Solutions of Assignment #3

P174, #24a, b. There are different proofs. In spirit, all are similar. Here we use Problem
26 in page 91 (2nd assignment). Locally, express S as a graph of z = u(x,y) over zy-plane
near 0, with u(0) = V,u(0) = V,u(0) = 0. It easy to compute that the 1st FF at 0 is the
identity matrix, the coefficients second FF at 0: e = uzz, f = Uy, g = Uyy. Moreover, after
a rotation, we may assume u;y(0) = 0. So K(0) = ug4(0)uyy(0). Expand v near 0
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U(.’II, y) = §umr(0)x2 + §uyy(0)yz + Ra

where R is a term of order > 3. (a) K(0) > 0 implies u,,(0) and w,,(0) are non-vanishing
and they have the same sign, say positive. That implies u(x,y) > 0 if (x,y) # (0,0) near 0.
(b), on the other hand, if S is locally convex near 0, say u(x,y) > 0 near 0, we must have
Uz (0) > 0,1y, (0) > 0.

P212, #11. () As Y, = Xy + alNy, Yy = X, + aN,,

Yy AYy = Xu A Xy 4+ aNy A Xy +aXy, AN, +a*>N, AN,.

By Weingarten equation, NyAX, = a1 XyAX,, Xy ANy = a0 Xy AXy, NyAN, = KX A Xy,
(1) Yy AYy = (1+a*K +a(ay + a2))Xu A Xy = (1 —2Ha + Ka*) X, A X,.
(b) From (1), N =N, so N, = N,, N, = N, and

Yy, =Xy +aN, = (1 +aa1) Xy + aa1 Xy, Y, = Xy + aNy = (1 4 aage) Xy + aai2Xy,.

Let A be the Weingarten matrix for X and A the corresponding Weingarten matrix for Y.
From above, relation, we have A = A(I +aA')~! where A’ the transport of A. Now at each

point p, we may pick a local coordinate such that at p E =G =1, F =0 and A is diagonal.

Then it will be easy to verify the formulas for K, H. (c), let a = 2= the formula for K in
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(b).

P212, #12 As we have proved that every compact surface has an elliptic point p such
that K(p) > 0. For minimal surface, as H = 0, must have K < 0.

P.228, #3. Let v C S be any curve, 3 = ¢o7. Asl= [} |4/ (t)|dt and I = [} |7 (t)||dt =

fti |dp(~'(t))||dt. If ¢ is an isometry, | = I. If [ = [ for any t > to, differentiating ¢, we get
15 ()| = ||dp(y' (t))|| for any t and any . So < dé,(w), dy(w) >=< w,w > Yw € TpS.
Vwi,we € Tp,Va, € R, set w = awy + Pwa, < dop(w),dpp(w) >=< w,w > implies
< dop(wn), dop(wa) >=< wy,wy > Ywy,we € T),S.
P.228, #18 Pick any parametrization (u,v), ¢ conformal implies
do(Xu) A dp(X,) = N2 X, A X,
for some function A # 0. We only need to show A\? = 1. Area preserving means

/ Xy N Xypdudv = / do(Xy) A do(Xy)dudv
U U1
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for open set U. Take U = B,.(p) C R?, divide above identity by 72 and let r — 0, we get
Xu A Xy =dop(Xy) Adp(X,). then by the first identity, A2 = 1.

P.237, #2. Direct computation, use formulas in P236 for Ffj and the Gauss formula
(5)in 234.

P.237, #7. No, use Codazzi equation (7a) in page 236.

P.260, #2 k? = k2 + k;. C straight line segment if and only if £ = 0. This is equivalent
to kg =0 and k, = 0. That’s C' is geodesic and asymptotic.

P.260, #4.
% <v(t),w(t)> = <o @), wlt) >+ <vt)w(t)>
- < %v(t),w(t) >+ < o(b), %w(t) >,

since v’ (t) — %v(t),w/(t) - %w(t) are parallel to N and < N,v >=< N,w >=0.



