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ABSTRACT

In this report, we model the monthly rental price in Calgary based on the data from 2024. We first fit a
baseline linear regression model and accesses performances by computing Moran’s / test and variograms
to investigate potential spatial dependency among the residuals. To address the issue, our model involves
a linear predictor term plus a isotropic spatial Gaussian processes with sill, nugget and range as parame-
ters. We use a Bayesian framework where weakly-informative priors are selected for each parameter and
use Markov Chain Monte Carlo (MCMC) methods to inference the parameters. We then examine the
performance of the model and conclude the article by giving graphical illustrations of the spatial effect.
Our model suggests that an additional bedroom is associated with an approximately 12.2% increase in
rent, while holding other covariates and spatial effects fixed; An additional bathroom is associated with
an approximately 22.1% increase in rent, while holding other covariates and spatial effects fixed. Finally,
there is not strong posterior evidence that pet allowance has a clear effect on rent.

1 Introduction

Housing rental prices are determined by both dwelling-level characteristics and location-specific fac-
tors. The hedonic pricing framework treats housing as a differentiated good whose price reflects the
implicit value of its attributes, such as bedrooms, bathrooms, and other unit features [Ros74]. However,
rents are also strongly shaped by spatial context, including neighborhood amenities, accessibility, local
demand, and nearby land use. As a result, nearby properties often exhibit similar prices even after con-
trolling for observable structural characteristics. This motivates the use of spatial methods in housing
price analysis, since ignoring spatial dependence may lead to incomplete inference and weaker predic-
tion [BCHO7, Osl10]. This report is an exercise of illustrating how to model monthly rental price while
considering spatial effects. The report is organized as follows: Section 2 explains some basic concepts
and the set up of our model; Section 3 provides the results and analysis of our model.

2 Method

2.1 Data

Our dataset is taken from Kaggle [Gav24] which contains 25000+ rental listings in Canada in June
2024. In this report, we focus on the rental data in the city of Calgary, Alberta. The dataset contains 12
covariates, namely: Address, Longitude, Latitude, Lease Term, Type of the unit (i.e., apartment, house,
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etc.), Number of Bedrooms (Beds), Number of Bathrooms (Baths), Square Feet of the unit, Furnishing
(Yes or No), Smoking (Yes or No), Pets (Yes or No), Availability Date. In our model, the response
variable y is the monthly rental price of the unit. According to exploratory data analysis using Bayesian
Lasso, the covariates we consider are Number of bedrooms; Number of bathrooms; Square feet; Pets.

The prepossessing process of the dataset consists of decoding the covariates into numeric values, re-
stricting the geographical location within Calgary and removing extreme outliers. In our model, beds,
baths are decoded as non-negative integers, with the convention that a studio apartment will have 0
bedroom, and pets is decoded as a binary variable, (1 being “Yes”, and 0 being “No”’). After data prepos-
sessing we have a total number of 7824 observations for Calgary.

2.2 Baseline Model

We first consider a baseline model being pure linear regression using the log price as outcome. The
model takes the form log(y) = = ' 3 + €, which is

log(price) = B + B, - Beds + B3 - Baths + fB4 - Pets + €, (1)

where € ~ N(0,62), and B is the intercept term. The residual of the data is given by the difference
between observed value and fitted value under the model, namely:

e = log(y,') — a}lT,B

To evaluate our model, we compare the residual of different data points with their observed value. To
avoid overfitting, we split the data into a training set (80% of data) and a testing set (20 % of data). We
fit the baseline model then calculated the fitted value and residuals on the training set. We then test this
model to calculate the predicted value and residuals on the testing set. The performance of the baseline
model is recorded in Table 1 and Figure 1.

Variable Estimate  Std. Error p-value
Intercept 7.1499 0.0094 < 0.001
Beds 0.0698 0.0049 < 0.001
Baths 0.1976 0.0063 < 0.001
Pets allowed  0.1148 0.0067 < 0.001

R? = 0.3822, Adjusted R> = 0.3819, Residual SE = 0.2628

Table 1: Estimated coefficients and significant figures for the baseline model.
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Figure 1: The 2 x 2 plots of the baseline model.

Table 1 shows that all three predictors are highly significant with low p values. While holding other
variables fixed, an additional bedroom is associated with an estimated increase of 0.0698 in log(y), an
additional bathroom with an increase of 0.1976, and allowing pets with an increase of 0.1148. Finally,
the model explains about 38% of the variation in log rental price.

Figure 1 suggests bad performance of the baseline model, hence it is reasonable to seek for other
potential factors that may impact log(y). Among them, we consider potential spatial dependency. To
justify our hypothesis, we use Moran’s I [Mor50] as a measure of spatial correlation on the residual side.
The Moran’s [ statistic is defined by

B n XL Xjowij(ei—é)(ej—2)
i1 X1 Wij Yii(ei—e)?

In Equation (2), € is the mean of the observed residual;, e; is the residual for observation indexed i; n
is the total number of observations; w;; are the entries of a spatial weight matrix W between observation
indexed i and j. By convention W is symmetric and has 0 on its main diagonal. Because the observations
are point-referenced rental listings rather than areal units, neighbors were defined using a k-nearest-
neighbor graph. We used k = 8 to represent a local neighborhood around each listing while ensuring that
every observation has the same number of neighbors. For observation indexed i, we choose its k = 8
nearest neighbors and assign equal weight w;; = 1/8 for them. The weight for the rest of the pairs is set
to 0.
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To assess the significance of Moran’s I, we perform the following hypothesis test: The null hypoth-
esis Hy is that there is no spatial autocorrelation. Under Hy, the Moran’s / has an approximate normal
distribution after standardization:

Lobs — E[]
Var(I) (0.1),
where E[[] = %’ Var(]) = (N—lj\(lii;‘:;?f\;—ﬂ% - (E[I])Z So,S81,---,S5 are all quantities defined through

wi;j and e; [CO81]. From our data, under the null hypothesis, the expected value E[/] is given by
—0.0007255, and the variance is given by 5.6196 x 10~>. Moran’s I statistic for our dataset is 0.4297,
with standard deviate 57.393 and p-value < 2.2 x 10716, Hence, it is statistically significant to reject the
null hypothesis, meaning the residuals are spatially correlated according to the test.

2.3 Varigoram and Covariogram

A variogram Y [Geo63] is a function measuring how residual changes based on the spatial distance.
From now on, we use the following notation

Y(s):(Y(sl) Y(sn))

where Y (s;) has realization y; on spatial location s; under a certain spatial process. The model we assume
is

T

Y(s) = X(s)B+w(s)+e(s), 3)

where X (s)0 is the fixed effect from the linear model introduced in (1). The second term w(s) is a
zero-centered stationary isotropic Gaussian processes capturing the spatial dependency which cannot be
explained by the linear predictor term. The third term €(s) is the uncorrelated independent and identically

distributed (i.i.d) error called nugget, and &;(s;) iy (0, 7%) for all i. For any two spatial sites s, s', define
h = s’ — s, and we have E[w(s+ h) —w(s)] = 0. The variogram of the Gaussian process w(s) with
respect to h is given by

Y(h) = %E[w(s Fh)—w(s)]? = %Var(w(s +h) —w(s)).

The variogram y(h) increases within a certain range, and as distance increases, the spatial correlation
decreases [Tob70]. Behaviorally, we would expect similar values of E[w(s)] and E[w(s+ h)] at short
distance between two spatial sites. When ||h|| gets larger the similarity decreases resulting in a larger
variogram. Finally when ||h|| gets large enough so that the spaial dependency is almost negligible, the
variogram will stay stable at a certain threshold.

A theoretical variograram can be summarized using three parameters: sill 62, nugget T and range ¢.
Sill (6%) measures how much the variogram has increased after reaching stable. Nugget (72) is the pure
error term introduced in Equation (3) which is spatically uncorrelated. For example, it can be viewed
as the price fluctuation for different units within the same apartment building. Range (¢) describes the
spatial dependency strength, which can be viewed as the spatial distance when the variogram reaches sill.
In our model, we compute the empirical variogram by

V) =50 Y [Y(s)—Y(s)P, (4)

(Si,Sj)EN(d)

where N(d) is the set of pairs such that ||s; — s;|| = d. Using Equation (4), we obtain the empirical
variogram for our dataset:
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Figure 2: This figure shows the empirical semi-variogram (y(h)/2) from our data. The blue curve is a
smoothened curve using Matérn variance-covariance function.

distance

In our analysis, we will assume our variogram is isotrophic, meaning y(h) depends only through
d = ||h|| and it is not direction wise. Isotrophic variograms are popular due to their simplicity and
interpretability, and have a number of simple parametric forms as candidates for the variogram [BGC26].
The Matérn variogram [Mat86] is defined by

P—gﬂ? L2VVde)| + 22 ifd>0
0 ifd=0

v(d) =

where d = ||h||, and Ky is the modified Bessel function [Fra58] of order v. v controls the smoothness
of the realized random field [BGC26]. In our model we fix v = 1.5. Apart from variogram, we are also
interested in the covariance function C(h) between any two spatial sites s and s’ = s+ h. It can be
shown that

C(h)= lim y(u)—7v(h),

||| oo

which is monotoneically decreasing. Under isotrophy, the Matérn covariogram C(d) is given by

,  whered = ||h]|. ®)

Cd)=1{72" lr (‘Pd)va((])d) itd>0
2+T ifd =0

Based on our explortary data analysis using Moran’s [ test and Matérn variogram for residuals in
Sections 2.2 and 2.3, it is necessary to model spatial dependency.

2.4 Bayesian Inference

-
We use a Bayesian approach to estimate the parameter vector 8 = (5,62,12,¢) . We assume

w(s)+ €(s) defined through Equation (3) follows the spatial isotropy Gaussian processes with covariance
function 3(02, 72, ¢).Under our assumption, we have

r(s) = w(s)+€(s) NMVN(O,E(62,12,¢)>.



The entries of the variance-covariance matrix are defined through the modified Matérn covariogram
(v = 1.5) where

2 (1 +%) exp (—%) ifd>0

[(=(0?,7%,0))ij = Cov(r(si),r(s}) = :
! ! 2+ 02 ifd=0

with d = ||s; — s;||. Hence in the model Y (s) = X (s)3+w(s) + €(s), the data generating mechanism

of Y (s) is specified using parameter vector 6 is

Y(s)|0 ~ MVN(X(5)8,2(0”,70)).
Using conditional probability, the posterior distribution of 8 given the data Y (s) is

Pa(0:Y (8)) =< f(Y (5)[6) - po(B) - Po(6?) - po(T?) - Po(9), (6)

with some prior py(-) distribution on 3,62, 72, ¢, the conditional likelihood f of Y (s) given 6, and the
posterior of 6. For the linear predictor, we choose a normal prior N(0,100) for B, B2, B3, Bs. As for the
hyper parameter for the spatial Gaussian processes, despite 6 and ¢ cannot be identified, their product
can be identified which is all one need for a consistent spatial prediction at a new spatial site [Zha04].
For computational and model simplicity, we still seek for independent inverse Gamma priors They are
selected as follow.

0% ~ InvGamma(2,0.03712); 72 ~ InvGamma(2,0.0092806); ¢ ~ InvGamma(2,0.129098),

Those are data-scaled priors. The scale for 62 and T comes from the residual standard deviation of a
preliminary model, while the scale for ¢ comes from the spatial scale of the observed locations.

Since we often want to make inferential statements about the parameters marginally, one can obtain
the marginal posterior for each parameter from p(60;Y (s)). For example, the marginal posterior for the
linear predictor coefficients 3 arise from

p(Bly) = [[[ pu(8.0%,2 9:p)d*ad. ™)

However, Equation (7) has no closed form solution and can be high dimensional, hence a computa-
tional approach is needed. Therefore we resort to MCMC (Markov Chain Monte Carlo) methods. MCMC
such as Gibbs sampling [GS90] and Metropolis-Hastings (MH) algorithm [Rob15], is an algorithmic ap-
proach that obtains samples from the posterior which is consistent and asymptotically accurate. After
obtaining the posterior samples, one can use histogram based on it to illustrate the approximated poste-
rior distribution up to arbitrarily accuracy. [GCS™25]. For example, the posterior mean is a minimizer

under the L2 loss:
51 ¥ o
0=— 0\s).

We use Hamiltonian Monte Carlo (HMC) [Bet18] for posterior density estimation described in Equa-
tion (6). For efficient MCMC computation, we refer to the rstan software [Car].



3 Results and Discussion

3.1 MCMC diagnostics

Due to the computational complexity of the MCMC algorithm and time constraint, we are not able
to implement the algorithm to the entire dataset. There are more advanced methods such as Fixed Rank
Kriging (FRK) [CJ08], Nearest Neighbor Gaussian Process (NNGP) [DBFG16], and Local Approximate
Gaussian Process (LaGP) [GA15] etc. For a review of more advanced computational methods for large
spatial datasets, see Heaton et. al. [Heal9] for more detail. Given that it is a DRP project meant for un-
dergraduate students and the short time constrain, we are not able to implement those advanced methods.
Instead, we randomly choose 600 observations with no replicated spatial coordinates and split them into
80% /20% training / testing set. For the training set, the MCMC algorithm consists of 4 chains in total,
with 500 warm up iterations and 1,000 sampling iterations. The MCMC trace plots and the posterior
density plots are shown in Figure 3 and Figure 4. The posterior mean and 95% credible intervals for 3
and Matérn hyperparameters are reported in Table 2 below.
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Figure 3: This figure shows the MCMC trace plots and the posterior densities for the Gaussian process
parameters: Sill 62; Nugget 72 and Range ¢.
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Figure 4: This figure shows the MCMC trace plots and the posterior densities for the linear predictor 3.

Parameter Mean Q2.5 Q975
Intercept (1) 7.0365 6.9538 7.1195
beds () 0.1149  0.0756 0.1469
baths (33) 0.2000 0.1573 0.2436
pets_allowed (B4) 0.0206 -0.0169 0.0577
o? 0.0196  0.0093 0.0372
72 0.0329 0.0279 0.0384
[0} 0.0282 0.0165 0.0465

Table 2: Posterior means and 95% credible intervals for model parameters.

Table 2 reports the posterior summaries from the Bayesian spatial Gaussian process model fitted to log
rental prices. The posterior mean of the intercept is 7.0365, with a 95% credible interval (6.9538,7.1195).
The number of bedrooms has a positive posterior effect with posterior mean 0.1149 and 95% credible
interval (0.0756,0.1469). In terms of the actual rent, while holding bathrooms, pet allowance, and the
spatial effect fixed, our model suggests that an additional bedroom is associated with an approximately



12.2% increase in rent, with a 95% credible interval of approximately (7.9%, 15.8%). Similarly, the num-
ber of bathrooms has a positive and relatively larger effect, with posterior mean 0.2000 and 95% credible
interval (0.1573,0.2436). In terms of the actual rent, this corresponds to an estimated 22.1% increase in
rent for one additional bathroom with a 95% credible interval of approximately (17.0%,27.6%), while
holding the other covariates and the spatial effect fixed.

Both bedroom and bathroom effects are clearly positive because their credible intervals do not contain
zero. On the other hand, the posterior mean of the pets coefficient is 0.0206, with 95% credible interval
(—0.0169,0.0577). On the original rent scale, this corresponds to an estimated 2.1% increase in rent for
listings that allow pets, with a 95% credible interval of approximately (—1.7%,5.9%), while holding the
other covariates and the spatial effect fixed. Since this interval contains zero, we conclude that there is
not strong posterior evidence that pet allowance has a clear effect on rent.

3.2 Spatial Prediction

After obtaining the estimates for €, we move on to the prediction of the response Y (sg) at a new value
@( with spatial coordinate sg. Let X denote the design matrix, then the joint distribution of (y,yo) given
the parameter vector @ is multivariate normal:

Y\lg - XB\ (X X
(o) o= (255)- (50 =)

where 31| is the covariance matrix among training locations, 3ij¢ is the covariance matrix between
training locations and yg, Xo; = ElTO and X9 = Var(yp). Therefore, by the conditional distribution
formula [And03] for the multivariate normal distribution,

Yo | y;eawo NN(I”I’Z(),V()),

where mg = a:g B+ 2o 21_11 (y—XpB), Vo = X0 — o1 21_11 310. Hence, the predictive distribution for
Yo=yois

pn(yoly, X, o) = /f(yo!y,ﬂ,wo) -Pn(0)y, X)do. (®)

In practice, MCMC methods may again be readily used to obtain estimates of Equation (8). Suppose
we draw our posterior sample 81) ... (9 from p(0|y, X), then the above integral may be computed
as a Monte Carlo mixture of the form

1 G
pn(yoly, X, o) = Ie Zp(yolyﬁ(g),wo)- 9)
g=1

We typically use composition sampling to draw one for one for each 08 ), that is, y(()g ) o p(yoly, 2198 xo).

Then the collection {y(()l), N y(()G)} is a sample from the posterior predictive density, and so on can be fed
into a histogram to obtain an approximate plot of the density and hence bypassing Equation (8). Figure 5
shows the histogram for the predicted log price for a randomly chosen observation from the testing set.
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Figure 5: This figure shows histogram of the predicted log price. Using MCMC and the procedure
(1) (G)

described earlier, we obtain a sequence of posterior draws y,,---,y, ~, and we report the predicted
mean as the estimate for the log price for the observation.

For the prediction of the entire testing set, we should perform joint prediction via
1 G
p(y0’y7XaX0> = /p(y0|y797X0) p(9’y7X)0 R 5 Z p<y0’y79(g)7X0>7
g=1

where yo = (y01 e yOM)T is an unobserved vector with design matrix X. As a result, we obtain a
set of predicted log prices. Figure 6 shows the plot between observed log price and predicted log price
with a 95% credible interval band, Figure 7 shows the plot between predicted log price and the residuals
(in log-price scale).

Observed log price v.s Predicted log price

8.4

8.0

Predicted log price
7.6

7.2
|

7.0 7.5 8.0 8.5

Observed log price

Figure 6: This figure shows the plot between observed log price and predicted log price on the testing
set. A 95% credible interval is included in the plot.

Compare between Figure 1, Figure 6, and Figure 7, the plot under our new model shows tighter
variation. This indicates that the spatial Gaussian process model captures the general trend in rental
prices for unseen listings. The tail behavior is likely due to the lack of data on the tail. This suggests
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that although the model has good predictive ability, its power comes from sufficient count of data being
available.

Predicted log price v.s Residuals
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Figure 7: This figure shows the plot between predicted log price and residuals on the testing set.

The residual plot shows that most testing residuals are centered near zero, indicating reasonable pre-
dictive calibration for many listings. However, the residuals are not completely patternless. Some lower-
priced listings are overpredicted, while several higher-priced listings have positive residuals, indicating
underprediction. The residual spread also appears larger for higher predicted log prices. This suggests
that the spatial GP model captures underlying spatial structure, but some systematic variation remains,
possibly due to heteroskedasticity or unobserved listing characteristics such as building quality, exact
location amenities, furnishing, or lease conditions.
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3.3 Graphical Illustration

Spatial effect

mi
[

F
Leaflet | Tiles © Esri — Source: Esri, i-cubed, USDA, USGS, AEX, GeoEye, Getmapping, Aerogrid, IGN, IGP, UPR-EGP, and the GIS User Community

Figure 8: The spatial effect map based on our model.

The spatial effect map in Figure 8 provides a geographic interpretation of the residual spatial com-
ponent w(s), where the red rectangle outlines the downtown area. Positive values of w(s) indicate areas
where rental listings tend to be more expensive than predicted by the observed covariates, while negative
values indicate areas where listings tend to be cheaper than predicted. In other words, the spatial effect
captures location-specific variation not explained by covariates inside our model.

3.4 Conclusion and Discussion

In this report, we modeled the monthly rental price in Calgary using a linear predictor and a stationary
isotropy Gaussian process. Our model suggested that the number of bedrooms and the number of bath-
rooms have positive effects, whereas an additional bedroom is associated with an approximately 12.2%
increase in rent while holding other covariates and spatial effects fixed, and an additional bathroom is as-
sociated with an approximately 22.1% increase in rent while holding other covariates and spatial effects
fixed.

We have also created a map that shows the spatial effects on monthly rental prices across Calgary.
Several regions display positive spatial effects after controlling for the basic listing characteristics. This
may be due to unobserved neighborhood-level factors such as proximity to transit, universities, parks,
shopping, or newer residential developments. For example, Calgary rental submarkets such as Mission/-
Beltline and Montgomery/Point McKay/University Heights have relatively high average rents in Canada
Mortage and Housing Corporation (CMHC) rental data [MC], and amenity-rich areas such as Beltline and
University District are characterized by walkability, services, green space, and access to urban amenities.
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In contrast, regions with negative spatial effects correspond to areas where rents are lower than expected
after accounting for the covariates. These negative residual spatial effects may reflect lower local demand,
weaker access to amenities, older housing stock, or proximity to industrial and transportation corridors.
Calgary contains major industrial planning areas in the Northeast, Nose Creek, Shepard, Southeast 68
Street, Southeast, and Stoney areas, and such surrounding land-use patterns may contribute to lower
residential location premiums.

Overall, the spatial map supports the conclusion that location plays an important role in Calgary rental
prices. The model captures not only the effects of unit-level features such as number of bedrooms and
bathrooms, but also local spatial information that likely reflects neighborhood amenities, accessibility,
development quality, and local market conditions.
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