
3rd Assignment, due on February 29, 2016.

Problem 1 [10], Let F : M → N is a diffeomorphism of M into N , let X1, X2 are vector fields on
M and Y1, Y2 are vector fields on N . Suppose F∗Xi = Yi, i = 1, 2, prove that F∗[X1, X2] = [Y1, Y2].

Problem 2 [10], Let ∆ be a k-dimensional involutive distribution on M . Let p ∈ M , let Γm be
the set of all those point q ∈ M such that there is a piecewise smooth curve joining p to q whose
smooth portions are 1-dimensional integral curves of ∆. Show that Γp is the unique maximal
integral manifold of ∆ passing through p. (Hint: key step is to show Γp is a manifold under
appropriate differential structure and it is a immersed submanifold of M).

Problem 3 [10], Suppose X =
∑n

i=1 ai(x)ei is a vector field on Rn with ∂ai
∂xj

=
∂aj
∂xi

,∀i, j = 1, · · · , n,

show that there exists f ∈ C∞(Rn) such that ∇f = X.

Problem 4 [10], Let X as in Problem 3, assume in addition that X 6= 0 everywhere. Let ∆ be the
distribution on Rn define as: ∀x ∈ Rn, ∆x = {Y =

∑n
i=1 bi(x)ei|

∑n
i=1 ai(x)bi(x) = 0}. Show that

∆ is completely integrable.

Problem 5 [10], Let G be a Lie group and H a closed Lie subgroup which is normal in G. Show that
G/H is a Lie group with appropriate differential and π : G ∈ G/H is a Lie group homomorphism.

Problem 6 [10], Let G = Gl(n,R) and define n2 covector fields σij , 1 ≤ i, j ≤ n, on G by
σij =

∑n
k=1 yikdxkj , where Y = (yij) is the inverse of X = (xij). Show that these forms are

invariant under RA : G → G, right translation by A. Further show that {σij} is a field of frames
on G.

Problem 7 [10], Suppose N is a closed regular submanifold of M , then show that any C∞ vector
field X on N is a restriction of a C∞ vector field X̃ on M (i.e., X̃(p) = X(p), ∀p ∈ N).

Problem 8 [10], Assume φ ∈
∧r(V ) and v ∈ V . Define an element ivφ of

∧r−1(V ) by

ivφ(v1, · · · , vr−1) = φ(v, v1, · · · , vr−1).

Show that iv determines a linear mapping of
∧r(V ) into

∧r−1(V ) and that if φ ∈
∧r(V ), ψ ∈

∧s(V ),
then iv(φ ∧ ψ) = (iv(φ)) ∧ ψ + (−1)rφ ∧ (iv(ψ)). Suppose M is a manifold, extend this definition
and these properties to

∧r(M)→
∧r−1(M) (with v replaced by a vector field X).

Problem 9 [10], Let X be a vector field on M , by Problem 8, we may define iX :
∧r(M) →∧r−1(M). Show that iX is not only R-linear, but C∞(M)-linear and that the operator LX =

iXd+diX is an R-linear mapping of
∧

(M)→
∧

(M) with the following properties: (i) LX(
∧r(M)) ⊂∧r(M) ; (ii) if φ ∈

∧r(M) and ψ ∈
∧s(M), then LX(φ ∧ ψ) = (LXφ)ψ + φ ∧ LXψ ; and (iii)

LXd = dLX .

Problem 10. [10] Suppose ω1, · · · , ωk are linearly independent (pointwise) 1-forms on M . Let
θ1, · · · , θk be 1-forms on M such that,

k∑
i=1

θi ∧ ωi ≡ 0.

Show that there exist smooth functions fij on M with fij = fji such that

θi =

k∑
j=1

fijωj ,∀i = 1, · · · , k.


