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Motivation
[

Epigraphical projections via proximal map
Letfely:= {f :E > RU {400} | f closed, proper, convex}, A>0:

1
P,f(x) := argmin {f(u) + —lx - u||2} (proximal map).
ueE 21

Letf : E — R convex, (X,a) ¢ epif.
Then

Peyit(X, @) = (P f(X),@ + 1),
where 2* > 0 is a positive root of
0 <A f(Pif(X))—A-a. Pepit(

epif

(Bauschke/Combettes, Theorem 29.35)

m Proximal map vs. projection onto the epigraph in the literature: E.g. Bauschke/Combettes '10,
Beck '17, Chierca et al. '15, Meng et al. '05/08.

m Goal: Understanding the convex-analytic properties of the proximal map (and Moreau envelope) as
a function of the prox parameter A (and the base point x simultaneously)!



Variational-analytic setting
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A general framework via perspective maps
For f € Mo, w = 41|+ |12

P,f(x) = argmin {f(u) + Aw(%)} Y(x,A) e EXR .
UeE

Definition 1 (Perspective map).

For w € Iy, (the closure of) its perspective map is w™ : E X R — R U {400},

w(z) it aso,
W () ={ w°(z) if A1=0,
400 else.

B " (2,A) = 0epiw+ (2, —1), hence w” is Isc, proper and sublinear with dom w™ = R, (dom w X {1}).
m Literature: E.g. Rockafellar ‘70, Aravkin et al '18, Combettes/Mdiller '18/'19.

For f,w € 'y we want to study the solution map

P, :EXRE, P,t(x, 1) = argmin{f(u) + " (x — u,2)}.
UEE




Variational-analytic setting
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Interlude: Tools from variational analysis

Name Definition Properties Example
tangent cone Ta(X) := Limsup, o 7% closed

—
regular normal cone  Na(X) := Ta(X)° closed, convex L_>
limiting normal cone ~ Na(X) := Limsup,_,; Na(x)  closed e

S:Ey 3 By, (X.7) € gph S.
m (Coderivative) D*S(X|y) : E2 3 Ey, v e D*S(XIy)(y) :&= (V.—¥) € Ngpns(X.y).

m (Graphical derivative) DS(X|y) : By =3 Ep, v € DS(X|y)(u) :&= (u,v) € Tgns(X.¥).
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Variational Analysis of P, ¢: Part |

Recall: P, s : EXR 3 E, P, s(x, ) = argmin,g {f(u) + o™ (x — u, 1)} .

Theorem 2 (Friedlander, Goodwin, H.).

Letw : E — R be strictly convex, level-bounded and C?. Then:
a) domP, s c ExR, and P, is single-valued for all 2 > 0.

b) Ford> o0, if Vzw(ﬂ’{(;—’”) > 0, then P, is locally Lipschitz at (%, 7).

¢) Under the conditions in b), assume, in addition, that of is proto-differentiable at

(PM(R, ), Vo (ﬂ;‘x—“)) Then P, is directionally differentiable at (%, 1) with

PG5 10 8) = 10090 (Rus 5 Dfvs (F=PED)) o] (v
, for any (d,A) e ExR.

with V = Vzw(—-—ifp“’;(;'l))

B w strongly convex = level-bounded (in fact, supercoercive) and strictly convex.
m Jf is proto-differentiable e.g. if f = g o F, with g PLQ and F € C? such that BCQ holds.
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Directional normal cone and semismoothness* (Gfrerer et al.)

m N(x;U)=0if0¢ Ta(X);
Directional normal cone' of A at X in di- o B
rection U: m N(X;T) c Na(x) forall u € E.

Na(X; G) := Limsup Na (X + tu).
u-T, 110

Definition 3 (Semismothness*).

i) AcCEsemismooth*atXe A = (x*,u)=0 VueE, x* e Na(x;u).

i) S:Eq =3 E> semismooth*at (X,y) € gphS = gph S semismooth* at (X, y).

m A convex — A semismooth*;

m A semismooth* at X (i=1,...,n) = U], A; semismooth* at X.

"Mordukhovich and Ginchev
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Semismoothness(*) of P, ¢

Proposition 4 (Gfrerer and Outrata ’19).

Let F : D c E1 — E; be locally Lipschitz at X € int D. Then the following are equivalent:

® F semismooth (in the sense of Qi and Sun) at X, i.e. lim Vd exists for all d.
Ve F(x+td)?
t10.d—d

m F semismooth* and directionally differentiable at X.

Proposition 5 (Friedlander, Goodwin, H.).

Letf e Ty, let (X, 1) € E x Ry such that of is semismooth* at (Pm,f(i, ), Vo (w» and let w be
strongly convex and C2. Then:
m P, fis semismooth* at (X, 2), Pu(X, ).

X

m If, also, 0f is proto-differentiable at (Pw_f()_(, ), Vw(%'(’))), then P, s is semismooth at (x, 1).

m fe C?or f PLQ = 4f proto-differentiable and semismooth*.

m w=(H(), (-)) with H> 0 = w strongly convex + C2.

29¢F(x) := conv {V | 3{x € Dr} = x : F'(x¢) > V| (Clarke Jacobian).
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The proximal map revisited | - continuity properties

Proposition 6 (Attouch, Rockafellar/Wets, Friedlander/Goodwin, H.).

LetfeTlgandX € E. Then
Lilfgl Paf(x) = Pei (dom£)(X)-

X—X

Natural extension of the proximal operator of f € I'y:

Paf(x), >0,
Pr:ExR3E, Pi(x,4) = {Peomn)(X), 1=0,
0, A1<0.

Corollary 7 (Friedlander/Goodwin/H., Milzarek, Stromberg).

a) Py is continuous on dom P = E x R, and locally Lipschitz on int (dom P).
b) ForX € dom df (hence P;(X,0) = X € domf), P is calm at (X, 0), i.e.

Tx, e >0 |IPr(x,0) = Pr(x, Il < al(x = x, Il ((x,2) € Bs(X,0) N dom P).
) Under the assumptions of b) the map Ps(X,-) : Ry — E is locally Lipschitz at 0, i.e.

Jx,e>0: ||Pr(X,2) = Pr(X, p)ll <l — A VA, € [0, €]
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The proximal map revisited Il - directional differentiability

Corollary 8 (Friedlander, Goodwin, H.).
Letf € [o and let (%, ) € E x R,.,.. If df is proto-differentiable at (P,()'(, ). ﬂg(x—“) then Py is
directionally differentiable at (x, 1) with

PI((%.2); (d. A)) = [ZD(af) (Pf()?,/_l)|%(x’/l)) T I] (d - A%(X”l)) v(d,A) e ExXR.
In particular, for any 2 > 0, we have

(P3f) (%; d) = [w(af)(P,(x A)|M)+ /] 1 (d) VdeE.

Observe: Projection onto a closed, convex set is 1
not necessarily directionally differentiable. For

S = conv [{(cos k,sm )IkEN}U{(O 0),(1,0)}{,

2

1

the projection Ps is not directionally differentiable Figure: Shapiro’s example (Shapiro '94)
at (2,0) in direction (0, 1).
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The proximal map revisited Ill - semismoothness(*) properties

Proposition 9 (Friedlander, Goodwin, H.).

Letf e g and let (X,A) € Ex R, . Then:

a

If 9f semismooth* at (Pf(X ), M) then Ps is semismooth* at (X, ).

b) The map P;f(= P;(-, 1)) is semismooth* at X if and only if df is semismooth* at (P;l f(x), %@)

&

If 8f is proto-differentiable and semismooth* at (Pf()_(, ), #()) then Py is semismooth at (X, ).

m The assumption in a) are satisfied e.g. if f = g o H with g PLQ and H € C? such that BCQ holds.

m The assumptions in c) are satisfied if f is PLQ or twice continuously differentiable at Ps(x, ) (in
which case P is continuously differentiable at (x, 2)).
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The proximal value map A — f(P,f(X))

For f € [y and X € E, consider 0 < A — f(P,f(X)).

Example: Let f := || 4 6[_1,1) € [o(R). Then
. i & H(Pf(X))
P,f(x) = min{max{|x|-4,0},1}-sgn(x) (x € R,2>0).
Forx =2:
1, A€ (0.1], T 3 1
f(Paf(X)) =42-2 2e(1.2], Figure: Nonconvex example
0, A>2.

Proposition 10 (Friedlander/Goodwin/H., Attouch '84).

Letf el andX € E. Then:
a) The function 0 < A — f(P,f(X)) is decreasing (i.e. increasing as A | 0).

b) limyso f(Paf(X)) = f(Pi(domr) (X))-
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7f
The map ¢;
Proposition 11 (Friedlander, Goodwin, H.).

Letf €T, x € E and define ¢, : R — R by

—1e,f(X), 1>0,°
- 1 % _
#L(2) == 2dc21(domf)(x) 1=0,
f(Pcl(domf(X))/l 2 c] (dom f) (X) 1<0.
Then the following hold:

a) 5)’? is proper, convex and continuous (possibly in an extended real-valued sense), and continuously
differentiable on R, with %q_bf-((/l) = —f(Paf(X)) locally Lipschitz for all 2 > 0.

b) Ifx € domf, then (1_5; is continuously differentiable (on R) with derivative given by
d ¢ —f(Pf(X)), A1>0,
— (1) = _
di X( ) {_f(Pcl(domf(X))’ 1<0.

If, more strictly, X € dom of, then diq_bf_(( ) is locally Lipschitz on all of R.

©) If Pay(aomp)(X) & dom , then dom @, = R, and a3L(1) = {;“P"(X))‘ j z g

3For ¢ € g, 4> 0, the function e;¢(X) = ¢(Pip(X)) + 2/1 IX — Pyp(X)I[2 is the Moreau envelope of  at X.
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Proximal operators for post-compositions

Recall that
—1e(X), 1>0,
# () = .
X —%dfl(dow)(x), 1=0.

Proposition 12 (Friedlander, Goodwin, H.).

Let g € T'o(R) be increasing and let y € T'o(E) such that
ri (dom g) N ¢ (ri (domy)) # 0. (1)
Then* goy €y and:
a) e1(gow)(X) = ~mingso g°(4) + & (A);
b) Pi(go¥)(X) = Pi(A-¢)(X) for every A € argmin ., {g*(/l) + tﬁg(/l)} #0;

c) Hfy(Pei(gomy) (X)) € 397(0), then argmin ., {g* )+ q‘b‘)ﬁ(’ (/l)} C Ry.. This s, in particular, the case
if Py (domy/) ()_() ¢ domy.

4Set g(+00) 1= +oo.
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Level-set and epigraphical projections

Setting g := 6r_ and ¢ := f — @ in in Theorem 12 gives:

Corollary 13 (Level set case).

LetfeTly, @ € R, X € E, and assume that there exists X € E such that f(X) < @. Then

° P (%), f(Pa(aomn (X)) < @
Piev- — cl (dom f) el ( )
e (%) {P;f()'(), else

for any 0 < 1 € argmin 15 (#(2) + @2} = {12 0 | f(Paf(X)) =@} # 0.

Letting g := 6r_ and ¢ : (x,@) € EXR - f(x) — a in Theorem 12 yields:

Corollary 14 (Projection onto epigraph).

Letfely, @€ R andXx € E. Then

2 =y — [ (Pagaomn (%), @), f(Pat@omn (X)) < @
P = =
eplf(X, (1/) {(sz()_(),(_l =F /1), else,

where 1 > 0 is the unique minimizer of the (strongly convex) optimization problem

B
min 5 4 + @l + ¢5(2).
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SC' optimization framework

For computing level-set and epigraphical projections, respectively, we have to solve the scalar problems

a- A+ q_ﬁf-((/l), & =lev,

in6:(1) = _
min (1) {%12+a~1+¢;(1), £=cpi.

The variational properties of ¢/, suggest the SC' optimization framework & la Pang and Qi (1995).

Algorithm 1 SC' Newton method for minimizing 6,

(S.0) Choose 1q,6 > 0, {&x} | 0, and let ,0- € (0,1). Set k := 0.
(S.1) If|g(A) < 5 : STOP.

(S.2) Choose gk € dc(6;)(A«) and set

()
Ay = P[_/lkvw) [ H ]

- Ok + &k
(S.3) Set
toi= mg{ﬁ’ | (A + B Ak) < 0 () + Body () A ).

(S.4) Set A4t := Ak + tkAk, k — k + 1, and go to (S.1).

m For epigraphical projections (¢ = epi) use g, := 0 to improve accuracy.
m Computational bottleneck: Backtracking in (S.3).
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A full Newton step algorithm

Algorithm 2 Full step SC' Newton method

(S.0) Choose 15 > 0,6 > 0, and {ex} | 0. Set k := 0.
(8-1) 16,(4)I < 6 : STOP,
(S.2) Choose gk € dc(6;)(4x) and set

_ 0. (A
AVEES max{ﬁ, 5( ) }

27 g +ex
(S.3) Set Aky1 := Ak + Ak, k « k + 1, and go to (S.1).

Slogan: Take full Newton step in every iteration while respecting positivity of the iterates!

Set [, 4] = {/1 >0

(1) =0 }
m Assume 6;, concave on (0, 4;).

Then Algorithm 2 converges to a mini-
mizer of 6;.

Figure: Cycling without concavity assumption
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Projection onto the /;-unit ball

For levill - lls = {x e R" [|Ixlly <1} we ‘
have 5 4 3 2 -1 . 1 3 4 5

1 -7 max{|xj|-1,0}, 1>0, *

g, (1) = (= =

(1) {1 = lixlls, 1<0, B

which has ¢, concave on (0, ;). N

Figure: The function (-)é for projecting onto the /4 -unit ball.

Table: Time (seconds) for projecting onto the /;-unit ball in dimension N with coordinates chosen using a
(component-wise) Gaussian distribution with o = 0.1.

N | WarmNewton | Condat | IBIS

20 1.44x 1078 153x10°% | 1.83x10°°
10° 1.83x 1075 211x10°% | 3.65x107°
108 1.38x 1072 1.44x1072 | 289x1072
107 151 x 107" 1.43x107" | 2.85x 107"

Takeaway: Our algorithm performs better than alternative methods when the starting point is
good!
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Future directions

m Understand semismoothness* of df better:

m Establish more powerful checkable conditions;
m extend to non-convex functions f;
m extend to (maximally) monotone operators.

m Generalize the result for post-composition setting to the convex convex-composite setting (e.g.
Burke, H., Nguyen, MOR 2020): f : Ey — R U {40} with f = go H
m K c E; (closed) convex cone;
m H:E; — Ej K-convex, i.e. {(X, Y)|Y-H(x)e K} (K-epigraph) is convex;
m g e [(Ez) K-increasing.

Goal: Establish theory and algorithms for computing proximal operators of g o F and
K-epigraphical projections.
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