A GEODESIC EQUATION IN THE SPACE OF SASAKIAN
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This paper is to draw attention to a geodesic equation on space of Sasakian
metrics. The equation is connected to some interesting geometric properties of
Sasakian manifolds. It can be viewed as a parallel case of a well-known geodesic
equation for the space of Kéhler metrics introduced in [11, 15, 5].

Let us first recall the definition of the space of Kéahler metrics. For a given
compact Kéhler manifold (M, g) with Kéhler metric g. Let

Y = {¢ € C*(M)|(g;5 + ¢i7) > 0}
be the space of all Kihler metrics in cohomology class of g. Mabuchi [11] introduced
a natural Riemannian structure on HX. A formal calculation in [11] yields that
HXE is a non-positive curved symmetric space of non-compact type. Semmes [15]

studied the geodesic equation on the Kihler space HX relating it to a Dirichlet
problem of the homogenous complex Monge-Ampere equation

(1) det(g;5 + ¢;7) = 0.

This is a degenerate equation. The corresponding elliptic equation on compact
Kéhler manifold is the famous complex Monge-Ampere equation related to the Cal-
abi conjecture. The solution was established by Yau in this celebrated work [16].
In [5], Donaldson conjectured that the space HX of Kihler metrics is geodesically
convex by smooth geodesics and that it is a metric space. Donaldson also outlined
a strategy to relate the geometry of this infinite dimensional space to the existence
problems in Kihler geometry. In [3], Chen obtained important C1! regularity of the
associated Dirichlet problem for the homogeneous complex Monge-Ampére equa-
tion. He proved the Kéahler metric space is a metric space and partially validated
the geodesic conjecture of Donaldson. We also refer [2, 13] for further works.

Back to Sasakian geometry. Let (M,g) be a connected oriented (2n + 1)-
dimensional smooth Riemannian manifold. (M, g) is said to be a Sasakian manifold
if the cone manifold (C(M),§) = (M x RT, 12g+ dr?) is Kihler. Sasakian ge-
ometry was introduced by Sasaki [14] and is often described as an odd dimensional
counterparts of Kéhler geometry. There is an extensive literature on of Sasakian
manifolds, in particular the work by Boyer, Galicki and their collaborators. We re-
fer [1] for an up to date account. Recently, some interesting connections of Sasakian
geometry with superstring theory in mathematical physics have been found (e.g.,
see [12] and references therein).

The first author was supported in part by an NSERC Discovery grant, the second author was
supported in part by NSF in China, No.10771188 and the ministry of education doctoral fund
20060335133.
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We list some basic geometric properties associated to Sasakian manifold, they can
be found in book [1]. The following equivalent conditions provide three alternative
characterizations of the Sasakian property.

(1) There exists a Killing vector field £ of unit length on M so that the (1,1)
type tensor field @, defined by ®(X) = V x¢ satisfies the condition

(2) (Vx®)(YV) =< &Y >, X—< XY >, ¢

for any pair of vector fields X and Y on M.
(2) There exists a Killing vector field £ of unit length on M so that the Riemann
curvature satisfies the condition

(3) R(X, )Y =<£Y >, X—< XY >, ¢

for any pair of vector fields X and Y on M.

(3) There exists a Killing vector field £ of unit length on M so that the sectional
curvature of every section containing £ equal one.

(4) The metric cone (M x Rt r?g + dr?) is Kihler.

Set n(X) =< X,& >, for any vector field X on M. Let ® be (1,1) tensor field
which defines a complex structure on the contact sub-bundle D = ker{n} which
annihilates . In view of the above equivalent conditions, (£, 7, ®) is called a contact
structure on (M, g) . The Killing vector field £ is called the characteristic or Reeb
vector field, 7 is called the contact 1-form. Sasakian manifolds can be studied from
many view points as they have many structures. They have a one dimensional
foliation, called the Reeb foliation, which has a transverse Kahler structure; they
also have a contact structure. Sasakian geometry is a special kind of contact metric
geometry such that the structure transverse to the Reeb vector field £ is Kahler
and invariant under the flow of &.

Let (&,n,®,g) be a Sasakian structure on manifold M. Let F¢ is the charac-
teristic foliation generated by £. In order to consider the deformations of Sasakian
structures, we consider the quotient bundle of the foliation F¢, v(F¢) = TM/LE.
The metric g gives a bundle isomorphism between F¢ and the contact sub-bundle
D. By this isomorphism, ®|p induces a complex structure J on v(F¢). (D, ®|p,dn)
give M a transverse Kéahler structure with Kéhler form %dn and metric g7 defined

by ¢7'(-,-) = %dn(, ®.). A p-form 6 on Sasakian manifold (M, g) is called basic if

(4) ic0 =0, Lef=0,

where i¢ is the contraction with the Killing vector field &, L¢ is the Lie derivative
with respect to £. It is easy to see that the exterior differential preserves basic
forms. Namely, if 6 is a basic form, so is df. Let A} (M) be the sheaf of germs of
basic p-forms and QY (M) = T'(M, A, (M)) the set of all section of A% (M). The
basic cohomology can be defined in a usual way.

Let D€ be the complexification of the sub-bundle D, and decompose it into its
eigenspaces with respect to ®|p, that is

(5) DC —_ Dl,O @Do,l'

Similarly, we have a splitting of the complexification of the bundle AL (M) of basic
one forms on M,

(6) Ny(M)® C = AR (M) @ A% (M).
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Let /\gj (M) denote the bundle of basic forms of type (i,7). Accordingly, the fol-
lowing decomposition is in place,

(7) Np(M) ® C = @4y j=p N (M),

Define g and 0p by

® 9p i A (M) = NG (M);

O+ N (M) — NFT(M);

which is the decomposition of d. Let d§ = /~1(0p — 95) and dp = dlsr. We

-2

have dp = Op + 0p, dpdy = /—10p035, dE = (d%)* = 0.

Fix a Sasakian structure (£,7,®,g) on compact manifold M. A function ¢ on
M is called basic if £ = 0. We denote the space of all smooth basic real function
on M by C%(M). Define

9) H={p e CF(M):n,A(dn,)" # 0},
where
(10) ne =n+dge, dn, =dn+—19505¢.

A basic (1,1) form 6 is called positive at point p if the matrix (015) is positive,
where 0,7 = —/—10(X;, X ;) and {X;} is a basis of D;’O. dn is positive since it
represents a transversal Kéhler form. H is contractible. This fact can be observed
as follow. Given any ¢ € ‘H and suppose p is a minimum point of ¢, then we have
dn, is positive at p. Since 1, A (dn,)™ # 0 everywhere, dn, must be positive at
every point in M. Therefore H can be identified with {¢ € CF (M) : dn, > 0}.
This implies H is convex.

Let us consider one class of deformations of Sasakian structure those that fix the
characteristic foliation but deform the contact form. Let ¢ € H and define

Go = 5dn,o(Id®@ P,)+1,@1n,.

It follows that (&, 7y, Py, g,) is a Sasakian structure on M. Furthermore, we have
that (£, 74, Py, ge) and (&, n, ®, g) with the same transversely holomorphic structure
on v(F¢) and the same holomorphic structure on the cone C(M).

On the other hand, if (¢,7, P, g) is another Sasakian structure with the same
Reeb field, the same transversely holomorphic structure on v(F¢), then [dn]p and
[d7l] p are the same cohomology class in Hy'(M). By transversal global 9d-lemma
from [7], there exists a unique basic function @ € H up to a constant such that

(12) dﬁ = d?] + vV 718353@.

Furthermore, if (§, 7, P, g) induce the same holomorphic structure on the cone C' (M)
as that by (£,7n,®,g), then there exists a unique function ¢ € H up to a constant
such that 7 = n,, o = P, and § = g,. Indeed, Let g = di? + 72§ be the Kahler
metric on C(M), since with the same holomorphic structure on C(M), then we
have f% =J(¢) = r%; this implies that 7 = rexp %cp for some basic function ¢,
then we have 7 = d°log7® = 1+ d°p = n,. In this sense, we also call H by the
space of Sasakian metrics.
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Let 7 be the space of all transverse Kéhler form in the basic (1,1) class [dn]p,
then the natural map

1 _

(13) H—->T, ¢p— i(dn+v—18383gp)

is surjective. Consider functional Z : H — R defined by
- n!

(14) Z(p) =) G+ i —p)!

= I(n — p)!

/M en A (dn)" P A (V—=10p0pp)" .

In this paper, we normalize [,,n A (dn)™ = 1. Set

(15) Ho = {p € H|Z(p) = 0},

we have the following identifications

(16) Ho=T, ¢ %(dn +v/~1005¢),
and

(17) H=Ho xR, ¢ (p—-I(p),I(¢))

There is a Weil-Peterson metric in the space H. This metric induce geodesic
equation. A natural connection of the metric can be deduced from the geodesic
equation. Let (M, g) be a compact Sasakian manifold with the contact structure
(&,n,®) and let H defined as in (9). One can define a new Sasakian structure by
fixing the Reeb vector field { and varying n as follows. V¢ € H, let 7, and ®,
defined as in (11), then (&, 7y, @y, g,,) is a Sasakian structure on M. The following
lemma indicates that all these Sasakian metrics have the same volume (e.g., see

[1)-

Lemma 1. For any ¢ € CF (M), we have
(19) [ nentanyr = [ nanr.
M M

Clearly, the tangent space TH is C¥(M). Each Sasaki potential ¢ € H define
a measure dp, = 1, A (dn,)", so we define a Riemannian metric on the infinite
dimensional manifold H using the L? norm provided by this measure,

(19) (1, 9) = /M n - adpg, Vb, s € C3F (M),

For a path ¢(t) € H (0 <t < 1), the length is given by
1
dp

Lemma 2. The corresponding geodesic equation can be written as

2

0%p Jdp, = ,0p e
it~ A (V=105(55) A Ts(50)) A (dng)" ™t =0,

or, equivalently,

(21)

%y 1 0¢ 5
22 oz~ 114l =0
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Proof. Indeed, let (t,s) : [0,1] x (—€,e) — H be a family of curves with the
fixed end points, and supposing that ¢ is the path length parameter when s = 0,
ie. fM )Qduw = C* when s = 0. By direct calculation, we have

0 —
—2929245 (92) A (dn,)" — 22220, A (n/=10p0522) A (dn,)",

a0)
22)2n, A (nr(?BgB%) (dng)"~t +
(

(22
A28y, (nFl 00%%) 1 (d, ) >+8<6§>2 n/ =105 22) A (dn,)"
+d(22)2 A1y A (n/=105%2) A (dnp)™ 1 + (92)2d5(52) A (dn,)™,
(%" A 1 (n/=T05 52) A ()
= d((nyT f)moAaB(%g)QA(d%)”’lH(n —192)9,(22)2 A (dn,)"
/T2 0, A 950 (5 ) ()

)

o)

= —d((nv 192)n, A 9p(Z2)% A (dnp)" 1) + (n/=152)05(%2)2 A (dn,)"
+2(ny/— aw %f 7750/\8383(87@) A (dng)"™ !
+2 nf 2 Ve A O %2 NOB%E A (dn,)

From above identities, we have

L L(s)]s-0
1
= fM £ dpo) dt)ls=o
2
2f0 fM 2dl%o 2|s:0 fM Q%Stgﬁd#w (8¢)2 7 (d/i@))|s Odt
fo (c*)—2 fMQBS {nsa/\(?l\/—ilaBaas;:J NOp at) (dne)" =t = 6t2 Fdug})ls=o dt,

The geodesic equation on the infinite dimensional Riemannian manifold H follows
from above formulas. [J

Q3

In [9], it has been proved that every Sasakian manifold can locally be generated
by a free real function of 2n variables. This function is a Sasakian analogue of the
Kahler potential for the Kahler geometry. More precisely, for any point P in M, one

can choose local coordinates (x,z',22,---,2") € R x C™ on a small neighborhood
U around P, such that
& = &

ox . .

dr — v/ =1(hjdz? — hzdz’);
VX @dd - X;@d7};
nen+ 2hi3dz’dzl,

(23)

n
)
g
where h : U — R is a local basic function, i.e. % =0, h; = g:” hﬁ = %,
and' Xj: = % + \/_flhj_a%, Xj = % — V- hj 5. 1n the above, we setting
2dz'dz? = dz* ® dz7 + dz7 ® dz'. In such local coordinates, D ® C is spanned by
X; and X, it is clear that

DX, =V-1X;, OX;=-—V-1X,,
(24) [Xi, X;] = [Xi, X;] = [€, Xi] = [¢, X:] = 0,

(X, X ;] = —2v/— 1h;3€.
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Obviously, {n,dz*,dz?} is the dual basis of {2, X;, X;}, and
(25) dn = 2v/=1hzdz" A dz.

Remark 1. For a fized point P € M, one always can choose the above local
coordinates (x,z%,- -, 2™) centered at P satisfying additionally that {%
or equivalently h;(P) = 0 for all j. Indeed, one can only change local coordinates
by (y,ut, - ,u"), where y = x — /—1h;(P)z* + \/—71h;(P)2j and u* = 2* for
all k = 1,--- ,n, and change potential function by h* = h — h;(P)u® — h;-(P)ﬂj.
Furthermore, in the same way as that in Kdhler case, one can choose a normal
coordinates (z,2",---,2") such that hi(P) = 0, h(P) = &}, and d(h;z)|p = 0.
This local coordinates also be called by a normal coordinates on Sasakian manifold.

1 ..

In the above local coordinates (x, 2 -, 2z"), we have

ne = do—v=1((h; + 59;)dz’ — (h; + 37)dZ);
(26) P, = V-U{Y;®dd-Y;@dZ}

g, = 77®77+2(h+2<p) dz’cFJ

dng, = 2v/—1(h+ 290),sz AdZ,
where Y; = 5% +v/=1((h; + 3¢;) 2 and Y; —V=1((h; + 3¢;) 2. Further-
more,

A (dn)™ = (2v/=1)"nldet(h;;)dz A dz" Ndz" A~ A dz" Adz",

1
A (dng)™ = (2v/=1)"nldet(h;; + 5<pi3)dac ANdzt NdZEA N2 A dET

A (dny)" = A (dn)",
v det(h;;)
nnwA(V_laB(?Tf> 53(%?))/_2(d77w)n_1
(V=D)m2" tnldet(h; + 20i5)hid 0:(52)0; (%2 )da A dzt AdZH Ao+ Adz" A dE"
= 1hio; (8“’)8 (%f)m (dn,)"

o
G135, me A (dng)"
where hg(h + 5(,0)j[ = 5]’ In turn, the geodesic equation can be written as

%y 1 dp dy
27 E_ Zhidy, —) =
(27) otz 2°¢ Cor ot ot )
Next, we define the corresponding affine connection of H from the geodesic equa-
tion.
Let ¢(t) : [0,1] — H be any path in H and t(¢) be another basic function on
M % [0,1], which we regard as a vector field along the path ¢(¢). Then we define
the covariant derivative of ¢ along the path ¢ by

)0;(

¢ 1 .
(28) (pil}_ Z <dB¢7dB<P >g¢,7
where <>, is the Rlemanman inner product on co-tangent vectors to (M, g,,), and
. 390
p=2

Let © :]0,1] — H be a smooth path in H. Then ¢ is called a geodesic in H if
one of the following equivalent conditions is satisfied:
(1) Dy =0, i.e. ¢ is parallel along ¢;
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(2) = %|d3<p|§¢ on M x [0,1].

The following is a Sasakian counterpart of Donaldson’s geodesic conjecture for
the space of Kéhler metrics.
Question: Are any two Sasakian metrics in the space H connected by a smooth
geodesic?

We shall now show that the above connection is compatible with the Riemannian
structure defined in (19).

Proposition 1. Let ¢ : [0,1] — H be a smooth path in H, and 11, o are two
basic function on M x [0,1]. Then, we have

d
(29) a(wl,wz)w = (Dp)1,92)p + (V1, Dptha) .
Proof. By direct calculation, we have

at & (1, V2)e = [y 8{# P2+ awf dpp
+ f%{ 1/J11/J2 B dﬂw)
= Ju 8t1 P2+ 8t2 dpp _
- f% ny/=1ng A O (Y11pe) A O (@) A (dng)™ !
= Ju B 0 G du, _
— Jor 2V =1ham, A Op (1) A Op(#) A (dng)"
— [y V=11, A Op(1h2) A OB(¢) A (dny)"
= (Dgth1,%2)p + (Y1, Dypih2)
0

For any @9 € H, and any ¢1,2,%s € CF(M). We can consider a smooth
function ¢(s,t) : [—¢, €] x [—€, €] — H such that: (1) ©(0,0) = po; (2) g—f|(070) = 11,
and %—f|(0,0) = 5. We define the torsion 7 : TH ® T"H — T'H and the curvature
tensor R: TH ® TH — End(TH) of the above connection by

0 0
(30) oo (U1.12) = (Dge 52— Daz 25 (0.0):
(31) Ry (Y1,92)¢03 = (Dae Dae — Doe Dae )¥3](0,0)

at the point .
By the definition, it is easy to check that 7, (¢1,%2) = 0 for all ¥,y € CF
and g € H.

Proposition 2. 7 =0, that is, the connection is torsion free.

Fixing a Sasakian metric ¢g € ‘H, and p € M arbitrarily. By Remark 1, there
exist local normal coordinates (z, 2%, -+, 2") centered at p on the Sasakian manifold
(M, gp,) such that (he,)7(p) = di; and d(hg, );(p) = 0. By direct calculation,

D3¢D3¢1/)3 Daw(%—* <d31/)3,d3 ot )
2
- gtgg i< dB(awS) dp(%2) >, —1 < dp(3%),dp(%2) >,

(32) T ), dn(22) >,
An(22),(3),, Bl (s); +
0

=
SO0,
Png

i
> S
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)3

R (12)5 (1)L (13)i + W (162)i (1) kb (5);
Rt (41);( 2)uh”(¢3) h’”( 1)i(¥2 )kzh”(% i}
REH (1) 70k, B (12)50; + B (12)i05]4)3
hig (1)w0r, h (V2)30; + W (12)i0;]3

= rlﬁ 3B¢3733(< 3B¢1,3B¢2 >pp — < 33%733% >00) >0

—16 < B3, 05(< Y1, 02 >4, — < OpY2, 0BY1 >4,) >4, -
Let ¢ C T'H be a plane spanned by two R-linearly independent vectors 1, ¥y €

C% (M), then the sectional curvature K, (o) of H at point ¢ along the plane o
by

(35) Kpo(0) =

(34)

(RLPO (1/J17 ’(/)2)1/}27 wl)tpo
(V15 91) g0 (Y2, 12) 0 — (¥1,92)2,

Theorem 1. The sectional curvature of H is non-positive, i.e. Ky (o) < 0 for
every plane in TH.

Proof. 7Suppose that 2—plang o spanned by 1,92 € CF (M), and denote
f=<0BY1,0pvY2 >,y — < OpY2,0p1Y1 >y, then

(Rpo (1, h2) 02, ¥1)py = [oy 15¢1 < OBtb2 — B2, dB(f) >4, Stp,
= [ 21 (V=10v2 A OB ) Age A (dnge)™
Jrf]\/[ wl \/—/31/12 A an) A 7’<Fo (dWo)Wl
= fM 4 FanQAaB(jwl))/\nsoo (dntpo)n71
(36) —JIm %f(\/jlanQ A 53%) A Mo A (dntpo)nil
+IM %(\/_—153¢2 A 3B(¢1f)) ANy N (dmao) B
—fMZf V=10pY2 A Opth1) A g, A (dnpy)"
= riﬁ Jay F(< 01, 0pv2 >4, — < Optb2, Opin >800)d,usao
EJM f d/;sao
16 fM |f‘ ducpo <0.

In the following, we consider the subset Hy C H which identities with the space
of transverse Kéhler metric 7. The function Z gives a 1-form « on H with

(37) 0p(t) = dZ.( / Uny A ()"

for every ¢ € H and ¢ € CF(M). Then, there is obviously a decomposition of the
tangent space:

(38) T,H =T, Ho®R = {t) € CF (M)|a,(1)) =0} & R
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for every ¢ € Hp.

A subset B is said to be totally geodesic in H if for every smooth path ¢;, a <
t <bin B, the operator Dy preserves the subset I'([a,b], p*TB) of I'([a, b], ¢*TH),
where I' means the space of smooth section.

A subset B is said to be totally convex in H if for every geodesic ¢, a <t <b
in H with g, @, € B always lies in B.

Theorem 2. Hy C H is totally geodesic and totally convex.

Proof. To prove Hy is totally geodesic. Let ¢, a < ¢t < b is a smooth path
in Ho and suppose that {y4|a <t < b} € I'([a,b], p*THy). It suffices to show that
Dy € T,, Ho or equivalently (Dg1,1), = 0 for every t € [a,b]. Since Dyl =0
and (1, 1), = ay,(¥) = 0, we have (Dgt), 1), = & (1,1), =

Let ¢,a <t < b be a geodesic in H with ¢,, ¢, € Hp. Then we have
d? I _d )
a2 (pt) = %(aw(‘ﬁ)) (Dpp, 1) =0
for every t € [a,b]. Furthermore Z(¢,) = Z(pp) = 0, then Z(p;) = 0 for all ¢ € [a, b],
i.e. the geodesic ¢, a <t < b lies in Hy. [

(39)

When (M, g) is a 3-dimensional Sasakian manifold, there is a simple connec-
tion of the geodesic equation in Lemma 2 with the geodesic equation discussed by
Donaldson [6] for the space of volume forms on Riemannian manifold.

In [6], Donaldson introduced a Weil-Peterson type metric on the space of vol-
ume forms on any Riemannian manifold (M,g) with fixed volume. This infinite
dimensional space can be parameterized by smooth functions such that

(40) H* = {f € C®(M): 1+ Ayf >0}

The tangent space is exactly C*°(M). A Riemannian structure was introduced by
Donaldson,

(41) <1, >f:/ 1 - Pa(1+ Ay f)dug.
M
The energy on a path (t) : [0,1] — H* can be defined as
1
0
(42) || G o,
o Jm
From this, one may induce the geodesic equation
Y 22
(43) (L4 Ag9) — a2 =

Again, this equation is degenerate. To approach the above degenerated elliptic
equation, Donaldson introduced a perturbation of the geodesic equation
0%y
ot
for any € > 0. The idea is to find solution of equation (44) at each € > 0 level
and hope there is certain control of these solutions so that one may pass € — 0 to
obtain solution of the original equation (43).

Indeed, (44) is an elliptic fully nonlinear equation. Very recently, Chen and He
[4] established uniform L estimates of A for solutions of (44).

(44) (14 Dg9) = Id |g
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Back to geodesic equation in Lemma 2. When n = 1, in a local coordinate
(z,z'), the geodesic equation on the infinite dimensional Riemannian manifold H
can be written as following,

32 1 e 0,
) i 1n (0 d
= G — (L4 3809) T HdFE,
where we used Agp = 2hM g7 since ¢ is a basic function. Therefore, in 3-

dimensional case, the geodesic equation is equivalent to the following equation,

0% 890

(46) 3 1+ 3009~ 3l 713 =

Any path ¢; in H, parameterized by t € [0, 1], can be seen as a function on the
product manifold M x [0,1]. Set

(47) o( 1) = @u(-)-

If o € H is a geodesic connecting two fixed Sasakian metrics o, 1 € H, the
corresponding function ¢ must solve the following Dirichlet problem on M x [0, 1],

%Tg)(]‘ + iAQQS) da¢|2 7
7O> = L)00('>7

(48) ¢
¢('7 1) = %01(' >

~—

with 14 $A4¢ > 0.

Replacing ¢ by ¢ = ¢, equation (46) is the same as equation (44). To this end,
we consider the following Dirichlet problem in € > 0 level.

G+ 10,0) — 1A% =,
(49) ¢(+0) = wo(-),
¢('7 ]‘) = @1(')7

In order to use Chen-He’s result, we need to check that the solution to the Dirichlet
problem (49) with basic boundary data is basic.

Lemma 3. Suppose ¢ € C3(M x [0,1]) is a solution of the Dirichlet problem (49)
with basic boundary data o, 1, then ¢(-,t) is basic for each t € [0, 1].

Proof. Choose a local coordinates (x 21) around the considered point, and denot-
ing that X; = 8 2 = hlaT,Xl — /= h . Then,

5Ag¢2 L(Vydp(E, &) + 20"V ydp(X1, X1))
aax +2h11(X1X1‘P+ (2 hlla )}

(1 +2h11h hi) 28 4 2h S 0e . 0 /TTh hy 58 4 2/~ ThThy 2
= R0,

}
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and
§ldgels = ZA(F 507 + 2h”(X1 ) (X158)}
= Saa: (68:6 %f) +2h1 ) afl o +2h11h1h (8t2{)m)2
*QFhth ai)afl i ZFh“hi T e
= 286158270 (6?890 %) + th{%lhl ma;’; (a?agg ?Tg)
+ a5 (555m 92) + (a5 38) pt
% 2
7\/7}11 d?df (d?doc gi) Fhl ( 8;921 Dz ) gt(’;/;
+Fh1(atazzl E)atax +v=1h ataf (8?(;1 %f)}
= 2<d%2,d5(%2) >,=2<d%2.d5(Ep) >, .
From equation (49) and above formula,
2
O+ 2220 - L <a% a2 () >=0
Since € > 0, the equation is a strictly elliptic equation for {¢ on M x [0,1]. The

Maximum principle for elliptic equation yields that £p = 0 since it is identical to
zero on the boundary. [

(50) (1+ Agw)

Definition 1. For any two points vg, 1 € H, suppose ¢(t) : [0,1] — H with ¢
satisfying geodesic equation (27) in the viscosity sense. We say ¢ is a C2 geodesic
segment which connects g, 1, if A is in L.

In the case n = 1, Chen-He’s result [4] and Lemma 3 yield that, for any two
points g, p1 € H, there exists a smooth solution of (49), o(t) : [0,1] — H° which
connects g, 1 for any € > 0 with Ay bounded uniformly. In turn, for any two
points g, p1 € H, there exists a C2 geodesic segment.

When n > 1, the Dirichlet problem for the geodesic equation in Lemma 2 is
more complicated. It can be reduced to a Dirichlet boundary value problem of a
non-standard complex Monge-Ampere type equation. The existence and regularity
of this equation will be studied in our forthcoming paper [10].
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