A MEAN CURVATURE TYPE FLOW IN SPACE FORMS

PENGFEI GUAN AND JUNFANG LI

ABSTRACT. In this article, we introduce a new type of mean curvature
flow (1.3) for bounded star-shaped domains in space forms and prove
its longtime existence, exponential convergence without any curvature
assumption. Along this flow, the enclosed volume is a constant and the
surface area evolves monotonically. Moreover, for a bounded convex
domain in R™*!, the quermassintegrals evolve monotonically along the
flow which allows us to prove a class of Alexandrov-Fenchel inequalities
of quermassintegrals.

1. INTRODUCTION

There have been extensive interests on flows of hypersurfaces evolving
by functions of their mean curvature in the past 30 years. Brakke [4] used
geometric measure theory to study surfaces driven by their mean curvature.
The more differential geometric approach was given by Huisken [13] who
studied the mean curvature flow,

0X
(1.1) 5 Hv,
where X, v and H are the position function, the outward unit normal vector
and the mean curvature of the hypersurface respectively.

Huisken in [13] proved that flow (1.1) is a contracting flow which contracts
convex hypersurfaces into a round point. In contrast, another model type
of flow, the inverse mean curvature flow, is an expanding flow introduced
by Gerhardt [7], Urbas [25], which expands star-shaped mean convex hy-
persurfaces out to a round sphere. Note that, in general, flow (1.1) would
develop singularities when the initial data is a star-shaped mean convex
hypersurface.

Hypersurface flows can be used to prove geometric inequalities, old and
new. For example, Gage and Hamilton [6] used curve shortening flow to
prove isoperimetric inequality for convex planar domains. Andrews [1] used
affine mean curvature flow to prove affine isoperimetric inequality. Top-
ping [24] studied generalized isoperimetric inequalities for convex domains
on Riemann surfaces using Grayson’s curve shortening flow. Various geo-
metric inequalities were proved in [11, 12] using fully nonlinear conformal
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flows. Schulze [23] used a non-linear mean curvature type flow to prove the
isoperimetric inequality in R™*! with n < 7. The authors used the inverse
mean curvature type of flows to prove Alexandrov-Fenchel quermassintegral
inequalities for starshaped k-convex domains in [9].

In this paper, we introduce a new type of mean curvature flow in space
forms. For example, in Euclidean space R**! it reads as

(1.2) 88—); = (n — Hu)v.

where X is the position vector, H is the mean curvature, and u =< X, v >
the support function of the hypersurface. In general space forms, the flow
equation is given by

(1.3) hX = (n¢'(p) — Hu)v,

while more details of the definition of this flow in general space forms can
be found in section 3, c.f. (3.2). We will show this flow evolves star-shaped
domains (without any curvature assumption) in space forms into spheres.
The key of discovering this flow is the Minkowski identity which also plays
crucial role in the proof. We note that the assumption of starshapedness
(i.e., u > 0) is necessary for flow (1.3) to be parabolic.

One of the main theorems of this article is the following.

Theorem 1.1. Let My be a smooth compact, star-shaped hypersurface with
respect to the origin in the space forms N"TY(K) with n > 2. Then the
evolution equation (1.3) has a smooth solution fort € [0,00). Moreover, the
surfaces converges exponentially to a sphere as t — oo in the C'*° topoloty.

Another nice feature of flow (1.3) is that along the flow, volume of the
enclosed domain is constant and the surface area is monotonically decreas-
ing. This property yields that the flow of the hypersurface M; converges to
a solution of the isoperimetric problem in the space forms.

If the initial hypersurface encloses a (weakly) convex bounded domain in
Euclidean space R"*!, then by arguments in Bian-Guan [3], the convexity
is preserved along the flow (1.2) and the domain becomes strictly convex
instantly. Moreover, we will show all the quermassintegrals

/M ok (K)dpg

are non-increasing along the flow, where the quermassintegral is surface
area, total mean curvature, total scalar curvature, etc. repectively for dif-
ferent £ =0,1,2,--- ,n — 1. This yields a proof to the following well-known
Alexandrov-Fenchel inequalities of quermassintegrals from convex geometry.

Corollary 1.2. Suppose Q C R"*! is a bounded convex domain with smooth
boundary 02. Then the following inequality holds for any 0 < k <n —1,

(1.4) V(Q)%+1 < Cn,k(/

[2]9]
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where ¢ 1 is a constant depending only on n and k, and oy (k) is the kth

elementary symmetric function of the principal curvatures. The “=7 is at-
tained if and only if Q) is a ball.

When k = 0, we have used the convention oy = 1. Note that in this
case, the inequality is reduced to the classical isoperimetric inequality. In
fact, in this case the convexity condition can be replaced by star-shapedness.

Remark 1.3. In our second paper [10], we will present a fully-nonlinear
generalization of the mean curvature type of flow which can be used to prove
other types of quermassintegral inequalities in Fuclidean space.

In appearance, flow (1.2) resembles to the normalized mean curvature
flow of Huisken [13],

X

(1.5) 5 = (c(t)u — H)v,

H2d, .
where ¢(t) = %% for mean curvature H and also the volume preserving
M

mean curvature flow of Huisken [15],

0xX

(L6) S = (el - my,

where ¢(t) = %. However, there are several differences among these
equations. The longtime existence of solutions of (1.5) or (1.6) is not clear
if the initial surface is not convex, while (1.2) requires no curvature assump-
tion except starshapedness. Note that normalized mean curvautre flow (1.5)
preserves the surface area while the volume preserving mean curvature flow
(1.6) and our new flow (1.2) preserves the volume and evolve the surface area
monotonically. Moreover, (1.2) evovles all the quermassintegrals monotoni-
cally.

On the other hand, the presence of normalization factor ¢(t) makes (1.5)
or (1.6) an integral-differential equation and a priori estimates are not easy
to obtain. Thus, for the quasilinear equation (1.5) or (1.6), one needs to do
the more involved curvature estimates rather than just gradient estimate.
In contrast, for flow (1.2), the normalization function is a fixed constant n
thanks to the Minkowski identity, and the principal part of the resulting
parabolic equation is of divergent form, which makes the a priori estimates
easier by the classical theory of parabolic equations in divergent form (e.g.,
18]).

We note there is also a volume preserving mean curvature flow defined in
hyperbolic space, see [5].
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When n = 1, Theorem 1.1 holds for curves as well. We will leave the
details for the readers. The rest of this paper is organized as follows. In
Section 2, we give the preliminaries for hypersurface theory in space forms
and prove the important Minkowski type identities. In Section 3, we intro-
duce the flow equation in space forms, derive the evolution equations for
various geometric quantities, and prove the monotonicity formulas. In Sec-
tion 4, we convert the problem to an initial value problem on S™ and prove
the C estimate. In Section 5, we establish the gradient estimate and prove
the exponential convergence and the main theorems. In the last section, we
show the convexity is preserved along the flow in Euclidean space and prove
Corollary 1.2.

2. HYPERSURFACES IN SPACE FORMS

Let N"T1(K) be a space form of sectional curvature K = —1,0, or +1 and
n > 2. Let g%V := ds? denote the Riemannian metric of N"*1(K). Then
it is known that the space forms can be viewed as Euclidean space R*t!
equipped with a metric tensor, i.e., N**(K) = (R"*! ds?) with proper
choice ds?. More specifically, let S” be the unit sphere in Euclidean space
R"*! with standard induced metric dz?, then

(2.1) g = ds® = dp® + ¢*(p)d2?,

where N"*1 is the Euclidean space R"*! if ¢(p) = p, p € [0,00); N™H is
the elliptic space S"*! with constant sectional curvature +1 if ¢(p) = sin(p),
p € [0,7); and N™*! is the hyperbolic space H"™! with constant sectional
curvature —1 if ¢(p) = sinh(p), p € [0, o).

We define
(2:2) w(p) = [ o(r)ar.

Then ®(p) is %, cosh p, — cos p respectively. Consider the vector field V =
qb(p)a% on N"t1(K). We first show that V is a conformal killing field.
The following lemma holds for general warped product manifolds, see for

example, [20]. For convenience, we include a proof here.

Lemma 2.1. The vector field V satisfies D;V; = gzﬁ’(p)gf}[, where D is the
covariant derivative with respect to the metric g’ .

Proof. We first note that the Lie derivative of dp is
Lydp =Ly, 0 dp = ¢'(p)dp.

Thus
Lydp® =24/ (p)dp®.
Note
Ly ¢*(p)dz* = V(¢*)dz" = 2¢°(p)¢/ (p)d=.
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We have
Lyds® = 2¢/(p)ds*
The proof is now complete since %EvgN =DV.
O

Let M™ C N™*! be a closed hypersurface with induced metric g.

Lemma 2.2. Let M™ C N™"! be a closed hypersurface with induced metric
g. Let ® and V be defined as in (2.2). Then ®|y satisfies,

(2.3) ViV;® = ¢'(p)gi; — hij(V,v),

where V s the covariant derivative with respect to g, v is the outward unit
normal and h;j is the second fundamental form of the hypersurface. More-
over, the Laplacian of ® satisfies,

(2.4) A = ng(p) — H(V.v),

where H 1s the mean curvature.

Proof. Let eq,--- , e, be a basis of the tangent space of M.
ViVj{) = D2‘1>(6i, ej) - hij <Vva I/>
(25) = <D6iV, 6j> - hij <V, l/>
= ¢'gij — hij(V,v),
where the last step we have used Lemma 2.1. O

Note that in Euclidean space the vector field V = pa% is equivalent to the
position vector field X. Thus (V,v) = (X, v) is just the Euclidean support
function of the hypersurface M. In this sense, let us still call the inner
product

u:=(V,v)
to be the support function of a hypersurface in N®*!. An immediate corol-
lary of Lemma 2.2 is the following Minkowski identity in N™*1.

Proposition 2.3. Let M be a closed hypersurface in N. Then

(2.6) | u=n [ &)

Proof. Applying divergence theorem to (2.4), we obtain

0= / Ad = n/ & (p / Hu.
This finishes the proof. U

The eigenvalues of the Weingarten tensor h; = gikhkj are the principal
curvatures K = (K1, - ,kpn). If we denote the kth elementary symmet-
ric functions of an n-vector by oy, then o1(k) is the mean curvature (un-
normalized), o2(k) is the scalar curvature, etc. For convenience, we also
use 01 (A;j) to denote the k-th elementary function of the eigenvalues of a
symmetric matrix A;;. Recall in [21, 22|, Reilly proved a formula for the
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r-th Newton operator T}.(h) of the second fundamental form in general Rie-
mannanian manifolds, see Proposition 1 in [22]. In space form, since second
fundamental form is Codazzi, Reilly’s formula is equivalent to say the New-

ton operator T, is divergent free. More specifically, in local coordinates, the
_ 8UrJrl .4

Newton operator T, of h; is a symmetric matrix (Tr)ij = oht = oy, and

Vi (T}),, = 0.

i =
Using this property, we can generalize (2.4) to the kth Weingarten curva-
ture o (k).

Lemma 2.4. Let M"™ C N™*! be a closed hypersurface with induced metric
g. Let ® and V' be defined as in (2.2). Then ®|p; satisfies,

2.7)  Vi((Th);; V@) = (n— k)¢ ow(r) — (k + Lo (k) (V,v).

Proof. We multiply (2.3 ) with (7%);;, then sum over ¢, j. By divergent free
property of Ty, we have the left hand side is Vi((Tk)ij V;®). The following
formulas are well-known, see e.g. [14],

(Tk)ijgi; = (n—k)oy,
(Tk)ijhij = (k + 1)0’k+1.

Put these identities together, we complete the proof. ([

Prove as in Proposition 2.3, we have the following generalized Minkowski
identities.

Proposition 2.5. Let M be a closed hypersurface in N. Then, for k =
0717"' 7n_17

(2.8) (k+1) /M o1 (R)u = (1 — k) /M o)

where we use the convention that oo = 1.

Next, we derive the gradient and hessian of the support function u under
the induced metric g on M.

Lemma 2.6. The support function u satisfies

Viu= g¢MhyV,®,
ViVju = glekhijvlq> + ¢'hij — (hz)ijuv

where (h?);j == gklhikhﬂ.

(2.9)

Proof. Using another model of the space forms, these formulas were first
proved in [2]. The same formulas in hyperbolic space were also proved by a
direct computation in [17] using the expression of support function u for a
radial graph in hyperbolic space, see the expression of u for a radial graph
in (4.1).

By the tensorial properties of both sides, we only need to prove them
at any point under orthonormal coordinates. Thus, we have g;; = d;; and
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Viu = Di{(V,v) = (D®, D;v) = hy; Dy®. By the tensorial property of both
sides, we proved the first identity.
Differentiate Vu one more time and apply (2.3), we obtain

VZ'V]'U = Vihjkvké + hjkVN,gb
= VihjuVi® + hji(¢' gik — hiru)
= VihijVi® + ¢'hij — (h?)iju,
where in the last step we have used the fact that second fundamental form
of hypersurfaces in space forms is Codazzi. U

3. A FLOW OF MEAN CURVATURE TYPE

Let M(t) be a smooth family of closed hypersurfaces in a space form
N. Let X(-,t) denote a point on M (t). In general, we have the following
evolution property.

Lemma 3.1. Let M (t) be a smooth family of closed hypersurfaces in N"*1(K)
evolving along the flow

X = f(X(, 1),

where v is the unit outward normal vector field and f is a function defined
on M(t). Then, we have the following evolution equations.

Orgij = 2fhi;

Ohij = —VVif+ [(h?)i; — K fgi
OH — —Af- flh]2—nKf,

where |h|? is the norm square of second fundamental form and dpg is the
volume element of the metric g(t).

Proof. Proof is standard, see for example, [13]. O

Now, we consider the following mean curvature type of flow in (IV, ds?)
where ds? = dp® + ¢%(p)dz?,

(3.2) hX = (n¢'(p) — uH)v.

Note that ¢'(p) is 1, cos(p), and cosh(p) in R*1 S+ and H"*! respec-
tively.

Proposition 3.2. Let M (t) be a smooth family of closed hypersurfaces in the
space form N"t1(K) evolve along the flow (3.2). Then the mean curvature
evolves as the following

(33)  OH = uAH-+ HVHV®(p)+2VHVu+ (H? —nlh|?)¢.
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Proof. From Lemma 3.1, we have

(3.4)
OH = uAH+2VuVH + HAu—nA¢ — (n¢’ — Hu)(|h|% + nK)
= uwAH +2VuVH + H(VHV® + H¢' — |h|*u) — nA¢’
~(n¢/ — Hu)(|h[2 + nK)
= uAH +2VuVH + HVHV® + (H? — n|h|?)¢
—n(A¢ + KAD),

where we have used (2.9). It’s easy to see that A¢’ = —KA® holds for all
the three different K. This proves the assertion. O

The following estimate will be useful in later sections.

Corollary 3.3. Let N""1(K) be hyperbolic space. Then along flow (3.2),
the mean curvature is uniformly bounded from above, i.e.,

3.5 H(.,t) < H(x,0).
(3.5) (1) < D (z,0)
Proof. The proof is an immediate corollary of Proposition 3.2 by applying

maximum principle to H. Notice that ¢’ = coshp > 0 in this case and
(H? — n|h|?) < 0 by Newton-McLaurin inequality. O

Remark 3.4. We need the uniform upper bound of mean curvature H just
in the hyperbolic case.

Applying the Minkowski identities, we have the following monotonicity
formulas,

Proposition 3.5. Along the flow (5.2), the volume V(t) of the enclosed
domain by the closed hypersurface is a constant and surface area evolves as
follows,

L - ! ri(x) — rj(z))%u
36) A0 = [ o) = i)y

n—1 —
1<J
where k(x) are the principal curvatures of the hypersurface at point x €
M(t).

Proof. In general, along flow equation 0; X = fv, the volume evolution is

V'(t) = / fdpg and surface area satisfies A'(t) = / fdug. Thus, by
M(t) M(t)
Minkowski identity (2.6),

V() = /M(n¢' _ Hu)dp =0,
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By the general Minkowski identity (2.8), we have

A(t) = / (n¢' — Hu)Hdpu,

= /MMZ ;- —02)udp
= nil/ Z Ki — Kj) 2udp.

1<J

O

Next we consider the special case of a bounded convex domain in R"t!,
We first show that the weak convexity of the initial hypersurface is preserved
and improved along the flow (1.2).

Lemma 3.6. Let My be the smooth boundary of a bounded convexr domain in
R™*1 which may have flat side. If My is a solution of flow (1.2) with initial
hypersurface to be My, then My is strictly convexr for any t > 0 whenever
the flow exists.

Proof. The proof follows immediately from Theorem 1.4 of Bian-Guan [3].
O

Proposition 3.7. Let My be the smooth boundary of a bounded convex
domain in R" L. If M, is a solution of flow (1.2) with initial hypersurface
to be My, then for any k =0,1,--- ,;n— 2,

d
dt
where k(x) are the principal curvatures of the hypersurface at point x €
M(t).

(3.7) o(k)dp < 0,

Proof. Recall for a general evolution equation,
ﬁtX == }71/7
with speed function F'(X,t), we have the evolution equation of the qumer-
massintegrals, c.f. Proposition 4 of [9],
d
G | o= w+1) [ P
M M

For any ¢t > 0,0, >0 foralll =0,1,--- ,n by Lemma 3.6. By Newton-
McLaurin inequality, we have the following,

(3.8)

(3.9) O10k+1 > C10k42-
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where ¢; = Z(_k,fi Let F =n — Hu in (3.8) and apply inequality (3.9), we

have

d
4 / on(k)dp = (k+1) / (noks1 — uoropsr )
M M

< (k+1) / (nog+1 — cruoki2)dp
M

where in the last step we used Minkowski identity (2.8). This completes the
assertion. 0

4. RADIAL GRAPH AND CY ESTIMATE

Let (M, g) be a hypersurface in N"™!(K) with induced metric g. We now
give the local expressions of the induced metric, second fundamental form,
Weingarten curvatures etc when M is a graph of a smooth and positive
function p(z) on S™. Let 0y,---,0, be a local frame along M and 9, be
the vector field along radial direction. Then the support function, induced
metric, inverse metric matrix, second fundamental form can be expressed
as follows ([19]). For simplicity, all the covariant derivatives with respect to
the standard spherical metric e;; will also be denoted as V when there is no
confusion in the context.

(4.1)
¢2
U= ——
\/2<152+|V/J|2 o oo

gij = 005+ pipj, 97 = gV — BE)

hij = (v ¢21+ |VP|2);(—¢_VNJ'P + 24/ pipj + 0*des;) ,

W= e (€~ @) (COVeVip + 26 pupj + ¢*dler;)
where all the covariant derivatives V and p; are w.r.t. the spherical metric

eij.

It will be convenient if we introduce a new variable v satisfying

dy _ 1
dp ~ )

Let w = W, one can compute the unit outward normal v =
%(17_%’..- ’—g—g) and the general support function u = (D¢, v) = %
Moreover,

gij = %0+ pips, g7 = (el — 13)
(4.2) hij = %(_%j + ¢y + ¢eij)

= go(e® = 1) (=g + ¢y + Peny)

where all the covariant derivatives are w.r.t. the spherical metric e;;.
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We also have for the mean curvature,

Lo i
H=—— iy J

gbw(e w?
We now consider the flow equation (3.2) of radial graphs over S" in

N (K). Tt is known ([8]) if a closed hypersurface which is a radial graph
and satisfies

(4.3)

) (=75 + ¢ + deij).

8tX = fV,

then the evolution of the scalar function p = p(X(z,t),t) satisfies
op = fw.

Thus we only need to consider the following parabolic initial value problem
on S",

(4.4) { o Op= (n¢' — Hu)w,for (z,t) € " x [0, 00)

)O) = po,

where pg is the radial function of the initial star-shaped hypersurface.
Equivalently, the equation for v satisfies

(4.5) Oy = (n¢' — Hu)

We next show that the radial function p is uniformly bounded from above
and below.

Proposition 4.1. Let My be a radial graph of function pg embedded in space
form N Y(K). If p(z,t) solves the initial value problem (4.4), then for any
(z,t) € S" x [0,T],

i 0) < t) < 0).
min p(z, 0) < p(z,t) < max p(z, 0)

Proof. Note Vy = %Vp, thus v attains maximum or minimum at the same
point as p. At critical points of v and p, we have the following critical point
conditions,

Vy=0,Vp=0,w=1.

Then it follows from (4.2) that, at critical points of v and p, H = %(—A7+
ng¢'). Together with (4.5), at critical points,

1 1
Y = gA% and  Oip = EAP-

By standard maximum principle, this proves the uniform upper and lower
bounds for v and p. O
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5. GRADIENT ESTIMATE AND CONVERGENCE
We need the following technical lemma.

Lemma 5.1. Let v be a solution of (4.5) and assume |V~|? attains maxi-
mum value at point P, then at P, the following holds,
(5.1)

r | ;7’2 ¢”¢ (¢,)2 1 \V/ 2 1 vV 2 ¢, \v4 2
— ) = — E— I — Y - 7A )4 Y
where L is a Strictly pambolic 0p€’f’(lt07” deﬁned as ?O”O’U]S.’ fOT’ any function

f(z,1),

n
V|t —

(f) _ft_%( ij %Pyj)fz]

Proof. By critical point condition, at P we have
V|V~]2 =0,Vw =0.

From (4.2) and (4.5), using critical point condition, we have

(ZS, 1 Yiwi
Oy =nw— — —(—Avy + +
tY 6 dw (— ¢)
Thus, at P
(5.2)
2
atlvTW| = MWV
= Vg (nw% — qu( Ay + VM + ng’ ))
= 'kak( W7|2+ —%5)

= n®ee) ¢ VA1t = AV + VA Vjy — i

Recall on sphere, tensor A;; := fi; + fe;; is Codazzi for any funct1on f(z),
where e;; is the standard spherical metric and the covariant derivatives are
w.r.t. e;;. Thus

Vi(vik +vejn) = Vi(vij + veij)-
Applying this property, we have
ViAViy = Vi Viy — (n — 1)V~
v
ARZE — vV — (n - 1) v
Plug (5.3) into (5.2), we have

(5.3)

(5.4)
8}5% — ¢1 A|V7\2 _ wik:}g‘/k
+n @S0 7o)t — 22|9af2 — LUV — £ Aq VA
Note that

1oy VAP 1 VAP wai
qﬁw(e w? ) 2 Jis = pw 2 pw?
This completes the proof. O
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5.1. R»*1 and S"*! cases. In this subsection, we give a priori estimates
for R"*! and S"*! cases which are relatively easier.

Proposition 5.2. Let My be a radial graph of function pg over S™ in space
form N""(K) for K =0 or +1. If p(z,t) solves the initial value problem
(4.4) on interval [0,T], then for any (z,t) € S™ x [0,T],

|Vpl(z,t) < C

where C' is a uniform constant only depends on the initial values and the
covariant derivatives are w.r.t. the spherical metric on S™. Moreover, the
following exponential convergence holds, for any (z,t) € S™ x [0,T],

(5.5) |V (2,1) < max [Va[*(2,0),
zeSn

where o > 0 is a uniform constant depending only on the initial graph.

Proof. By Lemma 5.1, we have at the maximal point P,
(5.6)
AV 2 //
E(' ol ) = n @(J
(
(JJ

Sndﬁ”i

“[VAt = 2LV — LIV — LAy V2
VA4 = 2LV 2 — 55(A)2 — S A0 VA P2,

where we have used Cauchy-Schwartz inequality in the last step. By com-
pleting the square, we obtain
(5.7)

2 1" /
E(W;I ) < ¢ ¢ (¢> |V’y|4 _1|V’y|2
—do (Aw 26 1VAR)" + 4 (¢)% V!
R = 1 W(Awwww

In R"H1, 2(¢))2 — ¢"¢ = 2. In S"H1, 3(¢')2 — ¢/ = 3 + Lsin?(p). Thus
in both these two cases, we have

(5.8) £(3h) <

—LH VAP <o.

Standard parabolic maximal principle yields that |Vv|?(z,t) < C =
max |V~|?(z,0). Since |Vy| = lv’) | and ¢ is uniformly bounded from above

and below by positive constants we have the uniform bound for |Vp| as
well.

Next, we prove the exponential estimate. Since we have shown that |V~|?
is uniformly bounded from above, so is w. Thus there exists a uniform

constant o > % > 0 which depends only on the upper bound of w and
¢. By (5.8),

V|2 V1|2
5(%) < _a%_

Standard maximal principle then proves (5.5).
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5.2. a Priori estimates : H"! case. In this section, we derive gradient
estimate and exponential convergence of the parabolic initial value problem
(4.4) in H™™'. The difficulty in H"*! is because in (5.7), 3(¢/)? — ¢ ¢ =
%—% sinh?(p) and a priorily, it may not be positive for all initial graph. Since
this term is the leading term, we have to find other means to get around.
To obtain a uniform gradient bound, we have to use the fact that the

mean curvature is uniformly bounded from above.

Proposition 5.3. Let My be a radial graph of function pg over S™ in space
form H" L. If p(2,t) solves the initial value problem (4.4) on interval [0,T),
then for any (z,t) € S™ x [0,T],

Vpl(z,t) <C

where C' is a uniform constant only depends on the initial values and the
covariant derivatives are w.r.t. the spherical metric on S™.

Proof. As in the proof of Proposition 5.2, we carry out computations at
the maximum point P of the test function |[V+y|?. Recall in (5.6), we have
obtained

(5.9)

[V ¢"¢ — (¢)? g n—1 2 1 2 ¢ 2
Wy _p,22 777 - - - ZA
L(——)=n o V] o V] ¢W|VV’Y\ 0 VIV

On the other hand, from (4.3), at the critical point P, we have
1
H=—(-A N.
o (—Av +ng)
Or equivalently,

Plug (5.10) into (5.9), after simplifications, we have

(535 = TR — G (n = 14 n(9')? — 9¢/wH) |V — 5|V OA?
= _qb% |w(nw — H cosh psinh p) + ncosh? p — 1]|V|? — ¢%|VV7\2,

where we have used w? = 1 + |V7|%, ¢ = sinhp, and ¢"¢ — (¢/)? = —1. At
P, if nw < H cosh psinh p, by the uniform upper bound of H, (c.f. Corollary
3.5), and the uniform upper bound of p, we have w < C and the proof is
done. Now we can assume that nw — H cosh psinh p > 0. Note coshp > 1,
thus

(5.11)

/j(@) _d%w [w(nw — H cosh psinh p) 4+ n cosh? p — 1] VY% - d)%’VV’Y‘Q

0.

IA I

By the standard maximal principle, we prove the assertion. O
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5.3. Long-time existence and exponential convergence. By direct
simplification, we obtain the following lemma by (4.2), (4.3), and (4.5).

Lemma 5.4. Recall p(z), z € S™, is a positive function on unit sphere and
o(p) issin(p), p, orsinh(p) when K = +1,0, —1 respectively. Equation (4.5)
is then a parabolic equation of divergent form, i.e.,

o1 2¢' | V|2
’yt:dIV(Qsin'y)‘F ¢¢|5w’y’ 5

. P
where w = /14 |V~|?, and v(z) := v(p(2)) satisfies 8% = ﬁ.
Equivalently, p(z,t) solves the following divergent parabolic equation,

1 2¢'|Vp|?
— div(—Vp) + =2 P
Pt IV((ﬁ(D p) + (an)
where @ = /¢ + |Vp|? and all the covariant derivatives are w.r.t. the
standard metric on unit sphere.

Proof. ( Proof of Theorem 1.1 for cases : R"! and S"*!.) Since (4.4)
or (4.5) is a divergent quasi-linear parabolic equation, by the classical theory
of parabolic equation in divergent form (e.g., [18]), the higher regularity a
priori estimates of the solution follow from the uniform gradient estimates
in Proposition 5.2 and Proposition 5.3. Moreover, the solution of p(-,t)
exists for all t € [0,00). Now we are ready to prove our main theorem
for the Euclidean and elliptic cases, that is the exponential convergence.
This follows from the exponential estimate (5.5) in Proposition 5.2. That
is, e’!|Vp(t)] — 0 as t — oo for each B < «, and the graph converges to a
sphere exponentially fast. This proves our main theorem for the Euclidean
and elliptic spaces. O

What’s left is the exponential convergence in hyperbolic space H"*!.
Since the gradient estimate implies uniform bounds for all the a priori esti-
mates because the equation is quasilinear divergent parabolic, we now know
that the principal curvatures, surface area element, and other geometric
quantities are all uniformly bounded from above.

Next, we will show that when ¢ is large enough, different principal cur-
vatures of the radial graph at the same point are comparable uniformly for
arbitrary small e.

Proposition 5.5. Let p(z,t) solves the initial value problem (4.4). Then
for any € > 0, there exists a Ty > 0, such that for any t > Ty,

(5.12) ii}}%n |ki(z,t) — Kj(2,t)] <,

where k(z,t) are the principal curvatures of the radial graph p(z,t) at (z,t) €
S™ x [0, 00).
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Proof. Let A(t) be the surface area of the radial graph at time ¢ > 0, then

(5.13) A(t) — A(0) = /0 A(s)ds

Since A’(s) < 0 from Proposition 3.5 and also A(t) is uniformly bounded

o
from above and below, by our regularity estimates, we have / Al(t)dt <
0
oo. By Proposition 3.5,

|A'(t)] =~ : /M(t)z(’”vz‘(w)—fij(fv))Qudﬂg-

n—1 —
1<)

Since we have established the uniform a priori estimates for all the deriva-
tives of p both with respect to z and ¢ for any order and also 0 < C'y < u < Cy
uniformly, A’(t) is uniformly continuous with respect to ¢ and dyu, is also
uniformly bounded from both up and below. This proves the assertion when
T is big enough. U

Applying Proposition 5.5, we will prove the following exponential conver-
gence theorem which proves that the solution of the initial value problem
(4.4) for the hyperbolic case also converges to a standard sphere exponen-
tially.

Proposition 5.6. Let My be a radial graph of function pg over S™ in space
form H" "L, If v(z,t) solves (4.5) on interval [0,T), then there exist a uni-
form constant a > 0 which depends only on the initial graph, such that for
any (z,t) € S* x 0,77,

1|V (2, 1) < max |Vy(2,0)

where the covariant derivatives are w.r.t. the spherical metric on S™.

Proof. Let € > 0 be a small enough constant to be determined and Ty > 0 be
defined as in Proposition 5.5. For any T > Ty, assume % achieves max-
imum on the interval [Ty, T] at point P. Recall in the proof of Proposition
5.3, we have proved (5.11) at P,

(5.14)

2
E(W;\ ) 1

" wsinhp

IN

(nw? — wcosh psinh pH 4 n cosh? p — 1)|V~|2.

At the critical point P, we can simplify the Weingarten tensor h; =
ﬁnhp(_’ﬁj + cosh pd;;), where d;; is the standard spherical metric if we
choose orthonormal coordinates at this point. By rotating the coordinates,
we can assume y; = |Vy| and 7; = 0 for 2 < j < n. Then by critical point
condition, v;; = 0forall j = 1,--- ,n. Now fixing the 7 = 1 direction, we can
diagonalize the rest (n—1) x (n— 1) matrix. Finally, v;; becomes a diagonal
matrix with 17 = 0. Since the Weingarten tensor h;- = ﬁnhp(_’ylj +
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cosh pd;;) at P, it is also diagonalized so the eigenvalues are h! which are
also the principal curvatures. Thus at P, the principal curvatures

. 1
By Proposition 5.5 and (5.15), we have
(5.16) i — 55| < €Ch

where (' is a uniform constant and we have used the uniform boundedness
of p and w. Since y11 = 0, using (5.16), we have |v;;| = |11 — ;5| < €Cy for
2 <7 <n. Recall at P,

—wsinh pH = Z%i —ncoshp > —(n — 1)eCy — ncoshp.

For small enough € which depends on the uniform bounds of p, we have

nw? — w cosh psinh pH + ncosh? p — 1

(n — 1)+ (n — (n — 1)eC} cosh p)|V~|?
n— 1.

(5.17) >
>

Now if we plug (5.17) into (5.14), we have

2 _
WW)S_H‘l
2 w sinh p

\V4 2
|v ’2§—Oé| ;|7

where a > 0 is a constant independent of time ¢. Standard maximal principle
proves that

(5.18) £

max e“t|V7\2 < (.
(2,)€8" X [To, T

Since max ™| Vy|? < e2T0Cy, where Oy is the uniform upper bound
(2,t)eS™ x[0,T0]

of |V+|2, we have

ma e\ VA2 < O,
(2,0)ES" X [0,T]

where C' is a uniform constant depending on C7, Cs, and Tj. Since all the
constants including Ty are uniform, we finish the proof.

O
Proof. ( Proof of Theorem 1.1 : H"*!.) With all the a priori estimates
and exponential convergence established, the proof is now standard. O

6. PRESERVING CONVEXITY

In this section, we prove flow (1.2) preserves convexity in R**1. The proof
follows arguments in the proof of Theorem 1.4 in Bian-Guan [3]. Since the
statement in Theorem 1.4 in [3] does not imply directly the convexity of flow
(1.2) (even though its proof does), we state the following general result. We
denote ST, to be the set of all positive definite n x n matrices, u =X -v, g
and h the first and the second fundamental forms of surface M respectively.
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The proof in [3] can be adapted by considering u as an independent variable
and making use of Lemma 2.9 in the case of N = R"*1,

Theorem 6.1. Suppose F(A, X,v,u,t) is monotone (i.e., aaTFi,j >0)in A
and F(A™Y, X,v,u,t) is locally convex in (A,X) € ST, x R*™ for each
fired v € S*, u € RT, t € [0,T] for some T > 0. Let M(t) be an oriented
immersed connected hypersurface in R™ with a nonnegative definite second
fundamental form h(t) satisfying equation

(6.1) X, =—F(¢7'h, X, v,u, t)r.

Then h(t) is of constant rank I(t) for each t € (0,T] and l(s) < I(t) for
all 0 < s <t <T. Moreover the null space of h is parallel for each t. In
particular, if My is compact and convex, then M (t) is strictly convex for all
te(0,7).

Proof. The proof follows the similar lines of arguments in the proof of
Proposition 5.1 in [3], here we will just indicate some modifications needed
when u is considered as an independent variable. We use the same notations
as in [3]. For € > 0, let W = (§""hyy,; + €5;5), let I(t) be the minimal rank of
h(t). For a fixed tg € (0,7, let xg € M such that h(tp) attains minimal rank
at zg. Set ¢(z,t) = o1 (W(x,t)) + %(W(a:,t)) It is proved in section

2 in [3] that ¢ is in CYL. The first part of Theorem will follow if we can
establish that there are constants Cy, Cy independent of € such that

(6.2) Fij¢ij — ¢ < Cio+ Cz‘V(;ﬂ, near (xo, tg).

Denote h? = (h}hé) Note that under (6.1), the Weingarten form hé. =
gimhmj satisfies the equation

(6.3) Ohs = V'V, F + F(h*)\.

As in [3], near (to, o), the index set {1,--- ,n} can be divided in to two
subset B, G, where for i € B, the eigenvalues of (W;;), A; is small and for
J € G, \j is strictly positive away from 0. As in [3], we may assume at each
point of computation, (W;; is diagonal. Notice that W;; < ¢ for all i € B,
so we have the following inequality as corresponding to inequality (5.3) in
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[3]:
ZF%aﬁ g =000+ Y [VWy|) - ijaWijs
i,j€EB a,B i,JEBi#£]
0_3 ZZF zzagl — Wi Zv]ja zzﬁo'l ) - Wiizvjjﬁ)
1 a,B i€B jEB JEB
B
=2 _[0(G) |a) 2(B) [ > P laﬂan+ZFX
i€EB 1 a,B,v,neG
n+1 n+1
+2 ) PP Z WZJQWW +2 3 Y PPN WiX] + Y FYXIX]
afEG ]GG o,BEG y=1 v,m=1
n+1 n+1
+2 )0 Y PP Wiapus + 2 FUNu X+ Flug + FU"g).
a,feG y=1 y=1

The term involving X;; and the terms involving u;, u; (i € B) can be
controlled by W;; and VW;; using the Weingarten formula and Lemma 2.9.
We obtain

ZFaﬂ%cﬁ—ﬁbt O(o + Z |\VWi;|) — Z Z F°WijaWijg

i,jEB a,B i,jEB,i#]
0_ ZZF zzaal — Wi Zvj_]a zlﬁal ) - Wiizvjjﬁ)
aﬁ i€EB jEB JEB
B — 0'2 B
- Slo) + I D O Wi
i€EB 1 a,B,v,neEG
n+1 n+1
+2 > F@ﬁz WWWW+2 SN PP WiasX] + > FXIXD.
aBeG JeG a,feEG y=1 yn=1

The analysis in the proof of Theorem 3.2 in [3] can be used to show the right
hand side of above inequality can be controlled by ¢+|V¢|—C Zi,jeB |V Wil
Inequality (6.2) is verified. The first part of theorem follows from the stan-
dard strong maximum principle for parabolic equations.

For the second part of theorem, as in [3], we may approximate My by a
strictly convex M§. By continuity, there is § > 0 (independent of €), such
that there is a solution M€(t) to (6.1) with M<(0) = M for t € [0,5]. We
argue that M€(t) is strictly convex for ¢t € [0,d]. If not, there is to > 0
so that M€(t) is strictly convex for 0 < ¢t < tg, but there is one point xg
such that (hsj(xo,t0)) is not of full rank. This contradicts the first part of
theorem. Taking ¢ — 0, we conclude that M () is convex for all ¢ € [0, d].
This implies that the set ¢ where M (t) is convex is open. It is obviously
closed. Therefore, M(t) is convex for all ¢ € [0,7]. Again, by first part of
theorem, M (t) is strictly convex for all ¢ € (0, 7. O
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In the case of flow (1.2), F(¢g~'h, X,v,u,t) = uoi(g~*h) —n, it is clear F
satisfies conditions in Theorem 6.1.

Proof. ( Proof of Corollary 1.2.) The proof follows from our main theo-
rem, the monotonicity of the quermassintegrals (Proposition 3.7) and The-
orem 6.1. 0

(1]
2]

[10]
(1]

12
13
[14]
[15]
[16]
[17]

18]

(19]

20]

REFERENCES

B. Andrews, Monotone quantities and unique limits for evolving convex hypersurfaces,
Internat. Math. Res. Notices 1997 (1997), 1001-1031.

J. Barbosa, J. Lira and V. Oliker, A priori estimates for starshaped compact hy-
persurfaces with prescribed mth curvature function in space forms, Nonlinear prob-
lems in mathematical physics and related topics, I, 3552, Int. Math. Ser. (N. Y.), 1,
Kluwer/Plenum, New York, 2002.

B. Bian and P. Guan, A microscopic convezity principle for nonlinear partial differ-
ential equations, Invent. Math. 177 (2009), no. 2, 307-335.

K. Brakke, The motion of a surface by its mean curvature, Mathematical Notes, 20.
Princeton University Press, Princeton, N.J., 1978.

E. Cabezas-Rivas and V.Miquel, Volume preserving mean curvature flow in the hy-
perbolic space, Indiana Univ. Math. J. 56 (2007), no. 5, 2061-2086.

M. Gage, and R. Hamilton, The heat equation shrinking conver plane curves, J.
Differential Geom. 23 (1986), no. 1, 6996.

C. Gerhardt, Flow of nonconvex hypersufaces into spheres. Journal of Differential
Geometry, 32 (1990) 299-314.

C. Gerhardt, Curvature problems, Series in Geometry and Topology, 39. International
Press, Somerville, MA, 2006.

P. Guan and J. Li, The quermassintegral inequalities for k-conver starshaped domains.
Adv. Math. 221 (2009), no. 5, 1725-1732.

P. Guan and J. Li, A fully non-linear flow and quermassintegral inequalities, preprint.
P. Guan and G. Wang, A fully nonlinear conformal flow on locally conformally flat
manifolds, Journal fur die reine und angewandte Mathematik, 557 (2003), 219-238.
P. Guan and G. Wang, Geometric inequalities on locally conformally flat manifolds,
Duke Math. J. 124 (2004), no. 1, 177-212.

G. Huisken, Flow by mean curvature of convex surfaces into spheres, J. Diff. Geom.
20 (1984), 237-266

G. Huisken, Contracting convex hypersurfaces in Riemannian manifolds by their mean
curvature, Invent. Math. 84 (1986), no. 3, 463-480.

G. Huisken, The volume preserving mean curvature flow, J. Reine Angew. Math. 382
(1987), 35-48.

G. Huisken and C. Sinestrari, Convexity estimates for mean curvature flow and sin-
gularities of mean convex surfaces, Acta Math. 183 (1999), no. 1, 4570.

Q. Jin and Y.Y. Li, Starshaped compact hypersurfaces with prescribed k-th mean cur-
vature in hyperbolic space, Discrete Contin. Dyn. Syst. 15 (2006), no. 2, 367377.
O.A. Ladyzenskaya, V.A. Solonnikov, and N. N. Ural’ceva, Linear and quasi-linear
equations of parabolic type, Translations of Mathematical Monographs, 23, Provi-
dence, RI: American Mathematical Society, (1968)

V. Oliker, Fxistence and uniqueness of convex hypersurfaces with prescribed Gaussian
curvature in spaces of constant curvature, in the series of Seminari dell’ Istituto di
Mathematica Applicata ” Giovanni Sansone”, Universita degli Studi di Firenze, 1983,
1-39

P. Petersen, Warped product, “http://www.math.ucla.edu/ petersen/”, expository
work.



CURVATURE FLOWS AND INEQUALITIES 21

[21] R. Reilly, On the Hessian of a function and the curvatures of its graph, Michigan
Math. J. 20 (1973), 373383.

[22] R. Reilly, Applications of the Hessian operator in a Riemannian manifold, Indiana
Univ. Math. J. 26 (1977), no. 3, 459472.

[23] F. Schulze, Nonlinear evolution by mean curvature and isoperimetric inequalities, J.
Differential Geom. 79 (2008), no. 2, 197-241.

[24] P. Topping, Mean curvature flow and geometric inequalities, J. Reine Angew. Math.
503 (1998), 47-61.

[25] J. Urbas, On the expansion of starshaped hypersurfaces by symmetrics functions of
their principal curvatures. Mathmatische Zeitschrift, 205,355-372 (1990).

DEPARTMENT OF MATHEMATICS, MCGILL UNIVERSITY, MONTREAL, QUEBEC. H3A
2K6, CANADA.
E-mail address: guan@math.mcgill.ca

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ALABAMA AT BIRMINGHAM, BIRM-
INGHAM, AL 35294
E-mail address: j£1iQuab.edu



