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Abstract

Stochastic Calculus is an important development in the space of applications of integral and differential calculus

onto stochastic processes. The first main application was in finance, when Louis Bachelier first developed some

theory in 1900 and used it to analyze the Parisian Bourse [Cou02]. In this report, we present a brief introduction

to Stochastic Calculus, focusing on the development of Ito’s Calculus. We begin with reviewing some preliminaries

from Probability Theory. We then present some of the nice properties of Brownian Motion, and importantly, what

makes it so difficult to perform calculus on. We then present Ito’s integral, Ito’s isometry, and Ito’s formula, key results

in stochastic calculus. To conclude the report, we present an application, where we leverage Stochastic Calculus and

Reinforcement learning to solve a molecular dynamics problem.
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1 Preliminaries

1.1 Martingales

Definition 1.1 (σ´algebra). We call F , a collection of subsets of Ω, a σ´algebra if

1. H P F

2. @A P F , Ac P F

3. If tAn : n ě 1u Ď F then
Ť

nPNAn P F

Definition 1.2 (Filtration). A collection tFn : n ě 1u of σ´algebras on Ω is a filtration if @n ď m,Fn Ă Fm.

Definition 1.3 (Martingale). Let pΩ,F , tFnu,Pq be a filtered probability space and tXn : n ě 1u a collection of

random variables on Ω. Then we say tXnu is a tFnu-martingale if

1. @n ě 1, σpXnq Ă Fn

2. @n ě 1, Xn P L1

3. @n ě 1,ErXn`1|Fns “ Xn

If 3. is replaced with

@n ě 1,ErXn`1|Fns ď pěqXn

Then we call tXnu a tFnu-super-martingale (sub-martingale) respectively.

Definition 1.4. We call τ : Ω Ñ N Y 8 a tFn : n ě 1u´stopping time if @n ě 1

tτ ď nu P Fn

Theorem 1.5 (Stopped processes). Let tXnu be a tFnu´ martingale, then for a tFnu´stopping time τ , tXτ^nu is

also a tFnu´martingale

1.2 Construction of Brownian motion

Definition 1.6 (Gaussian vector). For Σ P Rnˆn positive definite, and µ P Rn, a gaussian vector with mean µ and

covariance matrix Σ is one with density function

fpxq “
1

a

p2πqn detΣ
e´ 1

2
px´µqtΣ´1px´µq
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Essentially, it’s simply a vector with probability density function equal to the joint probability density function of n

gaussian distributed random variables.

Definition 1.7 (Standard Brownian Motion). For T ą 0, Standard Brownian Motion (SBM) is a collection of random

variables tXsu, s P r0, T s defined on a probability space pΩ,F ,Pq such that:

1. X0 “ 0 P´a.s

2. @ 0 ď s1 ď s2 ď t1 ď t2 ď T pXs2 ´ Xs1q is independent of pXt2 ´ Xt1q

3. @ 0 ď s ď t ď T Xt ´ Xs „ N p0, t ´ sq

4. X : t Ñ Xtpωq is P´almost surely continuous.

Brownian motion is actually an example of a Gaussian process. It is one of the most important examples.

Definition 1.8 (Gaussian process). tXtutPr0,T s is a gaussian process if and only if for any choice 0 ď t1 ă t2 ă ¨ ¨ ¨ ă

tn ď T

pXt1 , Xt2 , ¨ ¨ ¨ , XtnqJ is a gaussian vector.

Brownian motion is a gaussian process (Xt “ Xt´X0 „ N p0, tq). What distinguishes it from other gaussian processes

is the unique covariance structure.

Proposition 1.9. Let X be a SBM on [0,T], then for s, t P r0, T s

CovpXs, Xtq “ s ^ t

Definition 1.10 (Complete orthonormal basis). Let pX, x¨, ¨yq be a Hilbert space. Then tϕnunPN is a complete orthonor-

mal basis if

1. @i ‰ j, xϕi, ϕjy “ 0

2. spanpϕiqiPN is dense in X

Now, to construct the Brownian motion, simply by the definition, a natural candidate would be for tZnunPN a collection

of mean zero independent gaussian random variables with variance 1

Bt “

8
ÿ

n“0

anptqZn
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By Fubini, we know Er
ř8

n“0 anptqZns “ 0, and the covariance is given by

ErBtBss “

8
ÿ

n“0

anptqanpsqErZnZns “

8
ÿ

n“0

anptqanpsq

So we are looking for an : r0, T s Ñ R such that anpsqanptq “ s ^ t. By looking at the Hilbert space L2pr0, T sq, with

the inner product defined as

f, g “

ż T

0
fpsqgpsqds

For f, g P L2pr0, T sq. Now notice by Parsevla, we get that

f, g “

8
ÿ

n“0

f, ϕng, ϕn

So taking f “ 1r0,ts and g “ 1r0,ss we have that

f, g “

ż s^t

0
dx “

8
ÿ

n“0

ˆ
ż s

0
ϕndx

˙ ˆ
ż t

0
ϕndx

˙

Therefore a natural candidate for our an is anpsq “ p
şs
0 ϕndxq which would give the correct covariance. By taking some

orthonormal basis (such as Haar wavelets) we can show that we can find a sequence of simple functions approaching a

Brownian motion. For more details, refer to [Ben24]

2 Properties of Brownian Motion

Brownian motion is quite a nice object as it has some nice properties, for example stretching or shrinking a SBM is still

a SBM.

2.1 Scaling properties

Proposition 2.1 (Stretching the scale). Let B be a SBM, and aą0. Then X “ pXtqtě0

Xt “
1

?
a
Bat

Is also a SBM with the same distribution.

Proposition 2.2 (Shrinking the scale). Let B be a SBM, then X “ pXtqtě0

Xt “ tB 1
t
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Is a SBM of the same distribution.

2.2 Cutoff property

Proposition 2.3. Let B be a SBM, then for s ě 0

Xt “ Bt`s ´ Bs

Is also a SBM, in particular, X and σppBtq0ďtďsq are independent.

Notice that here, independence comes from the fact that Bt “ Bt ´B0, and we know Bt ´B0 K Bt1`s ´Bs for t ď s.

2.3 Bounding the trajectory

Importantly, we can see that the limiting behavior of the Brownian motion is problematic, in fact it changes direction

infinitely often.

Proposition 2.4 (Iterated log identities). For a SBM B “ pBtqtě0, we have the following properties for the limiting

behavior towards 8 and 0`. In particular

P

¨

˝lim sup
tÑ0`

Bt
b

2t ln ln 1
t

“ 1

˛

‚“ 1

And by symmetry of distribution

P

¨

˝lim inf
tÑ0`

Bt
b

2t ln ln 1
t

“ ´1

˛

‚“ 1

And for the behavior towards 8:

P
ˆ

lim sup
tÑ8

Bt
?
2t ln ln t

“ 1

˙

“ P
ˆ

lim inf
tÑ8

Bt
?
2t ln ln t

“ ´1

˙

“ 1

That limiting behavior gives rise to the following corollary which ends up being very problematic. The motion crosses

the x-axis finitely often within any arbitrarily small interval after a first crossing.

Corollary 2.5. For any ϵ ą 0

Pp inf
0ďsďϵ

Bs ă 0, sup
0ďtďϵ

Bt ą 0q “ 1

Even further, we have that the set of zeroes of a SBM is closed and has no isolated points.
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Proposition 2.6. For a SBM B, let Z be the set of zeroes, i.e Z “ tt P r0, 1s : Bt “ 0u. Then Z is almost surely

closed, compact, has no isolated points and has measure 0 on r0, 1s.

Now this gives rise to a problem, Brownian motion is almost surely differentiable nowhere, even though it is continuous.

In particular, it has unbounded total variation, which we can see quite easily.

Proposition 2.7 (Unbounded total variation). For any partition π “ tt0, . . . , tmu of r0, ts such that 0 “ t0 ă t1 ă

¨ ¨ ¨ ă tm “ M for some M P R, m P N with

|π| “ max
0ďiďm´1

|ti`1 ´ ti|

We have that

lim
|π|Ñ0`

m´1
ÿ

i“0

pBti`1 ´ Btiq
2 ÑL2pPq M

In particular, we have

lim
|π|Ñ0`

m´1
ÿ

i“0

|Bti`1 ´ Bti | Ñ 8

Proof. Since

lim
|π|Ñ0`

m´1
ÿ

i“0

pBti`1 ´ Btiq
2 ÑL2pPq M

We also know that
m´1
ÿ

i“0

pBti`1 ´ Btiq
2 ď max

0ďiďm´1
|Bti`1 ´ Bti | ¨

m´1
ÿ

i“0

|Bti`1 ´ Bti |

By continuity, we know that

lim
|π|Ñ0`

max
0ďiďm´1

|Bti`1 ´ Bti | “ 0

Which means that
řm´1

i“0 |Bti`1 ´ Bti | Ñ 8.

3 Ito’s integral

3.1 The goal

The goal of this section is to define Ito’s integral, i.e for a function X : Ω ˆ r0, T s Ñ R and some SBM Bt, we want to

find

IpXqpωq “

ż T

0
Xpt, ωqdBtpωq
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Here are some examples for intuition. If we take some Brownian motion, and say that as a function of this noise, we

gain 2 dollars in proporition to the noise. Then we want to find the accumulated gain, i.e

Ip3qpωq “

ż T

0
3dBtpωq

However, we have the freedom to define it as a random function. We could for example, weigh the steps of a Brownian

motion, by the Brownian motion itself, i.e

IpBtqpωq “

ż T

0
BtdBt

Essentially, it’s a way of integrating functions over a random path, in this case, Brownian motion. And as we saw,

we’ll need to define a special class of functions that this can be well defined over, especially since as we say, Brownian

motion is almost surely differentiable nowhere. Let’s define the class of functions we can define Brownian motion over.

Definition 3.1 (H2). Take B :“ Bpr0, T sq to be the standard Borel σ´algebra, and Ft the standard brownian filtration.

Then we uniquely define Ft ˆ B to be the smallest σ´algebra that contains all A ˆ B,A P Ft, B P B.

H2pr0, T sq :“

"

X : X is Ft ˆ B - measurable, is tFtu adapted and E
„

ż T

0
Xtpωq2dt

ȷ

ă 8

*

Eventually, we will show that this class is also bounded under the linear functional I .

3.2 Simple functions

As with the construction of the Lebesgue integral, it’s often easier to build up from simple functions. It is also known

from functional analysis that simple functions are dense in LppX,µq, so taking X :“ Ft ˆ B and µ :“ dP ˆ dλ, with

λ the Lebesgue measure, we can extend all of our results by Monotone class arguments.

Definition 3.2 (H2
0 ). We denote H2

0 the subset of H2 consisting of simple functions. I.E H2
0 “ tX : X P H2,X simpleu.

Specifically, we define it as X such that Dn P N, 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tn “ T and a1, . . . , an´1 with ai Fti´measurable.

With Era2i s ă 8 such that

Xpt, ωq “

n´1
ÿ

i“1

aipωq1rti,ti`1sptq

Notice we define the ai ´ s to be adapted to Ft.

Now, let’s define the integral for this dense subclass. However, we will notice it turns out we have already done this! It
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turns out by Ito’s isometry that Er
şT
0 Xtpωq2dts “ ErIpXq2s! But where does this projection come from?

Proposition 3.3 (Ito’s isometry for simple functions). For X P H2
0 ,

ErIpXq2s “ ||IpXq||2L2pdPq “ ||X||2L2pdPˆdtq “ E
„

ż T

0
Xtpωq2dt

ȷ

3.3 General functions

Since we know that on simple functions, I is an isometry, we therefore get that I is Lipschitz continuous, and there-

fore maps Cauchy sequences to Cauchy sequences. Through this, we can get the theorem to hold on all functions in H2.

Proposition 3.4 (Ito’s isometry). For X P H2

||IpXq||2L2pdPq “ ||X||2L2pdPˆdtq

Something else we might want to do is turn IpXqpωq “
şT
0 XtpωqdBtpωq into a process, i.e IpXqtě0, with

IpXqt “

ż t

0
XtpωqdBtpωq

So now, each ω P Ω defines a determined process IpXqt, i.e a new path. The idea is simple, we want to construct

Zt “ Ip1r0,tsXq P L2pdPq

The problem with this is that we want a process that is continuous, but since 1r0,tsX is only defined as P´a.e finite, Zt

might not be well defined. However, it turns out that we can find such a Z̃t, to have our desired properties, and in fact,

it is exactly what we have constructed. We also get another nice property, that Ito’s isometry holds under conditional

expectations.

Proposition 3.5 (Conditional Ito’s). For X P H2, and 0 ď s ď t, then

E

«

ˆ
ż t

s
XudBu

˙2

|Fs

ff

“ E
„

ż t

s
X2

udu|Fs

ȷ
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3.4 Extending to almost surely finite variation

In some cases, we find that H2 is too restrictive, so we want to extend the definition of Ito’s integral to processes that

have P´almost sure finite variation.

Definition 3.6 (L2
loc). We denote

L2
loc :“ tX : X measurable, adapted and P

ˆ
ż T

0
X2

t dt ă 8

˙

“ 1u Ą H2

We then link L2
loc and H2 by noticing that for such processes that have almost surely finite variance, if we add a stopping

time τ , that bounds them below n then Xτ is in H2. Then by taking an increasing sequence, we can find a continuous

function in H2 that approximates X in L∈
loc.

Proposition 3.7 (Localizing stopping times). For X P L2
loc, and tτnuně0 a sequence of stopping times defined as

τn “ inf

"

t P r0, T s : t “ T or
ż T

0
X2

t dt ě n

*

is localizing, i.e we have that @n P N:

Xn,tpωq :“ 1tďτnpωqXtpωq P H2

And that

Pp

8
ď

n“1

tτn “ T uq “ 1

Now we won’t detail it here, but it seems pertinent to mention that it turns out for any localizing stopping time, we can

find a unique continuous process PpZt “ limnÑ8 Xn,tq “ 1. We can therefore extend Ito’s integral to all functions in

L2
loc.
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4 Ito’s formula

4.1 For functions of Brownian motion

Proposition 4.1 (Ito’s formula). For a C2 function f : R Ñ R we have

fpBtq “ fp0q `

ż t

0
f 1pBsqdBs `

1

2

ż t

0
f2pBsqds

Which we sometimes write

dfpBtq “ f 1pBtqdBt `
1

2
f2pBtqdt

There is some nice intuition for this formula based on Taylor’s expansion for C2 functions. For some f P C2pRq and

two points x, y Taylor’s expansion gives

fpyq ´ fpxq “ py ´ xqf 1pxq `
py ´ xq2

2
f2pxq ` rpx, yq

Where rpx, yq is the remainder, formally:

rpx, yq “

ż y

x
py ´ uqpf2puq ´ f2pxqqdu

What this gives us is a way of expressing the change of value of a function (i.e Reimann type approximation). How

this differs for brownian motion, is that the pBti ´ Bti´1q2 will tend to ti ´ ti´1, and so it will become an integral over

dt. The other particularity, is that the remainder will tend to 0. This is because as the distance between x, y tend to 0,

by Heine-Cantor we get that the modulus of continuity of a continuous function tends to 0. Recall, for some compact

A Ă R, the modulus of continuity of some continuous (so bounded on A) function f on A is

sup
xPA

sup
yPA

|fpxq ´ fpyq|

And Heine-Cantor tells us that continuous functions on compact sets are uniformly continuous (by extracting a finite

subcover of open ϵ´balls of A).

4.2 Proof outline

We want to show that

fpBtq ´ fp0q “

ż t

0
f 1pBsqdBs `

1

2

ż t

0
f2pBsqds
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To do this, it’s easier to show

n
ÿ

i“0

fpBi`1q ´ fpBiq “

ż t

0
f 1pBsqdBs `

1

2

ż t

0
f2pBsqds

For some partition that we will refine. And by the expansion we get

n
ÿ

i“0

fpBi`1q ´ fpBiq “

n
ÿ

i“0

pBi`1 ´ Biqf
1pBiq `

pBi`1 ´ Biq
2

2
f2pBiq ` rpBi`1,Biq

4.2.1 Step 1

For the first step, we show
n

ÿ

i“0

pBi`1 ´ Biqf
1pBiq Ñ

ż t

0
f 1pBsqdBs

To do this, we do 3 important things, we get a stopping time to bound Bt, τM “ inftt : |Bt| ě Mu. We, also consider

a function fM with fM pxq “ fpxq,@x P r´M,M s, and fM is compactly supported and continuously twice differen-

tiable.

We first construct a simple function approximation of fM pBtq, and with Ito’s isometry we change from integrating

against dt ˆ dP to dBt. Which is computationally much simpler.

4.2.2 Step 2

For the second step, we show that

1

2

n
ÿ

i“1

pBti ´ Bti´1q2f2pBti´1q Ñ
1

2

ż t

0
f2pBtqdt

The strategy for this section is to say that since s Ñ f2pBsq is continuous almost surely, we know that

1

2

n
ÿ

i“1

f2pBti´1qpti ´ ti´1q Ñ
1

2

ż t

0
f2pBtqdt

So we can make this term appear by adding zero i.e considering

B̃n :“
1

2

n
ÿ

i“1

f2pBti´1q
`

pBti ´ Bti´1q2 ´ pti ´ ti´1q
˘

`
1

2

n
ÿ

i“1

f2pBti´1qpti ´ ti´1q

And just need to show the first term tends to zero. We can bound the squared norm by noticing that squaring this will can-

cel out all the cross terms by some indepedence arguments and since we are centering the pBti ´Bti´1q2 which approach

ti´ti´1. And by bounding the function with the sup-norm, the difference between Er
`

pBti ´ Bti´1q2 ´ pti ´ ti´1q2
˘

s Ñ
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0.

4.2.3 Step 3

Here we simply show the remainder tends to zero by showing that

|ϵn| ď

n
ÿ

i“1

`

Bti ´ Bti´1q2hpti, ti´1q
˘

We get this tends to zero by bounding the expectation of the absolute value with Cauchy Schwartz, and Markov. Look

in the textbook for the exact steps.

4.2.4 Final Step

Now that we have our convergence in probability for each of the terms, for all t P r0, T s, we have some Ωt : PpΩtq “ 1,

of a sequence tending almost surely (convergence in probability implies existence of a subsequence that tends almost

surely). However, we do not know that Pp
Ş

tPr0,T s Ωtq “ 1 as it is uncountable. So a classic trick, is to take Ω1 the

almost sure event of continuity of s Ñ fpBsq and extend it with

č

tPQXr0,T s

Ωt X Ω1

Which has probability one, and by continuity, all we need to convergence for all rational t P r0, T s.

4.3 Extension to functions of Brownian motion and time

Proposition 4.2. For f : R` ˆ R Ñ R a function in C1,2pR` ˆ Rq, then we have that

fpt, Btq “ fp0, 0q `

ż t

0
Btfps,Bsqds `

ż t

0
Bxfps,BsqdBs `

ż t

0
B2
xxfps,Bsqds

We won’t detail the proof here, as it follows very closely to the proof for functions of Ito’s formula for functions of just

Brownian Motion.

4.4 Extension to Ito’s Processes

Definition 4.3 (Ito’s process). A process tXtutPr0,T s is called an Ito’s process if it can be written as

Xtpωq “ X0 `

ż t

0
aspωqds `

ż t

0
bspωqdBs
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With a, b adapted and measurable processes with

P
ˆ

ż T

0
|as|ds ă 8

˙

“ 1 and P
ˆ

ż T

0
bsdBs ă 8

˙

“ P
ˆ

ż T

0
b2sds ă 8

˙

“ 1

We also write

dXtpωq “ atpωqds ` btpωqdBs

It’s nice to notice that SBM is an ito’s process with a : Ω Ñ R by apωq “ 0 and b : Ω Ñ R by bpωq “ 1. A SBM with

drift is such that a “ µ and b “ σ.

Theorem 4.4 (Ito’s formula for functions of Ito’s processes). For f P C1,2pR` ˆ Rq and X an Ito’s process then we

have

fpt,Xtq “ fp0, 0q `

ż t

0
Btfpt,Xtqdt `

ż t

0
Bxfpt,XtqdXt `

1

2
xXy

ż t

0
B2
xxfpt,Xtqdt

Or

dfpt,Xtq “ Btfpt,Xtqdt ` Bxfpt,XtqdXt `
1

2
Bxxfpt,XtqdxXyt

Where xXyt denotes the quadratic variation of X.

5 Connecting Stochastic Optimal Control, and Reinforcement Learning

An application of Stochastic Calculus is the field of SOC (Stochastic Optimal Control), where we are optimizing some

function of a stochastic process through controls. Formally, for some stochastic process X : r0, T s ˆ Ω Ñ Rn, and

some sufficiently smooth function f : Rn Ñ R, where we have that

dXt “ pµpXtq ` upXtqqdt ` σpXtqdBt

For some adapted µ, σ and Bt some SBM. We would search for

argmin
u

Er

ż T

0
fpXtqdts

For which we can use Ito’s formula under some conditions. We can see how stochastic calculus could help, as we have

tools for dealing with stochastic integrals.

However, once we get this problem in a nice form, we still need some tools from Optimal Control. In particular, we can

use tools from Reinforcement Learning, which is a sub-field of Optimal Control, where we seek to maximize expected

reward over some space of controls.
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5.1 Importance Sampling Problem in Stochastic Optimal Control

In molecular dynamics, we often want to calculate the expected value of some observable of a molecular system

[Que+18]. To do this we collect ergodic trajectories. Ergodicity means that the distribution of states of a system

over some infinite trajectory is the same as the distribution of initial states. In our case, we can find the expected value

of some observable of our molecular system by simulating the trajectory of the system for a long enough time. Formally,

for some system Xt P Rn, governed by the SDE

dXt “ ´∇V pXtqdt ` σpXtqdBt

For some X0 “ x0, where Xt is the state of the system at time t ě 0, Bt a n-dimensional standard Brownian motion

and V : R⋉ Ñ R a sufficiently smooth potential energy function. We would want to study the behavior of this system

up to some stopping time. We can define such a stopping time τ as

τ “ inftt ą 0 : Xt P T u

For some closed boundary T Ď Rn. For this type of system, we want to measure the expected value of some function

of the path. In our case, for some g : Rn Ñ R, and f : Rn Ñ R, where f,g are sufficiently smooth and bounded, we

want to measure

Ψpxq :“ E
„

exp

ˆ

´gpXτ q ´

ż τ

0
fpXtqdt

˙ˇ

ˇ

ˇ

ˇ

X0 “ x

ȷ

To find Ψpxq, we could use a Monte Carlo estimator, i.e collect sample trajectories, and we have that

N
ÿ

n“1

exp
`

´gpXτ q ´
şτ
0 fpXtqdt

˘

N
ÑNÑ8“ Ψpxq

Since the average of iid samples of some distribution D tends to the average of the samples by the Strong Law of Large

Numbers. However this estimator has extremely high variance, as molecular systems exhibit metastability.

Metastability intuitively means that the system is stuck in a small stable subregion of T c Ď Rn. We can see this in

the dynamics of the system, which are composed of a step in the direction of greatest descent of the potential energy

function, as well as some Gaussian noise. We can therefore imagine the state reaches some local minimum X P Rn, i.e

for some r ą 0

@x P BrpXq, V pxq ě V pXq ðñ V pxq ´ V pXq ě 0

Therefore to escape this local state, we need the Brownian motion to ”push us out”, which rarely happens.

Due to this problem, sampled trajectories have high variance as the systems can get stuck in local minimums, making

the Monte Carlo estimator a poor estimate of the true Ψpxq. This is where the importance sampling problem comes

from, we want to sample these trajectories in a better way, such that they are more representative of our desired value.

In particular, we will see that we can find an unbiased estimator of Ψpxq with no variance.
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In particular, when looking for

´ logΨpxq “ ´ logEP rIpX0:τ qs

“ ´ logEQrIpX0:τ qm0:τ s

“ ´ logEP

„

exp

ˆ
ż τ

0
utdBt ´

1

2

ż τ

0
|ut|

2dt ´ gpY u
t q ´

ż τ

0
fpY u

t qdt

˙ȷ

ď E
„

1

2

ż τ

0
|ut|

2dt ` gpY u
t q `

ż τ

0
fpY u

t qdt

ȷ

Where we use Jensen’s inequality [Øks03] . We also know we achieve inequality when the elements are constant. I.E we

get equality here for some optimal control that gives zero variance for the stuff inside. So the control that minimizes the

variance is the control that will give a zero variance estimator of ´ logΨpxq, also called the free-path energy [Har+17].

We can see that we can find such an optimal control by seeing the above as

´ logEπr

ż

expp´W qdxs “ ´ logEρr

ż

expp´W q
π

ρ
dxs

“ ´ logEρr

ż

expp´W ´ log
ρ

π
qdxs

ď Eρr

ż

W ` log
ρ

π
dxs

Where we get equality for some optimal ρ˚ such that

´W ´ log
ρ˚

π
“ C

And we can solve for ρ˚

π .

The approach to the sampling problem we will see here involves adding a drift term to our SDE.

Let’s prove that a control actually induces a change of measure. In particular, we want to consider Yt P Rn for t ą 0

governed by

dYt “ p´∇V pYtq ` σpYtqupYtqqdt ` σpYtqdB
u
t

where here u : Rn Ñ Rn belongs to the space of time-independent feedback controls U (this makes u a Rn adapted

stochastic process, i.e not forward looking). Here we are also consider the auxiliary process induced by u Bu
t defined

by

Bu
t “ Bt ´

ż t

0
usds

However, under the probability measure P, this is not a Brownian motion. Luckily for us, Girsanov’s theorem [Øks03]
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tell us that pBu
t qτětě0 is a Brownian motion under a measure Q with Radon-Nikodym derivative

dQ
dP

ˇ

ˇ

ˇ

ˇ

ˇ

r0,τ s

“ exp

ˆ
ż τ

0
utdB

u
t ´

1

2

ż τ

0
|ut|

2dt

˙

So we get that

γ “ EQ

„

gpYτ q `

ż τ

0
fpYtq ` |ut|

2dt

ȷ

Since the distribution of Bu
t is the same under Q as the distribution of Bt under P, we have that the above is equal to

γ “ EP

„

gpY u
τ q `

ż τ

0
fpY u

τ q ` |ut|
2dt

ȷ

Where Y u
t is the process that satisfies

dY u
t “ p´∇V pY u

t q ` σpY u
t qupY u

t qqdt ` σpY u
t qdBt

This shows that a control u induces a change of measure by Girsanov. All of this just tells us that we can add a drift,

and still recover the original Ψpxq by adding an additional term, (the Girsanov change of measure term). Notice as well

that Yt is the same process as Xt since Bu
t absorbs the drift term from the control.

So, we want to find an optimal control u˚ which minimizes the variance of our estimator, i.e we want

u˚ “ argmin
uPU

tVarQ

ˆ

exp

ˆ
ż τ

0
utdBt ´

1

2

ż τ

0
|ut|

2dt ´ gpY u
t q ´

ż τ

0
fpY u

t qdt

˙˙

u

In particular, we will see that we can find a control with zero variance.

Theorem 5.1 (Existence of a solution). For a process Xt P Rm for 0 ď t ď T for some T P R, governed by the SDE

dXt “ ´∇V pXtqdt ` σpXtqdBt

For x P Rm, 0 ď t ď τ ď T , and

Ψpx, tq “ EP

„

exp

ˆ

´

ż τ

t
fpXs, sqds ´ gpXτ q

˙ˇ

ˇ

ˇ

ˇ

Xt “ x

ȷ

.

Then the measure Q induced by

u˚
s “ σpXu˚

s qT∇x logΨpXu˚

s , sq

is a zero variance estimator, i.e

expp´Zu˚

τ ´ W u˚

τ q “ Ψpx, 0q ´ Q a.s.

17



Where Xu˚

s is the solution to the controlled SDE

dXu˚

s “ p´∇V pXu˚

s q ` σpXu˚

s qu˚pXu˚

s qqdt ` σpXu˚

s qdBu˚

t

And with W u˚

s “ expp´gpXu˚

τ q ´
şτ
0 fpXu˚

τ qdtq and Zu˚

τ is the change of measure term from Girsanov on Xu˚

s . (For

more details, see [Har+17])

Proof. By the Feynmac-Kac formula [Øks03], we have that Ψ solves the following elliptic boundary problem

pA ´ fqΨ “ 0 for px, tq P D

Ψ “ expp´gq for px, tq P DC

Where A is the infintesimal generator of, i.e

A “
B

Bt
`

1

2
σσT : ∇2

x ` ´∇V ¨ ∇x

In particular, we get this formula via Ito’s formula. For our function ζu
˚

s “ ´ logΨpXu˚

s , sq and using the shorthand

Ψ “ ΨpXu˚

s , sq, σ “ σpXu˚

s q, V “ ∇V pXu˚

s q, u˚ “ u˚pXu˚

s q We get

dζu
˚

s “ ´
B logΨ

Bt
¨ ds ´ ∇x logΨp´V ` σu˚q ¨ ds

´
1

2
σσT : ∇2

xplogΨq ¨ ds ´ σT∇x logΨ ¨ dBu˚

s

“ ´

„

AΨ

Ψ
`

ˆ

pσqT
∇xΨ

Ψ

˙

¨ u˚ ´
1

2

|σT∇xΨ|2

Ψ2

ȷ

¨ ds ´ σT ∇xΨ

Ψ
¨ dBu˚

s

“ ´

«

ΨfpXu˚

s , sq

Ψ
`

ˆ

pσqT
∇xΨ

Ψ

˙

¨ u˚ ´
1

2

|σT∇xΨ|2

Ψ2

ff

¨ ds ´ σT ∇xΨ

Ψ
¨ dBu˚

s

Where we used Feynman-Kac for the last equality. If we substitute u˚
s “ σT∇x logΨ, we get

dζu
˚

s “ ´

„

fpXu˚

s , sq ` |u˚|2 ´
1

2
|u˚|2

ȷ

¨ ds ´ u˚ ¨ dBu˚

s

“

„

´fpXu˚

s , sq ´
|u˚|2

2

ȷ

¨ ds ´ u˚ ¨ dBu˚

s

And we can recognize the terms in u˚ as the change of measure term we obtained before,

Zu˚

s,τ “

ż τ

s
u˚
t dB

u˚

t `
1

2

ż τ

s
|u˚

t |2dt

So we get

dζu
˚

s “ ´fpXu˚

s , sq ¨ ds ´ dZu˚

s,τ
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By continuity of ζu
˚

s as s Ó 0, we get

ζu
˚

τ ´ ζu
˚

0 “

ż τ

0
dζu

˚

s

“ ´

ż τ

0
fpXu˚

s , sqds ´ Zu˚

0,τ

By definition, we have ζu
˚

0 “ ´ logΨpx, 0q, we also by Feynman-Kac that ζu
˚

τ “ ´ logΨpXu˚

τ , τq “ gpXu˚

τ q, so we

get

Ψpx, 0q “ exp

ˆ

´gpXu˚

τ q ´

ż τ

0
fpXu˚

s qds ´ Zu˚

0,τ

˙

Q-a.s

This shows that we get a zero variance estimator of Ψpx, 0q, showing that the optimal u˚ can be reached.

5.2 Reinforcement Learning

Reinforcement learning is a sub-field of optimal control that deals with agents, that can take actions in an environment.

The goal is to maximize a reward signal over sequences of decision epochs. We will first introduce the theoretical

framework most RL problems are set in. (For a more robust introduction, see [SB+98]).

5.2.1 Markov Decision Process

The theoretical framework for solving most RL problems is a Markov Decision Process. Most examples consist of

1. S, the state space. The space of all possible states the environment can be in.

2. A, an action space. The set of actions an agent can choose at each state

3. R: S ˆ A Ñ R, a function that maps state action pairs to a reward, quantified by a real number.

4. P: S ˆ S ˆ A Ñ r0, 1s a transition probability function, which takes a state s1 P S, s2 P S and a P A, to the

probability that taking action a in s1 will lead to s2. In deterministic environments, this is a simple function.

5. Tr : S Ñ t0, 1u. Where it maps states whether they are terminal or not, i.e whether there are any actions that can

send the state to another state.

6. T a set of decision epochs on which the action can choose actions. In most cases, we would have t P T , st P S

and at P A, a sequence of states and actions.

5.2.2 Value, Return and Trajectories

We call τ a trajectory if it is an ordered sequence of states and actions. I.E s0, a0, s1, a1, . . . , sT for some T P T “ N.
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The return of a trajectory is for some discount rate γ P r0, 1s,

Gpτq “

T´1
ÿ

i“0

γiRpsi, aiq

Therefore, since transitions are stochastic, we can define the value of a state for some policy π to be

V πpsq “ ErGpτq|π, s0 “ ss

Where the trajectories are generated by the policy π.

Therefore, we would want optimize the quality of our policy, what we call the objective function

Jpπq “ ErGpτq|π, s0 „ p0s

Where p0 is the distribution over initial states, and the expectation is over the path-measure space.

We search for an optimal policy π˚ such that

π˚ “ argmax
πPP

tEx0„px0 ,π
rGpτq|s0 “ x0su

5.2.3 RL Algorithms

Two of the main model-free and model-based. Model-free methods do not rely on an accurate model of the environment.

Model-based methods use a given P for the environment and can use it for their policies. (For a more general overview

of Reinforcement Learning algorithms, see [SB+98])

Two of the main approaches to improving a policy are value based methods and policy gradient methods.

Value based methods, such as Q-learning aim to estimate the value of ps, aq P S ˆ A state action pairs, and at each

decision epoch t P T choose the action maxaPA V πpst, aq, where V π is some parametrized method of estimating the

expected return of taking action a in state st.

The Bellman optimality equation

Q˚ps, aq “ ErRps, aq ` max
a1PA

Q˚pst`1, a
1q|st “ s, at “ a, π˚s

is an algorithm, that under some conditions provide a guarantee of converging to the optimal Q value. If this function is
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obtained, the optimal policy is then given by

π˚psq :“ argmax
aPA

Q˚ps, aq

Policy based methods aim to parametrize the policy and optimize the expected discounted return with respect to the

parameters. One can find a closed form for the gradient, called the policy gradient theorem, was first shown in [Sut+99]

given by

∇θJpπθq “ ∇θErGpτq|πθs

“ ∇θ

ż

Ω
Gpτqppτ |πθqdτ

“

ż

Ω
Gpτq∇θ

˜

p0ps0q

T´1
ź

i“1

ppsi`1|si, aiqπθpai|siq

¸

dτ

“

ż

Ω
Gpτqppτ |πθq∇θ log ppτ |πθqdτ

“ ErGpτq

T´1
ÿ

i“1

∇θ log πθpai|siq|πθs

Where we use the log-trick, i.e taking that

∇θ log πθps, aq “
∇θπθps, aq

πθps, aq

which implies that

πθps, aq∇θ log πθps, aq “ ∇θπθps, aq

Which allows us to take the log, take a sum and remove all of the pipsiq terms.

5.3 Solving the Sampling Problem with Reinforcement Learning

The following example of using RL to solve the sampling problem, and forming a link between RL and Stochastic

Calculus comes from [QB24]. In our case, we want to minimize the variance of our estimator, so we set our reward is

´1{2
şT
0 |at|

2dt ´ gpsT q ´
şT
0 fpstqdt for each trajectory. Therefore, by using RL methods, we can iteratively find an

optimal control that gives us a zero variance estimator of the desired quantity.
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6 Exercises

Exercise 6.1 (Doob’s optional stopping theorem). Let tXnu be a tFnu´sub-martingale. And let ν ď τ, P ´ a.s be

bounded tFnu´stopping times. Then

ErXνs ď ErXτ s

Proof. Notice that ν ď τ -P almost surely implies @n ě 1, ν ^ n ď τ ^ n ´ P almost surely. By induction we have

shown that for m ą n ErXms ě ErXns, so we have

ErXτ^ns “ ErXτ^n1τ^něν^ns ` ErXτ^n1τ^năν^ns

ě ErXν^n1τ^něν^ns ` ErXν^n1τ^năν^ns

“ ErXν^ns

Since we have τ, ν bounded stopping times, we have C,D P N : τ ď C and ν ď D. So we get ErXτ s ď ErXCs ă 8,

and ErXνs ď ErXDs ă 8. So by dominated convergence theorem:

ErXτ^ns ě ErXν^ns

lim
nÑ8

ErXτ^ns “ Er lim
nÑ8

Xτ^ns “ ErXτ s

lim
nÑ8

ErXν^ns “ Er lim
nÑ8

Xν^ns “ ErXνs

And finally

ErXτ s ě ErXνs

Exercise 6.2. Let pBtqtě0 be a SBM, and let s ă t.

1. Find ErBsB
2
t s

2. Find ErB2
sB

2
t s

3. Show ErBse
Bss “ ses{2

4. Find ErBse
Bts
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Proof. First, notice Bs and Bt are not independent. In particular Bt “ Bs ` Z,Z „ N p0, t ´ sq. Therefore

ErBsB
2
t s “ ErErBsB

2
t |Bs “ bsss

“ ErErbspbs ` Zq2ss

“ ErErb3ss ` Er2b2sZs ` ErbsZ
2ss

“ ErB3
s ` 0 ` Bspt ´ sqs

“ ErB3
s s

“ 0

Similarly,

ErB2
sB

2
t s “ ErErB2

sB
2
t |Bs “ bsss

“ ErErb2spbs ` Zq2ss

“ ErErb4ss ` Er2b3sZs ` Erb2sZ
2ss

“ ErB4
s ` 0 ` B2

s pt ´ sqs

“ ErB4
s s ` pt ´ sqpsq

“ 3s2

We get the 4th moment by doing repeated integration by parts. Now,

ErBse
Bss “

ż 8

´8

x
?
2πs

exe´x2

2s dx

“

ż 8

´8

x
?
2πs

e´x2´2xs
2s dx

“

ż 8

´8

x
?
2πs

e´
px´sq2

2s e
s
2dx

“ e
s
2ErBs ` ss

“ se
s
2

By identifying the expectation. Now for the final exercise:

ErBSe
Bts “ ErErbse

bs`Z |Bs “ bsss

“ ErBse
BsEreZss

“ ErBse
Bse

t´s
2 s

“ e
t´s
2 se

s
2

“ se
t
2
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Exercise 6.3. Let pBtqtě0 be a SBM, and let a P R. Find

1. limtÑ8 Er1Btďas

2. limtÑ8 ErBt1Btďas

Proof. First notice Er1Btďas “ PpBt ď aq. And since Bt „ N p0, tq has a symmetric distribution,

x :“ PpBt ď aq “ 1 ´ FBtp´aq “ 1 ´ PpBt ď ´aq “ PpBt ě ´aq

We can also simply notice @t ě 0

1 “ PpBt ď aq ` PpBt ě ´aq ´ Pp|Bt| ď aq “ 2x ´ Pp|Bt| ď aq

Now switching back, Pp|Bt| ď aq “ Er1|Bt|ďas ď 1. So by the dominated convergence theorem,

lim
tÑ8

Er1|Bt|ďas “ lim
tÑ8

ż a

´a

1
?
t2π

e´x2

2t dx

“

ż a

´a
lim
tÑ8

1
?
t2π

e´x2

2t dx

“

ż a

´a
0dx

“ 0

Therefore we have limtÑ8 PpBt ď aq “ 1
2 .

Now notice by calculation, @a P R:

lim
tÑ8

ErBt1Btďas “ lim
tÑ8

ż a

´8

x
?
2tπ

e´x2

2t dx

“ lim
tÑ8

c

t

2π

ż a2

2t

8

e´udu

“ lim
tÑ8

´

c

t

2π
e´a2

2t

“ ´8
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