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Abstract

Stochastic Calculus is an important development in the space of applications of integral and differential calculus
onto stochastic processes. The first main application was in finance, when Louis Bachelier first developed some
theory in 1900 and used it to analyze the Parisian Bourse [ ]. In this report, we present a brief introduction
to Stochastic Calculus, focusing on the development of Ito’s Calculus. We begin with reviewing some preliminaries
from Probability Theory. We then present some of the nice properties of Brownian Motion, and importantly, what
makes it so difficult to perform calculus on. We then present Ito’s integral, Ito’s isometry, and Ito’s formula, key results
in stochastic calculus. To conclude the report, we present an application, where we leverage Stochastic Calculus and

Reinforcement learning to solve a molecular dynamics problem.
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1 Preliminaries

1.1 Martingales

Definition 1.1 (c—algebra). We call F, a collection of subsets of 2, a c—algebra if
1. geF
2. VAe F,Ae F

3. If{A, :n>1} < Fthen|J,.yAn € F

neN

Definition 1.2 (Filtration). A collection {F,, : n = 1} of o—algebras on Q) is a filtration if V¥n < m, F,, < Fp,.

Definition 1.3 (Martingale). Let (2, F,{F,},P) be a filtered probability space and {X,, : n = 1} a collection of

random variables on Q). Then we say { X} is a {F,}-martingale if
1. Vn>=1,0(X,)cF,
2.¥n>1,X,¢eL!
3. Yn = LE[X,11|Fn] = Xn

If 3. is replaced with
Vn > 17E[Xn+1’]:n] < (>)Xn

Then we call { X,,} a {Fy,}-super-martingale (sub-martingale) respectively.

Definition 1.4. We call 7: Q@ — N U o0 a {F,, : n = 1}—stopping time if Yn > 1

{r<n}eF,

Theorem 1.5 (Stopped processes). Let {X,} be a {F,}— martingale, then for a {F,}—stopping time 7, {Xn} is
also a {F, }—martingale
1.2 Construction of Brownian motion

Definition 1.6 (Gaussian vector). For ¥ € R™* ™ positive definite, and 1 € R"™, a gaussian vector with mean 1 and
p o 8 w

covariance matrix X is one with density function

- —5(@—p)' S (2—p)
= — 2
@) = e raas”



Essentially, it’s simply a vector with probability density function equal to the joint probability density function of n

gaussian distributed random variables.

Definition 1.7 (Standard Brownian Motion). ForT' > 0, Standard Brownian Motion (SBM) is a collection of random
variables { X}, s € [0, T] defined on a probability space (2, F,P) such that:

1. Xo=0P—as
2. V0 <81 <s9<ty <ty <T (Xs, — Xs,) is independent of (X, — Xy,)
3.V0<s<t<TX;— Xs~N(0,t—5)

4. X :t - Xy(w) is P—almost surely continuous.
Brownian motion is actually an example of a Gaussian process. It is one of the most important examples.

Definition 1.8 (Gaussian process). {Xi}e[0,7] is a gaussian process if and only if for any choice 0 < t; <ty < .-+ <
th, <T

(Xt Xy, - ,th)T is a gaussian vector.

Brownian motion is a gaussian process (X; = X;— Xy ~ N (0, ¢)). What distinguishes it from other gaussian processes

is the unique covariance structure.
Proposition 1.9. Let X be a SBM on [0,T], then for s,t € [0,T]

Cov(Xs, Xt) =snt

Definition 1.10 (Complete orthonormal basis). Let (X, {-,-)) be a Hilbert space. Then {¢, }nen is a complete orthonor-

mal basis if
2. span(;)ien is dense in X

Now, to construct the Brownian motion, simply by the definition, a natural candidate would be for {Z,, } ,cn a collection

of mean zero independent gaussian random variables with variance 1

o0
Bt = Z an(t)Zn
n=0



By Fubini, we know E[>,°_ a,(t)Z,] = 0, and the covariance is given by

E[BiBs] = Y an(t)an(s)E[ZnZn] = Y. an(t)an(s)
n=0 n=0

So we are looking for a,, : [0, T] — R such that a,,(s)a,(t) = s A t. By looking at the Hilbert space L?([0,T]), with

the inner product defined as

T
fog= L F(5)g(s)ds

For f,g € L*([0,T]). Now notice by Parsevla, we get that

e 0]
fvg = Z f7¢ng7¢n
n=0
So taking f = 1} 4 and g = 1o 4 we have that

f,g=fmdx= i (

0 n=0

Jpewte) (f o)

Therefore a natural candidate for our a,, is a,(s) = (Sg ¢ndx) which would give the correct covariance. By taking some
orthonormal basis (such as Haar wavelets) we can show that we can find a sequence of simple functions approaching a

Brownian motion. For more details, refer to [ ]

2 Properties of Brownian Motion

Brownian motion is quite a nice object as it has some nice properties, for example stretching or shrinking a SBM is still
a SBM.

2.1 Scaling properties

Proposition 2.1 (Stretching the scale). Let B be a SBM, and a>0. Then X = (X;)=0

Xt = Bat

NG

Is also a SBM with the same distribution.

Proposition 2.2 (Shrinking the scale). Let B be a SBM, then X = (X¢)i>0

X, =1tB

=

)]



Is a SBM of the same distribution.

2.2 Cutoff property

Proposition 2.3. Let B be a SBM, then for s = 0
Xt = Bt+s - Bs

Is also a SBM, in particular, X and o((By)o<t<s) are independent.

Notice that here, independence comes from the fact that B; = B; — By, and we know B; — By L By, +s — B fort < s.

2.3 Bounding the trajectory

Importantly, we can see that the limiting behavior of the Brownian motion is problematic, in fact it changes direction

infinitely often.

Proposition 2.4 (Iterated log identities). For a SBM B = (Bi)i=0, we have the following properties for the limiting
behavior towards oo and 0. In particular

B
P limsupitzl =1

t—0%  /2tInln }

And by symmetry of distribution

P liminfiBt =—1]=1

=0 4/2tlnln%

And for the behavior towards oo:
. By - By >
Pllimsup ———=1| =P |liminf ————=-1] =1
< t—»oop V2tInlnt > < t—0 /2tInlnt

That limiting behavior gives rise to the following corollary which ends up being very problematic. The motion crosses

the x-axis finitely often within any arbitrarily small interval after a first crossing.

Corollary 2.5. Forany e >0
P( inf B; <0, sup By >0)=1

0<s<e 0<t<e

Even further, we have that the set of zeroes of a SBM is closed and has no isolated points.



Proposition 2.6. For a SBM B, let Z be the set of zeroes, i.e Z = {t € [0,1] : By = 0}. Then Z is almost surely

closed, compact, has no isolated points and has measure 0 on [0, 1].
Now this gives rise to a problem, Brownian motion is almost surely differentiable nowhere, even though it is continuous.
In particular, it has unbounded total variation, which we can see quite easily.

Proposition 2.7 (Unbounded total variation). For any partition m = {to,...,tm} of [0,t] such that 0 = ty < t1 <
cos <ty = M for some M € R, m € N with

— t: — ¢t
Iml = max [t —

x

We have that

m—1
lim B, .. — B.)* >F®
|7|—0+ g(:)( bit1 tZ)
In particular, we have
m—1
lim By, By | —
|| —0+ ;) | bit tl|
Proof. Since
m—1 )
lim (By,,, — Bi,)? =1 ® M
w0+ =)

We also know that

m m—1
Z (Bti+1 - Bti)2 < max |Bti+1 - Bti‘ ’ Z |Bti+1 - Bti|
i =0

0<is<m—1

By continuity, we know that

lim max |By. ., —B;|=0
|| >0+ 0<i<m—1 B ul
Which means that Z?:ol |By, ., — By,| — 0. O

3 Ito’s integral

3.1 The goal

The goal of this section is to define Ito’s integral, i.e for a function X : Q x [0, 7] — R and some SBM B, we want to
find
T
I00)() = | X(t.w)dBi(w)
0



Here are some examples for intuition. If we take some Brownian motion, and say that as a function of this noise, we

gain 2 dollars in proporition to the noise. Then we want to find the accumulated gain, i.e

T

16)) = | 34B.w)

0

However, we have the freedom to define it as a random function. We could for example, weigh the steps of a Brownian

motion, by the Brownian motion itself, i.e
T

I(Bt)(W) = fo BtdBt

Essentially, it’s a way of integrating functions over a random path, in this case, Brownian motion. And as we saw,
we’ll need to define a special class of functions that this can be well defined over, especially since as we say, Brownian

motion is almost surely differentiable nowhere. Let’s define the class of functions we can define Brownian motion over.

Definition 3.1 (H?). Take B := B([0, T]) to be the standard Borel c—algebra, and F; the standard brownian filtration.
Then we uniquely define F; x B to be the smallest c—algebra that contains all A x B, A € F;, B € B.

T
H%([0,T]) := {X : X is Fy x B - measurable, is {F;} adapted and E {f Xt(w)zdt} < oo}
0

Eventually, we will show that this class is also bounded under the linear functional I.

3.2 Simple functions

As with the construction of the Lebesgue integral, it’s often easier to build up from simple functions. It is also known
from functional analysis that simple functions are dense in LP(X, u1), so taking X := F; x B and p := dP x d\, with

A the Lebesgue measure, we can extend all of our results by Monotone class arguments.

Definition 3.2 (H 3). We denote H, g the subset of H? consisting of simple functions. L.E Hg ={X : X € H? X simple}.
Specifically, we defineitas X suchthatin e N,0 =tg <t; <--- <t, =Tanday,...,an—1 witha; Fy,—measurable.
With E[a?] < oo such that

n—1
X(t,w) = Z ai(W) L, ¢,011(t)
i=1

Notice we define the a; — s to be adapted to F;.

Now, let’s define the integral for this dense subclass. However, we will notice it turns out we have already done this! It



turns out by Ito’s isometry that E[Sg X;(w)?dt] = E[I(X)?]! But where does this projection come from?

Proposition 3.3 (Ito’s isometry for simple functions). For X € Hg,

T
E[T()2] = 1) ey = X122y = E [ fo Xt<w>2dt]

3.3 General functions

Since we know that on simple functions, [ is an isometry, we therefore get that [ is Lipschitz continuous, and there-

fore maps Cauchy sequences to Cauchy sequences. Through this, we can get the theorem to hold on all functions in H?2.

Proposition 3.4 (Ito’s isometry). For X € H?

IO Z 2y = 11X 72 e car)

Something else we might want to do is turn (X )(w) = Sg X (w)dBy(w) into a process, i.e I(X);>o, with

t
I(X), = J X, (w)dBs(w)
0
So now, each w € 2 defines a determined process I(X ), i.e a new path. The idea is simple, we want to construct
Zy = I(1p g X) € L*(dP)

The problem with this is that we want a process that is continuous, but since Lg ;1 X is only defined as P—a.e finite, Z;
might not be well defined. However, it turns out that we can find such a Zt, to have our desired properties, and in fact,
it is exactly what we have constructed. We also get another nice property, that Ito’s isometry holds under conditional

expectations.

Proposition 3.5 (Conditional Ito’s). For X € H?, and 0 < s < t, then

E [(f XudBu>2 |]-“5] =E Ut Xﬁdu|]—"s}



3.4 Extending to almost surely finite variation

In some cases, we find that H? is too restrictive, so we want to extend the definition of Ito’s integral to processes that

have P—almost sure finite variation.

Definition 3.6 (L2 ). We denote

loc

loc

T
L} . :={X : X measurable, adapted and P (J X2dt < oo> =1} o H?
0

We then link ‘Cl2f)c and H? by noticing that for such processes that have almost surely finite variance, if we add a stopping
time 7, that bounds them below n then X is in H?2. Then by taking an increasing sequence, we can find a continuous

function in H? that approximates X in £&,..

2
loc?

Proposition 3.7 (Localizing stopping times). For X € L; , and {T,}n>0 a sequence of stopping times defined as

T
Tn = inf{te [0,T]:t=Tor f X7dt = n}
0
is localizing, i.e we have that ¥n € N:

Xn t((,‘.)) = ]ltgq—n ((,U)Xt((_U) € H2

)

And that ”
P J{r=ThH =1
n=1

Now we won’t detail it here, but it seems pertinent to mention that it turns out for any localizing stopping time, we can
find a unique continuous process P(Z; = lim,, .o X, +) = 1. We can therefore extend Ito’s integral to all functions in

£2

loc®

10



4 Ito’s formula

4.1 For functions of Brownian motion

Proposition 4.1 (Ito’s formula). For a C? function f : R — R we have

F(B) = 1)+ | FBaa+ 5 | rBds

Which we sometimes write
1
df (By) = f/(Bt)dBt + §f”(Bt)dt

There is some nice intuition for this formula based on Taylor’s expansion for C'? functions. For some f € C?(R) and

two points x, y Taylor’s expansion gives

Where r(x,y) is the remainder, formally:

Y

o) = [ =0 - @)
€T

What this gives us is a way of expressing the change of value of a function (i.e Reimann type approximation). How

this differs for brownian motion, is that the (B, — By, , )2 will tend to ¢; — t;_1, and so it will become an integral over

dt. The other particularity, is that the remainder will tend to 0. This is because as the distance between x, y tend to 0,

by Heine-Cantor we get that the modulus of continuity of a continuous function tends to 0. Recall, for some compact

A c R, the modulus of continuity of some continuous (so bounded on A) function f on A is

supsup |f(z) — f(y)|

zeA yeA

And Heine-Cantor tells us that continuous functions on compact sets are uniformly continuous (by extracting a finite

subcover of open e—balls of A).

4.2 Proof outline
We want to show that

F(B) — 10) = [ f(B.aB. + 1f f"(B)ds

0 2 Jo

11



To do this, it’s easier to show

Zn]f(Bm f J(BA)dB, + f 1B

For some partition that we will refine. And by the expansion we get

N , NER P , N4 (Biy1 — Bi)*

5 f"(Bi) + m(Biy1,B;)

4.2.1 Stepl

For the first step, we show

i(B’L-‘rl i —>J f

i=0
To do this, we do 3 important things, we get a stopping time to bound By, 7p = inf{t : | B;| = M}. We, also consider
a function fys with fys(z) = f(z),Vo € [-M, M], and f), is compactly supported and continuously twice differen-
tiable.

We first construct a simple function approximation of fj;(B;), and with Ito’s isometry we change from integrating

against dt x dP to dB;. Which is computationally much simpler.

4.2.2 Step2

For the second step, we show that

1 n
5 Z(Btl _ Bti_ // Bt f f// Bt
=1

The strategy for this section is to say that since s — f”(B;) is continuous almost surely, we know that

1 n 1 +
// 4
5 :E Bt Z ti—l) — 2J;] f (B dt

So we can make this term appear by adding zero i.e considering

—_
—_

N)

n n
= ; (B, ,) — By, )? — (ti —tic1) 5 ; (B, ) (ti — ti1)

And just need to show the first term tends to zero. We can bound the squared norm by noticing that squaring this will can-
cel out all the cross terms by some indepedence arguments and since we are centering the (B;, — By,_, )* which approach

t;—t;_1. And by bounding the function with the sup-norm, the difference between E[((Bti — By, )2 —(t; —tia )2)] —

12



4.2.3 Step3

Here we simply show the remainder tends to zero by showing that
n
len| < . (Bi; = B y)*h(tis tic1))
i=1

We get this tends to zero by bounding the expectation of the absolute value with Cauchy Schwartz, and Markov. Look

in the textbook for the exact steps.

4.2.4 Final Step

Now that we have our convergence in probability for each of the terms, for all ¢ € [0, T'], we have some Q; : P(£2;) = 1,
of a sequence tending almost surely (convergence in probability implies existence of a subsequence that tends almost
surely). However, we do not know that ]P)(ﬂte[(],T] ;) = 1 as it is uncountable. So a classic trick, is to take Q' the

almost sure event of continuity of s — f(Bs) and extend it with

ﬂ QN

teQn[0,T7]

Which has probability one, and by continuity, all we need to convergence for all rational ¢ € [0, T'].

4.3 Extension to functions of Brownian motion and time

Proposition 4.2. For f : R, x R — R a function in C1*(R, x R), then we have that
¢ ¢ ¢
f(t,By) = f(0,0) + f 0t f(s, Bs)ds + f 0z f (s, Bs)dBs + f 021 (s, Bs)ds
0 0 0

We won'’t detail the proof here, as it follows very closely to the proof for functions of Ito’s formula for functions of just

Brownian Motion.

4.4 Extension to Ito’s Processes
Definition 4.3 (Ito’s process). A process {Xt}te[O,T] is called an Ito’s process if it can be written as

t t

as(w)ds + f bs(w)dBs

Xi(w) = Xo + f .

0

13



With a, b adapted and measurable processes with

T T T
P <J lag|ds < oo> =1 and P <J bsdBs < oo> =P (J blds < oo) =1
0 0 0

dXi(w) = ar(w)ds + by(w)dBs

We also write

It’s nice to notice that SBM is an ito’s process with a : 2 — R by a(w) = 0and b: @ — R by b(w) = 1. A SBM with
driftis such thata = pand b = o.

Theorem 4.4 (Ito’s formula for functions of Ito’s processes). For f € CY2(R* x R) and X an Ito’s process then we

have

t t 1 t
F(t, X}) = £(0,0) +L&tf(t, Xt)dt+L(3xf(t,Xt)dXt+ 2<X>L o2 f(t, X,)dt

dF(t, X)) = O ( X0)dt + B f(£, X0)dX, + %am F(# X)X 0

Where (X ); denotes the quadratic variation of X.

5 Connecting Stochastic Optimal Control, and Reinforcement Learning

An application of Stochastic Calculus is the field of SOC (Stochastic Optimal Control), where we are optimizing some
function of a stochastic process through controls. Formally, for some stochastic process X : [0,7] x @ — R", and

some sufficiently smooth function f : R” — R, where we have that
dX; = (p(Xt) + u(Xy))dt + o(X;)dB;

For some adapted 1, o and B; some SBM. We would search for

T
arg min E[J f(Xy)dt]
“ 0
For which we can use Ito’s formula under some conditions. We can see how stochastic calculus could help, as we have
tools for dealing with stochastic integrals.

However, once we get this problem in a nice form, we still need some tools from Optimal Control. In particular, we can
use tools from Reinforcement Learning, which is a sub-field of Optimal Control, where we seek to maximize expected

reward over some space of controls.

14



5.1 Importance Sampling Problem in Stochastic Optimal Control

In molecular dynamics, we often want to calculate the expected value of some observable of a molecular system
[ ]. To do this we collect ergodic trajectories. Ergodicity means that the distribution of states of a system
over some infinite trajectory is the same as the distribution of initial states. In our case, we can find the expected value
of some observable of our molecular system by simulating the trajectory of the system for a long enough time. Formally,

for some system X; € R™, governed by the SDE
dXt = *VV(Xt)dt + O'(Xt)dBt

For some Xy = xg, where X; is the state of the system at time ¢ > 0, B; a n-dimensional standard Brownian motion
and V : R* — R a sufficiently smooth potential energy function. We would want to study the behavior of this system

up to some stopping time. We can define such a stopping time 7 as
T=inf{t>0: X, €T}

For some closed boundary 7 < R". For this type of system, we want to measure the expected value of some function
of the path. In our case, for some g : R — R, and f : R" — R, where f,g are sufficiently smooth and bounded, we

want to measure

U(z) = E [exp <—g(XT) - JOTf(Xt)dt> ’Xo _ x]

To find ¥(x), we could use a Monte Carlo estimator, i.e collect sample trajectories, and we have that

—Noow= Y(z)

Y, exp (—g(Xr) — §5 f(Xe)dt)
2 N

Since the average of iid samples of some distribution D tends to the average of the samples by the Strong Law of Large

Numbers. However this estimator has extremely high variance, as molecular systems exhibit metastability.

Metastability intuitively means that the system is stuck in a small stable subregion of 7¢ < R". We can see this in
the dynamics of the system, which are composed of a step in the direction of greatest descent of the potential energy
function, as well as some Gaussian noise. We can therefore imagine the state reaches some local minimum X € R", i.e
for some r > 0

Ve B (X),V(z) 2V(X) < V(z)—=V(X) =0

Therefore to escape this local state, we need the Brownian motion to “push us out”, which rarely happens.

Due to this problem, sampled trajectories have high variance as the systems can get stuck in local minimums, making
the Monte Carlo estimator a poor estimate of the true W(z). This is where the importance sampling problem comes
from, we want to sample these trajectories in a better way, such that they are more representative of our desired value.

In particular, we will see that we can find an unbiased estimator of () with no variance.

15



In particular, when looking for

—log¥(z) = —logEp[I(Xo.r)]
)

= —10gEQ I XOT moq—

= —logEp [exp (fo utdBt—f lug|2dt — g(Y¥) ffYt dtﬂ
1
| [ e g0+ [ sl

Where we use Jensen’s inequality [ ]. We also know we achieve inequality when the elements are constant. I.LE we
get equality here for some optimal control that gives zero variance for the stuff inside. So the control that minimizes the
variance is the control that will give a zero variance estimator of — log (), also called the free-path energy [ ].

We can see that we can find such an optimal control by seeing the above as

—long[Jexp(—W)dx] = —long[JeXp(—W)de]
= —long[Jexp(—W log — )da:]

EP[J W +log gdx]

Where we get equality for some optimal p* such that

*

—W—log’o—zc
™

And we can solve for %.
The approach to the sampling problem we will see here involves adding a drift term to our SDE.

Let’s prove that a control actually induces a change of measure. In particular, we want to consider Y; € R" for¢ > 0
governed by
dYy = (=VV(Yy) + o(Y)u(Yy))dt + o (Y;)dBy

where here u : R” — R" belongs to the space of time-independent feedback controls ¢/ (this makes u a R™ adapted
stochastic process, i.e not forward looking). Here we are also consider the auxiliary process induced by u B} defined
by

t
B = Bt—J usds
0

However, under the probability measure PP, this is not a Brownian motion. Luckily for us, Girsanov’s theorem [ ]

16



tell us that (B}*);>¢>0 is a Brownian motion under a measure Q with Radon-Nikodym derivative

T 1 T
= exp (J udBy — f |ut|2dt)
0 2 Jo

v =50 [av)+ [ 100 + Pt

a9
dP

[0,7]

So we get that

Since the distribution of By is the same under Q as the distribution of B, under [P, we have that the above is equal to

.
v =B o)+ [ 0+ e
0
Where Y;" is the process that satisfies

4 = (~VV (V") + o(¥)u(Y)dt + o(Y,)dB,

This shows that a control v induces a change of measure by Girsanov. All of this just tells us that we can add a drift,
and still recover the original W(z) by adding an additional term, (the Girsanov change of measure term). Notice as well

that Y is the same process as X; since B} absorbs the drift term from the control.

So, we want to find an optimal control u* which minimizes the variance of our estimator, i.e we want

T 1 T T
u* = arg min{Varg (exp (J updBy — J lug|2dt — g(Y*) — J f(Y;“)dt))}
uel 2 0 0

0

In particular, we will see that we can find a control with zero variance.

Theorem 5.1 (Existence of a solution). For a process Xy € R™ for 0 <t < T for some T € R, governed by the SDE
dX; = —VV(Xy)dt + o(Xy)dBy
Fore e R, 0<t<7<T, and
U(z,t) =Ep [exp (— JTf(Xs,s)ds - g(XT)> ‘Xt = x} :
t

Then the measure () induced by
uf = o(X2) 'V, log U(XE", 5)

IS a zero variance estimator, i.e

exp(—Z% — W) = U(z,0) —Qa.s.

17



Where X ;‘* is the solution to the controlled SDE

AXY = (“VV(XY) + o(X2 W (X)) dt + o( X2 )dBE

And with WS“ = exp(—g(X¥ “* SO dt and Z* u* s the change of measure term from Girsanov on X u® . (For
more details, see [ ])
Proof. By the Feynmac-Kac formula [ 1, we have that ¥ solves the following elliptic boundary problem
(A-f)¥r =0 for (x,t) € D
U = exp(—g) for (z,t) e DY
Where A is the infintesimal generator of, i.e
o 1
A= 5 T3 T viqy -VV.v,
In particular, we get this formula via Ito’s formula. For our function C;‘* = —log U(X g*, s) and using the shorthand

U= U(X¥ 5),0 =0(XY),V = VV (X)), u* = u*(X*") We get

log ¥
dc = 0 Zf ~ds — Vg logWU(=V + ou™) - ds
1
— §UO'T : V2(log ¥) - ds — 0"V, 1log U - dBY
_ AW rVaV o LoV VeV u*
__[\II+<(J) W>U—2 72 ds—o T dB;
Uf(XY s) VU 10TV, 0|2 Vel
_[\Il + | (o) =S -u*—iilw -ds — o' —— - dB;

Where we used Feynman-Kac for the last equality. If we substitute u* = o7V, log ¥, we get

1
dey” =~ [f(Xé‘*, ) + [u*? - Q\u*lﬂ ~ds —u* - dB”

_ u* ‘u ‘2 ut u*
(X2 ) s) — 5 -ds — dB;

And we can recognize the terms in u* as the change of measure term we obtained before,

* T * 1 T 2
Z§T=J ufdBy +J luy|“dt
’ S 2 S
So we get
* * *
d¢s = —f(Xg ,8)-ds —dZg,;
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By continuity of ij* as s | 0, we get

-
u¥ u¥ u¥
T 750 f dCs

0
)
—_ f FXE* s)ds — 24"
0

By definition, we have {5‘* = —log ¥(x,0), we also by Feynman-Kac that Cﬁ* = —log \I!(Xﬂ* .7) = g(X¥), so we

T

get
w(a.0) = oxp (g2 - [ 705 - 27 ) Qas
0

This shows that we get a zero variance estimator of W(z, 0), showing that the optimal u* can be reached. O

5.2 Reinforcement Learning

Reinforcement learning is a sub-field of optimal control that deals with agents, that can take actions in an environment.
The goal is to maximize a reward signal over sequences of decision epochs. We will first introduce the theoretical

framework most RL problems are set in. (For a more robust introduction, see [ D.

5.2.1 Markov Decision Process

The theoretical framework for solving most RL problems is a Markov Decision Process. Most examples consist of
1. S, the state space. The space of all possible states the environment can be in.
2. A, an action space. The set of actions an agent can choose at each state
3. R: S x A — R, a function that maps state action pairs to a reward, quantified by a real number.

4. P: S x S x A — [0,1] a transition probability function, which takes a state s; € S, so € S and a € A, to the

probability that taking action a in s; will lead to s2. In deterministic environments, this is a simple function.

5. T, : S — {0, 1}. Where it maps states whether they are terminal or not, i.e whether there are any actions that can

send the state to another state.

6. T aset of decision epochs on which the action can choose actions. In most cases, we would have t € 7, s; € S

and a; € A, a sequence of states and actions.

5.2.2 Value, Return and Trajectories

We call 7 a trajectory if it is an ordered sequence of states and actions. LE sg, ag, s1,a1,...,s7 forsome T € T = N.
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The return of a trajectory is for some discount rate ~ € [0, 1],

Therefore, since transitions are stochastic, we can define the value of a state for some policy 7 to be
V7T(s) = E[G(7)|m, s0 = 5]

Where the trajectories are generated by the policy 7.

Therefore, we would want optimize the quality of our policy, what we call the objective function
J(m) = E[G(7)|m, s0 ~ po]

Where py is the distribution over initial states, and the expectation is over the path-measure space.

We search for an optimal policy 7* such that

7t = argmax{Ey~p,, £[G(7)ls0 = o]}
TeP

5.2.3 RL Algorithms

Two of the main model-free and model-based. Model-free methods do not rely on an accurate model of the environment.
Model-based methods use a given P for the environment and can use it for their policies. (For a more general overview

of Reinforcement Learning algorithms, see [ D
Two of the main approaches to improving a policy are value based methods and policy gradient methods.

Value based methods, such as Q-learning aim to estimate the value of (s,a) € S x A state action pairs, and at each
decision epoch ¢t € T choose the action maxge4 V™ (8¢, a), where V™ is some parametrized method of estimating the

expected return of taking action a in state s;.

The Bellman optimality equation
Q*(s,a) = E[R(s,a) + max Q*(s¢11,d')|s; = s,a; = a, %]

a’eA

is an algorithm, that under some conditions provide a guarantee of converging to the optimal Q value. If this function is
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obtained, the optimal policy is then given by

7 (s) := argmax Q* (s, a)
acA

Policy based methods aim to parametrize the policy and optimize the expected discounted return with respect to the

parameters. One can find a closed form for the gradient, called the policy gradient theorem, was first shown in [

given by

VoJ(mg) = VoE[G(T)|ms]

—ng G(1)p(t|mg)d

-1
= J G(7)Vy (Po(so) H p(3i+1’3i7ai)7re(ai’3i)> dr

i=1

f G ‘71'9 V@ logp(7'|7r9)

- E[G 2 Vo log ma(as|si)|mg]
i=1

Where we use the log-trick, i.e taking that

VGW9(37 CL)

VQIOgﬂ'Q(S,CL) = 7_[_0(5 CL)

which implies that

W@(Sa Cl)Vg log 779(‘9’ a) = V97T9(5¢ a)

Which allows us to take the log, take a sum and remove all of the p;(s;) terms.

5.3 Solving the Sampling Problem with Reinforcement Learning

The following example of using RL to solve the sampling problem, and forming a link between RL and Stochastic

Calculus comes from [ ]. In our case, we want to minimize the variance of our estimator, so we set our reward is

—1/2 So |lag|?dt — So (s¢)dt for each trajectory. Therefore, by using RL methods, we can iteratively find an

optimal control that gives us a zero variance estimator of the desired quantity.
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6 Exercises

Exercise 6.1 (Doob’s optional stopping theorem). Let {X,,} be a {F,,}—sub-martingale. Andletv < 7, P — a.sbe
bounded {F,, } —stopping times. Then
E[X,] < E[X,]

Proof. Notice that v < 7-P almost surely implies Vn > 1,v A n < 7 A n — P almost surely. By induction we have

shown that for m > n E[X,,,] = E[X,,], so we have

E[XT/\’VL] = ]E[XT/\n]lT/\nBVAn] + E[XT/\n]lT/\n<y/\n]
= E[Xl//\’n]lﬂ'/\'nZV/\TL] + [XV/\n]lr/\n<uAn]
= E[Xzz/\n]

Since we have 7, v bounded stopping times, we have C, D e N: 7 < C'and v < D. So we get E[X;] < E[X(¢] < o0,

and E[ X, | < E[Xp] < 0. So by dominated convergence theorem:
E[XT/\TL] = E[XZ/AH]

lim E[X,nn] = E[ lim X, .,] = E[X/]

n—0o0 n—0oo
lim E[X,,,] = E[ lim X, .,] = E[X,]
n—0 n—0o0

And finally
E[X;] > E[X,]

Exercise 6.2. Let (B;);>0 be a SBM, and let s < t.
1. Find E[B,BZ]
2. Find E[B?B7]
3. Show E[BeBs] = se®/?

4. Find E[B,eP]
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Proof. First, notice By and By are not independent. In particular B; = Bs + Z, Z ~ N(0,t — s). Therefore

E[BthQ] = E[E[Bthz‘Bs = bS]]

= E[E[bs(bs + 2)?]]
= E[E[b}] + E[202Z] + E[bsZ?]]
=E[B? + 0+ Bs(t — 5)]
= E[B]]
=0

Similarly,

=
5,
waé
=
E
=,
&,
o
|
@‘

B x z2
E[Bse”*] = f efe” 2z dx
—o0 AV 2Tms
00 2
X _z“—2zxs
= J (& 2s dgj
—o0 V2ms
0 2
xT _ (=9 s
= f e 2 ezdx
—o V27s

By identifying the expectation. Now for the final exercise:

E[BgePt] = E[E[b, ebs+Z|B — b]]
= E[Bs [ 1
= [ 7]



Exercise 6.3. Let (B;):>0 be a SBM, and let a € R. Find
1. limy oo E[1 5, <o]

2. limy—ro E[By1 <]
Proof. First notice E[1p,<,] = P(B; < a). And since B, ~ N (0, ¢) has a symmetric distribution,
z:=P(B,<a)=1-Fp,(—a)=1—P(B; < —a) =P(B; = —a)
We can also simply notice V¢ > 0
1=P(B;<a)+P(B, = —a) —P(|B| <a) =2z —P(|B] < a)

Now switching back, P(|B;| < a) = E[1p,|<,] < 1. So by the dominated convergence theorem,

@1 a2
lim E[1)5,/<q] = tlinoéf e 2dx

t—00 —a t2m

a 1 22
=J lim ——e™ 2tdx

at=0 A/ t2m

:J Odx

0

Therefore we have lim;_,, P(B; < a) = %

Now notice by calculation, Ya € R:

@ T z2
lim E[B;1 =l ~2td
Jim E[Blp,<q] = lim v
2
t (%
= lim J e "“du
t—oo \ 27 )
. t _a2
= tlirg) — %e 2t
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