalent to a Markov shift, which enables us to use (5.3), we now define an injective map
which interprets a mosaic u € M as an infinite array of (n — 1)-tuples. Let 7"~ = AF»-1 be the set of all possible
(n — 1)-tuples & = (do, ... , Uy—2), where againit; € Afori € [0, ..., n —2]. Note that F" 1 has 2"~ elements.
Now, given a set of admissible n-tuples B", the set of available (n — 1)-tuple pairs, B! c F=1 is defined to be
the set of all pairs of elements of F"~! which overlap to give an element of 8", so

B — {ﬁ,f) e F 1w = (wg, ..., Wy—1) € B":

[SEIRSY
I

(wo, ..., wy—2), and }
(Wi, ..., Wy—1) )

Define the set of available (n — 1)-tuples, B"~" to be those elements of F"~! which occur as adjacent points in
elements of B", so

NSINY

B”_lz{ﬁeﬁ”_l Jw = (wg, ..., w,—1) € B : (
(wy, ..., wWy—1)

we, ..., Wyp—2) OF }

Now, define a map ¢ : AL — FL by ¥ (u); = m,_1(S'u) fori € 7Z, so that ¥ reinterprets a mosaic u € M as an
infinite array of (n — 1)-tuples. The map v is clearly injective and now ¥ (Ugn) is a Markov chain on the set 3",
with transition matrix M given by setting m; ; = 1 if and only if &, o € B"~!, that is if 2 and © are an available
(n — 1)-tuple pair, and setting m; ; = 0 otherwise.

Now, I'y (Z;{Bn) is the number of different N-tuples (i, . .. , ty—1) which occur for the elements u € I;an, since
I'y(Upn) = card(y Upn)). Similarly, Ty_1 (¥ Ugr)) is the number of different (N — 1)-tuples, (¥ (u)o, . . . ,
Y (u)y—1) of elements of df(Z;{Bn). From the definition of i/, we see that there is a one-to-one correspondence
between Ty (Z/?Bn) and my_1 (w(Z;{Bn)) and so for N > 2,

IyUp) = Tv—1 (Y Upn)).

Hence, using (5.3), it follows that

~ 1 ~ N -1 1 ~ -
hUg) = lim = InIy@Ug) = lim (T) (ﬁ) In Iy 1 (Y Upn)) = h(¥ Upr)) =In2,

where A > 0 is the real part of the largest eigenvalue of the matrix M.
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We will use a similar idea to calculate the spatial entropy of the coupled system. To do this, we consider
solutions to a coupled system of two equations as being made up of two separate components, an infinite array
of n-tuples from the first equation, and an infinite array of m-tuples from the second. Mosaic solutions of the
coupled system are hence considered to be infinite arrays of vectors, which we refer to as (n, m)-tuples. We define
F" x F™ to be the set of all (n, m)-tuples (i, v) = ({éo, - .. » Un—1}, {D0s - .- » Um—1}), Where (i;, ;) € A x A
fori € [0,...,n — 1] x [0,...,m — 1]. Clearly, F" x F™ has d" x d™ elements. We fix a non-empty subset
B" x B™ C F" x F™ and define a set Z;IBn X T/Bm - ./\/l% such that

Upn x Vgn = {(u, v) € MH{tti—n, ..., titn}s Wiem, - > Vitm)) € B x B™ Vi € 7).

We now take B" x B™ to be the set of (n, m)-tuples which satisfy existence and stability conditions for the coupled
system. We refer to an (n, m)-tuple (i, v) € B" x B as an admissible (n, m)-tuple and to B" x B™ C F" x F™ as
the set of admissible (n, m)-tuples. Thus Upn x Vpn is the set of mosaic solutions generated by the set of admissible
(n, m)-tuples B" x B™. We define the set of available (n — 1, m — 1) pairs, and generate transition matrices M in
a similar way to that given above, setting M; ; = 1if the ith and jth (n — 1)-tuples overlap to form an admissible
n-tuple, and also the ith and jth (m — 1)-tuples overlap to form an admissible m-tuple. We set M; ; = 0 otherwise.
The eigenvalues of this matrix, and hence the spatial entropy of a particular region in parameter space can then be
calculated numerically.

We want to calculate the spatial entropy of Sx(, B, 7, 5), the set of asymptotically stable mosaic solutions to
(1.1)—(1.3). Note that since the existence and stability conditions given in Definition 4.4 require u; = =£1 and
v; = +1, we will always assume that A = {—1, 1}, so that d = 2.

The conditions in Definition 4.4 give rise to inequalities which define the boundaries of the parameter regions for
the coupled system. For the Allen—-Cahn component, from (4.9), we obtain six inequalities

0> %51+ y1, 281 > £s1+ w1, 481 > £s1 + w1, 5.4

while (4.11) gives 33 inequalities for the Cahn—Hilliard component which form the boundaries of parameter regions.
These are

0> =+, 48y > 250 + 2, 4B > £s57 + 2, 482 > 2, 8P2 > £52 + o,
—B2 > £2s9, —B2 > +£s7, —B2 >0, 382 > £2s57 + 2, 3B > £s50 + 2,
362 > s, TB2 > £252 4+ 2, TB2 > £s52 + 2y, 182 > 2y, —28> > +£s7,
28> > X257 + y2, 262 > £53 + 2, 282 > 2, 662 > £53 + 2y».

From these two sets of inequalities, it is clear that the set of all possible parameter regions for the coupled system
is both large and complex. We treat parameters s; and s, as scaling values and hence assume that s; = =£1 and
s> = =£1. With this assumption, we find that there are 17 possible (y1, 1) regions for the u component, and 265
(y2, B2) regions for the v component. These are shown in Fig. 1. We have not labeled each separate v component
as the number of regions makes this difficult to see.

The regions defined in Fig. 1 clearly include one of the more physically relevant parameter regions, 1 < 0 and
o - B2 < 0 that was considered in [8].

Note that some of the region boundaries are shown as solid, and some as dotted lines. The solid lines in the
left-hand graph of Fig. 1 represent boundaries which are independent of v; and the dotted lines show regions in
which the admissibility of a particular mosaic solution depends on the value of v;. For example, the first inequality
in (5.4) with s; = £1, becomes y; < —1 if sjv; = 1, and y; < 1 if sjv; = —1. Clearly, if 1 < —1, both these
inequalities are satisfied, so admissibility of solutions in regions to the left of the solid line y; = —1 does not depend
on v; in this case. If —1 < y; < 1, then solutions may be admissible providing sjv; = —1 and this is indicated by
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Regions for the Allen-Cahn component Regions for the Allen-Cahn component

Fig. 1. Spatial entropy (y1, B1) regions for the Allen—Cahn component and (2, B2) regions for the Cahn—Hilliard component.

the dotted line y; = 1. To the right of the line y; = 1, this inequality cannot be satisfied. Similarly, in the right-hand
graph of Fig. 1, solid lines represent boundaries which are independent of u; and u;41, and the dotted lines show
regions in which the admissibility of a particular mosaic solution depends on the value of u;+.

Clearly, in the coupled case the components are dependent on each other, and hence there are 2 x 17 x 265 possible
(a, ,3 , ¥, §) regions, in other words, 9010 potential entropy calculations! We therefore start with a simpler and less
time-consuming problem, by considering the spatial entropy of an essentially decoupled version of (1.1)—(1.3).

5.3. Spatial entropy for the decoupled system
We make the following definition, which arises naturally from the set of inequalities above.
Definition 5.2. Let ‘S_‘ffc(a, B.7.5) C J\/l% be the set of (u, v) € J\/l% such that u; = +1, v; = %1,
uil 1 Qui — ") = yiuil > Isil, (5.6)
vila(Ba(0" — 4o} +6vi) — 12(2ui — 0,"))] > dalsa] (5.7)
foreachi € N.

This definition essentially decouples the system, since the Allen—Cahn component now only depends on u; and
the Cahn—Hilliard component only depends on v;. It is clearly much simpler to calculate the spatial entropy of
the set S‘jec (a, B, 7,5) than S4(a, B, 7, 5) as the decoupling means that we can calculate the entropy of the two
components separately. By taking the absolute value of 51 and s, we obtain solutions which exist independently of
the value of v;, and of u; and u; 1 respectively.

5.3.1. Entropy for the Allen—Cahn component

To calculate the spatial entropy for the decoupled Allen—Cahn component, we use the method given in Section
5.2 with n = 3 since the Allen—Cahn equation involves values at the points u; and u;+1. In each region of parameter
space (B1, y1), we check which of the 23 =38 three-tuples are admissible, and hence generate a 4 x 4 transition matrix
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Table 1
Possible 2-tuples and general form of the transition matrix for the u component in the decoupled case
La;el T\(v;O—tupi«; Maa Mas O 0
0 0 Mpe Mpd
b 1 -1 ’ ’
Mea  Me,b 0 0
¢ (-1 1 O‘ 0’ Mge Mdd
d (-1 -1) “ ’

M* with M} L= = 1 if the ith and jth 2-tuples overlap to form an admissible three-tuple, and M} L= = 0 otherwise.
The eigenvalues of this matrix, and hence the spatial entropy of the region can then be calculated numerically.

Each of the different parameter regions in Fig. 1 results in a different 4 x 4 transition matrix M"*. However, these
matrices are all very sparse and have only a few non-zero eigenvalues, and moreover the transition matrices M* of
several of the regions have the same eigenvalues and eigenvectors, despite the matrices themselves being different.

To understand this, consider that the transition matrix M* can be thought of as a map, with M l” = 1 if the ith
and jth 2-tuples overlap to form an available three-tuple. Given two such 2-tuples, suppose we now want to extend
the resulting three-tuple into a four-tuple, as the next step to constructing a mosaic solution. To do so, we require
a two-tuple, which overlaps with the jth two-tuple to form a three-tuple. Such a two-tuple exists if and only if
M 7 ¢ = 1 for some k. If M . = 0 for all k then even though M *. = 1 no mosaic solution will exist that contains
the corresponding admlss1b1e three-tuple.

Hence, some of the entries in the transition matrices can only be used to form mosaic solutions on finite subsets
of Z, and since we are considering solutions which are projections of an infinite mosaic solution onto a finite subset
of the lattice, these entries can be deleted to give a condensed transition matrix M*". Note that M* and M" have the
same eigenvalues, as the rows and columns of M* deleted to form M* always fall in the null-space of M".

Itis possible to use M" to construct words W) € AEN of any Markov chain u for N > 2, and we can calculate
I'y (U) using the following theorem.

Theorem 5.1. Denote the i, j-entry of (M")* by (M”)k Then there are (M“)k allowable words of length k + 1
starting at i and ending at j, i.e. (M“)i."j words oftheform STy evv s Sk—1]-

Proof. See [19, Lemma 2.2, p. 24]. O

Clearly, the total number of words of length k + 1 is given by summing the elements of (M")¥ and hence

d
Iy =Y ("% ;.
i,j=1
The four 2-tuples which can appear in mosaic solutions, and the general form of the condensed transition matrix
M", indicating the possible non-zero entries, are given in Table 1.

We find that there are six different condensed transition matrices for the Allen—Cahn component in the decoupled
system, which we label Ml“ fori = 1,...,6. The 3-tuples generated by the non-zero entries of each matrix, and
some simple periodic solutions arising for each condensed transition matrix are given in Table 2.

The regions of (81, y1) parameter space in which each condensed transition matrix occurs are given in Fig. 2.

Note that the dashed line shown on the graph in Fig. 2 denotes the boundary between regions in which either no
stable mosaic solution exists or pattern formation occurs, and regions exhibiting spatial chaos.

Table 3 gives the spatial entropy of each of the transition matrices M i in the order of increasing spatial entropy.
The columns headed I'y (S dec) give the number of different N-tuples which arise as projections of mosaic solutions
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Table 2
Decoupled system: admissible 3-tuples and simple periodic solutions arising for each condensed transition matrix for the decoupled u component

Three-tuple M;‘ ﬁ; 7&75‘ 17;‘ ~g‘ Mé‘ ] =T [ [ [ [

T 1 1 . . ) Mosaic Solution | M} M3 | M3 [ Mg | Mg | MG

(r 1-1) . o | o cee=1... . . .

(1-1 1) . o | o S . . .

(1 -1 -1) o | o | @ L..—11... . o | o
(-1 1 1) o | o | e L.o=1-11... .
(-1 1 -1) . . . Loo—=111... .
(-1 -1 1) . 0 .= 1-=111... hd
(-1 -1 -1) . . .

Condensed Transition Matrices: decoupled u component
4r .
4L - 1 1 1 1 1 1
-6 -2 0 2 4
Yy
Fig. 2. Parameter value regions.

Table 3
Decoupled system: spatial entropy and number of mosaic solutions in a subset of Z for each u component condensed transition matrix
Case Entropy r3(8%) T50(59%) 000 (S9€)
M In0 0 0 0
M Inl1=0 2 2 2
M Inl=0 2 2 2
MY In 1.6180 6 4.0730 x 1010 1.4066 x 10%%°
M In1.6180 6 4.0730 x 1010 1.4066 x 10%%°
M In2 8 1.1259 x 10'3 1.0715 x 103!
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onto a subset of Z of length j. Note from above that F3(Sff°) is the same as the number of non-zero entries of M,
while for N > 3 this is given by summing all the entries of M~ 2. Note that M { has no non-zero entries. In this
case Sffc is empty, that is there are no Lyapunov stable mosaic solutions in Siec for the corresponding parameter
values, and accordingly the spatial entropy is undefined. The condensed transition matrices A;Ié‘ and A;Ié‘ do have
non-zero elements, but in each case the spatial entropy is zero and there is a fixed number of spatially periodic
Lyapunov stable solutions in Siec for each case. The remaining cases 1\7[;‘, i > 4 are more interesting with positive
entropy and spatial chaos; as illustrated by the rapid growth of FN(SffC) as N is increased.

Note that I\;I}( and Mg‘ are listed separately, even though the entries in this table for the two matrices are identical.
Despite having the same entropy value and the same number of possible mosaic solutions on a subset of Z, the
two transition matrices are different, and therefore will give different solutions. For example, as can be seen from
Table 2, the class of solutions given by M 4 includes the constant solutions #; = —1 and u; = 1 for all i € Z but
not the alternating solution u; = =£1 for all i € Z, whereas ]l;lé‘ gives the alternating solution but not the constant

solutions.

5.4. Entropy for the Cahn—Hilliard component

We now calculate the spatial entropy for the v-component in the decoupled system. This is done in the same
way as for the u component, but since the Cahn-Hilliard equations uses the values of v;, v;+; and v;12, we now
take n = 5 in the definitions in Section 5.2. Each of the different parameter regions in Fig. 1 therefore results
in a different 16 x 16 transition matrix MY, but, as above, several of the regions have the same eigenvalues and
eigenvectors, despite the matrices themselves being different. We also find that for the same reasons given for the
Allen—Cahn component, only certain entries in the transition matrix form a five-tuple combination which is not
only admissible, but which can also be used to form part of a translation invariant mosaic solution. Thus, it is
sufficient to display a matrix M? which we again refer to as a condensed transition matrix. As before, MV and
M? have the same eigenvalues, as the rows and columns of M deleted to form MV always fall in the null-space
of M".

The 16 four-tuples, and the general form of the condensed transition matrix M are given in Table 4. Note that
the general form of the condensed transition matrix is given in a concise form which just shows the number of each
row of the matrix and the possible non-zero entries for that row.

Table 4
Possible 4-tuples and the concise general form of the transition matrix for the v component in the decoupled case, showing only the possible

non-zero entries in each row

Label Four-tuple

1 T 1 1 1) é g 4
2 1 1 1 -1) 315 6
3 1@ 1 -1 1) A
4 (1 1 -1 -1) s 1o 10
5 (1 -1 1 ) 6 |11 12
6 1 -1 1 -1) A
7 1 -1 =1 1) s |15 16
8 1 -1 -1 -1 o | T %
9 (-1 1 1 1) ols 1
10 (-1 1 1 -1) uls s
11 (-1 1 -1 1) 27 s
12 (-1 1 -1 -1) 131 e 10
13 (-1 -1 1 1) 12
14 (-1 -1 1 -=1) 15113 14
15 (-1 -1 -1 1) 16 | 15
(-1
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Condensed Transition Matrices: decoupled v component witha > 0

-15 -10 -5 0 5
Y2

Fig. 3. Entropy regions: v component with > 0, decoupled case.

Fig. 3 shows the various entropy regions for the v component in the decoupled case with o > 0, and Fig. 4 shows
the entropy regions with @ < 0. As before the dotted lines indicate the border between pattern formation and spatial
chaos (Tables 5 and 6).

Table 6 gives the spatial entropy and the number of possible mosaic solutions on a finite subset of Z for the 13
condensed transition matrices Mi” fori =1,...,13.

Table 5

Simple periodic solutions arising for the different transition matrices o > 0

Mosaic solution MyoMdoMyoMpoMP oMY MY oMY My My, M, M) M}
.

R

R § . . . . . . °
Lo—1—=11... . . . . . ° ° °
e 1§ . . . . . . . °
o—1=1-=11... . °
o= 1=111... . . . . . . ° ° °
R 10 5 °

o= 1=1-=1-11... .
o=l —=1-—=111... . . ° . ° .
Loo—1—=1111... . . . . ° ° .
N BB B .
coo—1—=11—-11... . . ° .
o= 11 =111... ° ° ° °
coo—1—=1-=1111... . . . . ° ° .
o.o—1—=1—=1-—=11111... ° ° ° .
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Condensed Transition Matrices: decoupled v component witha <0

-1

-2

-3

-5 0 5 10 15
Y2

Fig. 4. Entropy regions: v component with & < 0, decoupled case.

5.5. Spatial entropy for the coupled system

To calculate the spatial entropy for the coupled system (1.1)—(1.3) we use the technique explained in Section 5.1,
withn = 3 and m = 5, so that we are considering solutions to the coupled system as infinite arrays of three 5-tuples.
Transition matrices are then constructed by considering the availability and admissibility of two 4-tuples. We again

Table 6

Decoupled system: spatial entropy and number of mosaic solutions in a subset of Z for condensed transition matrices: v component

Case Entropy 555 T50(557) Ti000(S§™)
MY In0 0 0 0

M2 Inl=0 2 2 2

M Inl=0 4 4 4

M} Inl1=0 6 6 6

M2 In 1.4656 12 357910366 1.8212 x 106
M} In1.5552 20 8.4872 x 10° 1.3253 x 10192
M2 In 1.5552 20 8.4872 x 10° 1.3253 x 10'%?
M In1.6180 16 4.0730 x 1010 1.4066 x 107%°
M In 1.6180 24 5.8945 x 1010 2.0357 x 102
M}, In 1.6663 22 2.0445 x 10! 9.4753 x 10?21
MY, In 1.7024 26 6.2123 x 10! 1.9843 x 10!
M, In 1.8393 26 2.1124 x 1013 5.5177 x 10?64

M In1.9276 30 2.0162 x 10™ 1.1547 x 1078




K.A. Abell et al./ Physica D 155 (2001) 274-310 301

find that not all entries in the transition matrix will give three 5-tuples which can be used to form mosaic solutions
over the whole of Z, and so it is sufficient to consider M , a 64 x 64 condensed transition matrix. The two 4-tuples
and the general form of the condensed transition matrix for the coupled system is given in Table 7. We have again
given the general form of the transition matrix in a shortened form, just showing the possible non-zero entries for
each row of the matrix.

Note the two-four-tuple pairs (1, 1), (16, 16), (49, 49) and (64, 64) do not appear in the general matrix as possible
non-zero entries. In fact, these always have M; ; = 0, since they result in constant solutions in both components
simultaneously. In fact, if we have a constant solution in the v component, then

. 1,
vi = —vials2Qu; —o; ")),

and so for admissibility, we require
vio[srQu; — ail’“)] < 0.

This cannot occur when u; = 1 for all i or u; = —1 for all 7, since this gives 2u; — (rl.l’” = 0. Hence u and v cannot
both be constant.

We will not attempt to give explicit results for the spatial entropy of all 9010 possible coupled parameter regions!
Instead, we will classify the parameter space for the coupled system, by using the spatial entropy of the solutions
in each region to determine the extent to which the equations effectively act in an uncoupled manner, the extent to
which a single equation in the system drives the system, and the extent to which the system is highly coupled and
is not driven by a single equation. Hence, we will present plots of parameter space which may be used to determine
the type of coupling for a given set of parameter values.

5.5.1. No mosaic solutions

If (B1, y1) are in the region marked as u o in Fig. 5, then no mosaic solutions exist for any values of (o, B2, 2, $2).
This is because (81, y|) parameter values in this region, with s; = £1 cannot satisfy any of the six inequalities in
(5.4), and hence all the entries in each transition matrix for this region are zero.

Now, if (81, y1) are in the parameter region labeled up, then the transition matrices generated for several values
of (o, B2, 2, s2) do have some non-zero entries. However, the condensed transition matrices obtained from these,
which indicate three 5-tuples which are not only admissible, but which can be used to from part of an infinite mosaic
solution, have no non-zero entries. Hence all eigenvalues of the condensed transition matrix are zero for all values
of (a0, B2, v2, 52), and again no mosaic solutions exist.

In both cases, the coupled solution is dominated by the Allen—Cahn component, since it only depends on
the Allen—Cahn parameters. We can predict the behavior of the coupled solution just by knowing the values of
(B1, y1, 1), the values of (o, B2, 2, §2) are irrelevant in these cases.

If we take (B2, y») in the region labeled v,4 in Fig. 6, a similar situation occurs. Again, while the full transition
matrix has non-zero entries, the condensed transition matrix contains only zero entries, and hence the eigenvalues
of the condensed transition matrix are all O for any (B, y1, s1) parameter region R".

In this case, it is the Cahn—Hilliard component of the coupled solution which dominates, and we can predict that
there will be no mosaic solutions if (83, y») are in this parameter region, regardless of the values of (81, y1, 51).
Note that the diagram in Fig. 6 is for « > 0. The diagram for « < 0 will be the mirror-image of this, in the same
way as the diagrams in Figs. 3 and 4 are mirror-images of each other.

5.5.2. Pattern formation
When (81, y1) are in the parameter region labeled uc the maximum entropy value we can obtain is In 1, indi-
cating pattern formation, for any value of (¢, B2, 32, s2). Although in this case the coupled solution is not entirely
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Table 7
Two 4-tuples and the general condensed transition matrix for the coupled case

Label[Two-four-tuple

1 11111 1 1 2 17 18
2 1 1f111-1 2 3 4 19 20
3 1 111-1 1 3 5 6 21 22
4 1 1{11-1-1 4 7 8 23 24
5 1141-11 1 5 9 10 25 26
6 111-11-1 6 11 12 27 28
7 1 1f1-1-1 1 7 13 14 29 30
8 1 11-1-1-1 8 15 16 31 32
9 1 1-111 1 9 1 2 17 18
10 11111 -1 10 3 4 19 20
11 11-11-1 1 11 5 6 21 22
12 1 1-1 1-1 -1 12 7 8 23 24
13 1 1-1-11 1 13 9 10 25 26
14 1 1}-1-1 1 -1 14 |11 12 27 28
15 1 1-1-1-1 1 15 {13 14 29 30
16 1 1-1-1-1 -1 16 | 15 31 32
17 1-1]11 11 1 17 1 33 34 49 50
18 1-141 11 -1 18 | 35 36 51 52
19 1-1j11-1 1 19 | 37 38 53 54
20 1-1j1 1-1 -1 20 | 39 40 55 56
21 1-141-11 1 21 [ 41 42 57 58
22 1-1y1-11 -1 22 | 43 44 59 60
23 1-141-1-1 1 23 145 46 61 62
24 1-141-1-1 -1 24 | 47 48 63 64
25 1-1-1 11 -1 25|33 34 49 50
27 1-1/-1 11 1 26 | 35 36 51 52
26 1-1-1 11 -1 27 | 37 38 53 54
27 1-1}1 1-1 1 28 {39 40 55 56
28 1-11-1 1-1 -1 29 | 41 42 57 58
29 1-1}-1-11 1 30 | 43 44 59 60
30 1-1f-1-1 1 -1 31 |45 46 61 62
31 1-1}-1-1-1 1 32 |47 48 63 64
32 1-1-1-1-1 -1 33 1 2 17 18
33 -1 1111 1 34 3 4 19 22
34 -1 1j]1 11 -1 35 5 6 21 22
35 -1 1/1 1-1 1 36 7 8 23 24
36 -1 1{1 1-1 -1 37 9 10 25 26
37 -1 1§1-11 1 38 {11 12 27 28
38 -1 1j1-1 1 -1 39 {13 14 29 30
39 -1 1{1-1-1 1 40 | 15 16 31 32
40 -1 1{1-1-1 -1 41 1 2 17 18
41 -1 1j-1 11 1 42 3 4 19 20
42 -1 1411 1 -1 43 5 6 21 22
43 -1 11 1-1 1 44 7 8 23 24
44 -1 1{-1 1-1 -1 45 9 10 25 26
45 -1 1-1-1 1 1 46 [ 11 12 27 28
46 -1 1-1-1 1 -1 47 |13 14 29 30
47 -1 1f-1-1-1 1 48 | 15 16 31 32
48 -1 1f~1-1-1 -1 49 | 33 34 50
49 -1-1{1 11 1 50135 36 51 52
50 -1-1j1 11 -1 51 | 37 38 53 54
51 -1-1/1 1-1 1 52139 40 55 56
52 |-1-1j1 1-1 -1 53 | 41 42 57 58
53 -1-1j1-1 1 1 54 | 43 44 59 60
54 -1-1]1-1 1 -1 55 | 45 46 61 62
55 -1-1]1-1-1 1 56 | 47 48 63 64
56 -1-1{1-1-1 -1 57 | 33 34 49 50
57 -1-1-1 11 1 58 | 35 36 51 52
58 -1-1f-1 1 1 -1 59 | 37 38 53 54
59 -1-1f-1 1-1 1 60 | 39 40 55 56
60 -1-1f-1 1-1 -1 61 | 41 42 57 58
61 -1-1]-1-1 1 1 62 | 43 44 59 60
62 -1-1-1-1 1 -1 63 | 45 46 61 62
63 -1-1{-1-1-1 1 64 | 47 48 63

64 -1-1}-1-1-1 -1
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Boundaries of u component dominance in the coupled case
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Fig. 5. Boundaries of component dominance in the coupled case: Allen—Cahn component.

independent of the Cahn—Hilliard component, as the values of («, B2, v2, s2) may affect whether solutions exist
at all, the coupled solution is still dominated by the Allen—Cahn component since, even if the decoupled system
shows that spatially chaotic solutions exist for particular values of («, 82, y2, 52), if we take (81, 1) in this region
of parameter space we can only expect to find at most pattern formation in the coupled solution.

A similar situation occurs when (87, y»2) are in the parameter region marked as vp in Fig. 6. Many of the
Allen—Cahn parameter regions have the potential for spatially chaotic solutions, which is clear from considering the
decoupled system. However, the decoupled analysis shows solutions which exist independently of the v component,
and when (B2, y»2) are in this parameter range, the Cahn—Hilliard component dominates the coupled solution,
producing a maximum entropy value of In 1.

5.5.3. Spatial chaos

We now consider parameter regions in which an entropy value of greater than In 1 is possible, indicating the
possibility of spatially chaotic solutions occurring in one or both components.

If we take (81, y1) in the region labeled up in Fig. 5 and (8>, y»2) in the region shown as vc in Fig. 6, then the
entropy for the coupled system is In 1.46557, which indicates spatial chaos. In fact, in this case we actually only have
the potential for chaotic behavior in the Cahn—Hilliard component, as the only entries in the condensed transition
matrix in this case are (i, j), with both i, j < 16, giving the constant solution #; = 1 for all i € Z, and (k, [), with
49 < k,l < 64, giving the constant solution u; = —1 for alli € Z.

Regions marked up in Fig. 5, and region vc in Fig. 6, lead to entropy values 4 < In2 indicating at most two
entries in each row of the matrix.
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Boundaries of v component dominance in the coupled case
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Fig. 6. Boundaries of component dominance in the coupled case: Cahn—Hilliard component.

The highest entropy value obtained in the coupled case is In 3.8876. Note that this value is close to In(2 x 2),
which is the maximum possible number of entries in each row and column of the condensed transition matrix. The
entropy is actually less than In 4, since four rows have only three elements (pairs giving constant solutions in both
components do not appear, as noted above). As could be expected, this value is obtained when (81, y;) are in the
region labeled M in Fig. 2 and (B2, y2) are in the region shown as M{; in Figs. 3 and 4, which are the regions of
highest entropy in the decoupled cases.

6. Numerical simulations

We illustrate results from previous sections with numerical simulations of a coupled discrete coupled Allen—
Cahn/Cahn—Hilliard system. The differential inclusion (1.1)—(1.3) is difficult to simulate directly due to the set-valued
nonlinearities and obstacles, so instead, we simulate the problem considered in Section 2, where we replace f; and f>
by f{ and f; as defined by (2.2) and (2.3). We then take small values of ¢, typically & = 5 x 10~*. All computations
were performed on one-dimensional lattices [—1, 1]Z with periodic boundary conditions u; = u;4+x and v; = vj4y,
and computations were carried out using the Implicit Trapezoidal Rule. As this method requires a Newton iteration
to be performed at each time step, we approximate the first derivatives of the functions f; and f; by

y1 if Ju| <1,

&
(u,v) =
8 0 if u| > 1,
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Fig. 7. Pattern formation in both components.

v2 if Jv| <1,

Su,v) =
80 v) {0 if v > L.

In each of the following figures, the first two graphs give the initial conditions #(0) and v(0) on a periodic window.
Note that #;(0), v; (0), u; (¢) and v; (¢) are only defined at the integers i € Z, but on the graphs we join adjacent
components of #; and v;, respectively with a dotted line, as we find this makes the graphs easier to read. The second
set of graphs in each figure give the time evolution of all the components u; (t) and v; (¢) and the third set of graphs
give the asymptotic states lim;_, u; (¢) and lim,_, v;(¢), where this is non-trivial.

In all cases we take random initial conditions such that the mass for the Allen—Cahn component Z,N=1” i0)=0
and the mass for the Cahn—Hilliard component vazl v; (0) = 0, which is achieved by first taking truly random
initial conditions then scaling and translating to achieve M = 0, while still ensuring that |u;| < 1 and |v;| < 1.

Note that although our concept of solution from Definition 2.1 is too weak to ensure mass conservation in the
(Cahn-Hilliard) component in general, under tile periodic boundary conditions and point valued functions f; and
f5 considered in this section mass conservation is ensured.

Fig. 7 shows an example of pattern formation in both components, with 81 = 1,y = 4, ¢ =1, B2 = 6,
y» = —10 and s; = 5o = 1. In this case, the Cahn—Hilliard parameters are in the region marked v¢ in Fig. 6 in
which spatial chaos is possible, but since the Allen—Cahn parameters are in the region marked up in Fig. 5, the u
component dominates the solution, giving a spatial entropy value of In 1, and hence pattern formation.

Figs. 8 and 9 show an example of a parameter region in which pattern formation is obtained in the Allen—Cahn
component, and spatially chaotic behavior in the Cahn—Hilliard component. Here, we take 81 = —4, y1 = —2,
a=1,p =-3,y = —10and s; = s» = 1| in both computations, and take different initial conditions. These
parameter values correspond to the case mentioned in the previous section, where the spatial entropy is In 1.555,
and the only entries in the condensed transition matrix in this case are (i, j), with both i, j < 16, giving the constant
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Fig. 9. Spatial chaos in Cahn—Hilliard component only: example (ii).
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solution u; = 1 for alli € Z and (k, /) with 49 < k,l < 64, giving the constant solution u; = —1 forall i € Z.
As suggested by these analytic results, in both computations the Allen—Cahn component converges to the constant
solution, while the Cahn—Hilliard component converges to a different mosaic solution in each case.

Figs. 10 and 11 show computations on longer time intervals. In both computations we take 81 = 2, y; = —2,
a=1,8=-49,y = —12.5ands; = s» = 1. Inthis case, the spatial entropy is In 2, and the condensed transition
matrix for this parameter region indicates that we should obtain spatially chaotic behavior in both components. In
both computations, random initial conditions corresponding to m = 0 are taken, and the computations converge
to different mosaic solutions in both components. Note that locally constant solutions appear in both components
at some mesh points (for the Allen—Cahn component, a locally constant solution is such that #; = u;+1, as the
solution at each point depends on the nearest-neighbors, while, since the Cahn—Hilliard component depends on
the nearest and next-nearest-neighbors, a locally constant solution is #; = u;+1 = u;+2). However, for the reason
already given, we do not obtain locally constant solutions at u; and v; for some i € Z simultaneously.

In Figs. 12 and 13, we give a further example of spatially chaotic behavior in both components, by presenting
computations in the parameter regions which give the highest entropy value in the coupled case. Here, 81 = 2, y1 =
—2,a=1,8 =-25,y = —15and s;1 = s, = 1. In both computations, random initial conditions corresponding
to m = 0 are taken, and the computations converge to different mosaic solutions.

7. Conclusion

We have considered a system of coupled spatially discrete Allen—Cahn and Cahn—Hilliard equations. Using a
generalization of the double obstacle potential we have proven existence and uniqueness of solutions. Equilibrium
solutions of mosaic type are considered and conditions are given for their existence and stability.

The spatial entropy is defined and explicit parameter dependent values are determined. An important outcome
of this work is that the entropy provides a criteria for determining the extent to which the equations effectively
act uncoupled, the extent to which a single equation in the system drives the system, and the extent to which the
system is highly coupled but is not driven by a single equation. Figs. 5 and 6 may be used to determine the type of
coupling for a given set of parameter values. Our measure of the type of coupling is based upon the spatial entropy
and ultimately the existence and stability of mosaic solutions.
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