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Abstract

In this paper, we present an introduction to partial differential equations, focusing on
the method of characteristics and its application to linear and nonlinear equations. We
develop the method in two dimensions before extending it to n-dimensional first-order
nonlinear PDEs. We examine three important partial differential equations, the wave,
diffusion, and Laplace equations, and present a derivation of their general solutions.
We aim to provide a clear and concise exposition of these foundational topics in PDEs.

1 Introduction

The following introduction follows Section 1.1 and 1.4 of Strauss [1].

A partial differential equation (PDE) is an equation that relates the partial derivatives
of a function of several variables. Consider the most general second-order partial differential
equation in two dimensions

F($ay>uauoc>uyau:cx7uxy>uyy) = 07 (1)

a solution of (1) is a function u = u(x,y) that satisfies the equation in some open set region
D C R?.

There are three types of boundary conditions one can impose on a partial differential
equation. Firstly, there is the Dirichlet condition, where the solution w is specified. Secondly,
there is the Neumann condition, where the normal derivative du/0n is specified. Lastly,
there is the Robin condition, where du/dn + au is specified, where a is a given function of
z,y and of time ¢. Each condition holds for all ¢ € (0,00) and all (z,y) € 0D, and the type
of boundary condition used depends on the specific physical situation.

2 Method of characteristics in two dimensions

The following section follows Section 1.3 of Strauss [1].

Partial differential equations are generally much more difficult to solve directly than ordi-
nary differential equations (ODEs), for which many solution techniques have been developed.
Thus it is useful to turn a PDE into a system of ODEs using the method of characteristics.



Definition 1 A characteristic curve is a curve (z(t),t) along which % =0, so that u(x(t), t)
18 constant.

To illustrate this method, we provide an example. Consider the transport equation

us + cu, = 0.

This equation is linear because it is linear in u and its derivatives, and it is a first-order
equation because the highest order of derivatives in the equation is one. To solve the PDE,
let z(t) be a curve and consider the solution u(x(t),t) along the curve. By the Chain Rule,

du dx

- = _a:zoa
ar

where the second equality holds if we set ‘fl—f = c. It follows that, the curves z(t) such that
fl—f = c are the characteristic curves and the solution u is constant along these curves. To
solve the PDE, we now must just solve these two ODEs.

We can integrate to solve for the characteristic curves, x = ¢t + xg where z( is some
constant. Thus x — ¢t = x(. Since the solution is constant along each characteristic curve, it

must only depend on x — ct. Thus, we can write

u(z,t) = f(x — ct)

where f is an arbitrary function of one variable. If we are given some initial data, we solve
uniquely for f.

xr — ct = const

Figure 1: Characteristic curves for u; 4+ cu, = 0

Figure 1 shows the xt plane decomposed into the characteristic curves, which are straight
lines. Along each line, the PDE reduces to the ODE ‘C%‘ = 0.



3 Important partial differential equations

This section presents three important partial differential equations that arise in many real-
world applications. They are the wave equation, the diffusion equation, and the Laplace
equation.

3.1 Wave equation
The following section follows Section 2.1 of Strauss [1].
The wave equation is given as
Uy = CPUyy fOr — o0 < x < 400. (2)

It is the primary archetype of linear second-order hyperbolic PDEs. In order to determine
the most general solution, we write the equation in the following way:

Uy — Uy = (% — %) (gt + Cé%)u = 0. (3)

To derive the general solution, we introduce the characteristic coordinates & = x + ct
and 7 = x — ct. By the Chain Rule, we have 0, = 0¢ + 0, and 0, = cO¢ — c0,. Thus
Oy — c0y = —2¢0,) and 0y + 0, = 2¢0¢. Thus (3) becomes

(0 — ¢0,)(0; + ¢O,) = (—2¢0,))(2¢0¢)u = —4c*ug, = 0.

Hence ug, = 0 since ¢ # 0. Thus the general solution to the wave equation is given by

u(z,t) = f(&) +9(n) = flz+ct) + g(z —ct). (4)
If we consider the initial conditions u(z,0) = ¢(x) and u(z,0) = (x), we can find the
unique solution to this problem. Setting ¢ = 0 in (4) gives that:

o(x) = fz) + g(x), (5)
and, by the Chain Rule, we can differentiate (4) with respect to t and set t = 0 to get

(@) = cf'(z) = cd'(x). (6)
Change the name of = to s for the moment. Differentiate (5) to get ¢’ = f'+ ¢’ and divide
(6) by ¢ to get %w = ' —¢’. We can add and subtract these equations to get that

f,:%<¢,+%) and g/:%<¢’_%>

and integrate to get

F5) =500 50 [ 04 and gl = 3009~ 5 [ v+

where A, B are integration constants. Adding these two equations gives f(s)+g(s) = ¢(s) +
A + B, so by (5) we must have that A+ B = 0. We can substitute s = = + ¢t into the
equation for f and s = x — ct for g to get the solution

3



2c

This is d’Alembert’s solution to the 1D wave equation.

(1) = %(aﬁ(w bot) + bz — ) + — / " (s)ds.

3.2 Diffusion equation

The following section follows Section 2.4 of Strauss [1].
We consider the following initial value problem to the diffusion equation:
u(z) = kuge(z) iIn —oo <z <00,0<t< o0, (7)
u(z,0) = ¢(x) for t = 0. (8)
The goal is to find the general solution for diffusion on the whole line.
We can construct a solution from first principles using the following five invariance prop-

erties of the diffusion equation (7):

(a) The translate u(z — y,t) of any solution u(x,t) is another solution for any fixed y.
(

b) Any derivative of a solution wu(x,t), such as wu,, u, Uz, etc, is another solution.

(
(d

)
)
¢) A linear combination of solutions is a solution, by linearity.
) An integral of a solution is another solution.

)

(e) If u(z,t) is a solution of (7), then so is the dilated function u(/az,at) for any a >
0. This can be verified using the Chain Rule: let v(z,t) = u(y/ax,at). Then v, =

[0(at)/O(t)]ur = auy and v, = [0(v/ax)/0(x)|uy = Vau, and vy, = /a - \/aUzy = Qlgy.

Thus v, = auy = a(kuy,) = k(aug,) = kv,, as desired.

Notably, if S(z,t) is a solution of (7), then so is S(x — y,t) by property (a) and so is

v(z,t) = /Oo S(x—y,t)g(y)dy 9)

for any function g(y), as long as the improper integral converges, by property (d).

The procedure will be to find a particular solution of (7) and then construct all other
solutions using (9). Denote the particular solution Q(x,t) that satisfies

Q(x,0) =1 forxz >0, Q(x,0)=0 forz<D0. (10)

We will look for Q(z,t) of the form:

Q(z,t) = g(p), where p = N (11)

where ¢ is a function of one variable.



We expect ) to have this form because property (e) says that the equation (7) is unaffected
by the dilation x — \/ax,t — at. The special initial condition (10) is unaffected by the
dilation since the change occurs at ¢ = 0. Thus, we expect @), the solution which is defined
by (10), to not be affected by the dilation either. Indeed, if @) depends on z and ¢ by x/+/1,
then the dilation takes x/+/t into /ax/vat = 2/+/1.

By the Chain Rule,

_dgop 1 «x

Q= d—pa = _ﬂ\/Tktg (p)
_dgop 1
_de ap o 1 "

Qe = dp Oz 4k‘tg (p),

so then by (7), we obtain the following ODE:
— _ 1 1 / !
0=Qr = kQur =+ | =519’ (p) = 79"()
Simplifying we get:

g’ +2pg = 0.

We may solve this ODE using the integrating factor e/ 2% = e*. We get ¢/ (p) = e ?,
and thus

x/V/4kt )
(%%ﬂzg@%=q/ e P dp + ¢,
0

which is valid for ¢ > 0. We investigate at t = 0 by taking the limit from the right:

+oo
If x>0, 1:1imQ201/ €_p2dp+62201ﬁ+62.
t—0t 0 2

It v <0, Ozliszcl/ 6_p2dp+02:—01ﬁ+02.
0

t—0+ 2

Solving the system gives ¢; = 1/4/7 and ¢; = 1/2. Therefore, we get the particular solution:

11 e,
Q(l‘,t) = 5 + ﬁ/(; e’ dp (12)

for t > 0. Notice that this solution satisfies (7), (10), and (11).
Now we move to finding the general solution to (7). Define S = 0Q/dz. By property (b),
S is a solution of (1) since it is the derivative of a solution ). Given any function ¢, define



u(z,t) = /OO S(x —y,t)p(y)dy for t > 0. (13)

This matches the form of (9), which is a solution of (7). We will show that u is the unique
solution of (7), (8). First, we verify the validity of (8). Rewrite u in the following way:

ate,) = [ Sy 00()dy
— [ Zlat =yl
— [" o - vno iy - Q@ - v.totw)|

using integration by parts. Assume that ¢(y) = 0 for |y| large, so the limits vanish. Thus,
to verify (8):

u(z,0) = / Qe — .0 (y)dy

—00

- [ Q000+ [ Q- 1.0y

—00

:/ ¢ (y)dy since Q(x —y,0) =0 for y >z and Q(z —y,0) =1 fory <=z

—00
x

= ¢(z)

—00

= é(y)

using the initial condition for @ and the assumption that ¢(—oco) = 0. Hence u(z, t) satisfies
the initial condition (8). We can thus conclude that (13) gives all of the solutions to (7), (8)
for any initial condition function ¢(x) provided, where

0 1
_ Q _ 6—172/4kt

=% _ for t
S o Weww ort >0
and hence
L (7 —ey/am

3.3 Laplace equation

The following section follows Sections 6.1 and 6.3 of Strauss [1].
The Laplace equation arises when a diffusion or wave process is independent of time, so
that u; = uy = 0. From this, we obtain the equation:



Uz, = 0 In one dimension
V-Vu = Au=ugz +uy, =0 in two dimensions

V- Vu = Au = ugy + uy, + u,, =0 in three dimensions
Definition 2 A solution to the Laplace equation is called a harmonic function.

In one dimension, wu,, = 0, so the only harmonic functions are u(z) = A + Bz.
The problem we aim to solve is Laplace’s equation in a given domain D with some condition
on 0D. In this section, we will focus on the Dirichlet problem:

Au= fin D,u=h on 0D. (14)

3.3.1 Maximum Principle and Rotational Invariance

Two important properties of the Laplace equation are the Maximum Principle, which states
that a harmonic function reaches its largest and smallest values on the boundary, and rota-
tional invariance.

Maximum Principle: Let D be a connected, bounded, open set in R? or R3. Let u
be a harmonic function in D that is continuous on D = D U dD. Then the maximum and
minimum values of u are attained on dD and nowhere inside, unless u = constant.

Consider the Dirichlet problem Au = f in D, u = h on dD. As a consequence of the
Mean Value Property, we can show that the solution to the Dirichlet problem is unique.
Suppose Au = f in D by linearity, u = hon 0D, Av = fin D, and v = h on 0D. Let
w=1u—v. Then Aw =01in D, and w = 0 on dD. Since the maximum and minimum values
are attained on 0D by the Maximum Principle, but w = 0 on 9D, we have 0 = w(x,,) <
w(x) < w(xp) =0. Thus w =0 and u = v.

Invariance in Two Dimensions: The Laplace Equation is invariant under all rigid
motions, which are motions in the plane consisting of translations and rotations. Invariance
means that for transformations of (z,y) — (2/,y'), we have uy, + wyy = Uy + Uy

A rotation in the plane through the angle « is given by

¥ =xcosa+ysina

Yy = —xsina + ycosa

One can verify using the Chain Rule that invariance holds. The rotational invariance
. . . 2 2 . .

suggests that the two dimensional Laplacian Ay = % + 88? should take a simple form in
polar coordinates x = rcosf,y = rsinf. This transformation has Jacobian matrix

9z %y cosf sin 6

J=\9 &)= i

5% o9 —rsinf rcosf

with the inverse matrix



_COSQa _sin@ 0

0 or r 00

LR )

oy or r 00

The operators are squared to give

2 266—2—2 sinfcos@ 0? +sin26’8_2+2sin90080£+sin20g
ox2 ~ " Vo r T P2 00 1 or
s in208—2+2 sinfcos@ 0O? +cos208_2_2sin00080£+c03202
gz~ o Vg r oro0 | 2 96? 2 00 r or

By adding these squared operators, the Laplace equation becomes:

A2:a_2+8_2:a_2+l£+la_2

ox2 Oy  Or2 ror 1r200%
It is natural to look for special harmonic functions that themselves are rotationally invari-
ant. In two dimensions, use polar coordinates (r, ) and look for solutions only depending on
r and not on ¢. The Laplace equation thus becomes 0 = g, + Uyy = Upy + %ur. This ODE

can be solved:
(ru.)r =0 = ru, =¢; = u=cyIn(r) + co.

3.3.2 Poisson’s Formula

The rotational invariance of A suggests that the circle is a natural shape for harmonic
functions. Consider the Dirichlet problem for a circle

Ugg + Uyy = 0 for 2% + y* < a®
u = h(0) for 22 + 9 = a®
with radius a and any boundary data h(6).

To solve the problem, consider solutions of the form u = R(r)O(6), expressed in terms of
polar coordinates. If we plus this into the Laplace’s equation given in polar coordinates, we

find that:

1 1
0=tz + Uy = Upy + ;ur + ﬁuée

1 1
=R'©+-R'©+ 5 RO"
T T



Dividing by RO and multiplying by r2, we get

9 R// R/ @// 9 R// R/ @//
— — 4+ —=0 —tr—==—-—.
TR+7’R+@ :>7“R+7°R o
Since the left side depends only on r and the right side depends only on 6, both must be

equal to the same constant A\. Thus set

o =
R 'R
@//
= =)\
)
and rearrange to get:
O"+X0=0

rR"+rR — AR = 0.
These are two ODEs that can be solved separately. Since ©(0) must be 27-periodic, the
angular equation ©” + A© = 0 has nontrivial periodic solutions only when
A=n’n=0,1,2,..

For n > 1, the corresponding angular solutions are
0,(0) = A, cosnf + B, sinnb

Substituting A = n? into the radial equation gives r2R” + rR' — n?R = 0, which is a
Cauchy-Euler equation that has the general solution

R, (r)=Cuyr" + D,r ".

Since we seek solutions that remain bounded at r = 0, we discard the singular terms r~".
Thus each separated solution has the form

U (r,0) = r" (A, cosnb + B, sinnb).

Since Laplace’s equation is linear, any linear combination of solutions is again a solution.
By the superposition principle, we obtain the general bounded solution

1 o0
u(r,0) = §A0 + Z r" (A, cosnb + B, sinnf)
n=1
We can use the inhomogeneous boundary conditions at r = a. By setting » = a in the
series above, we get that

1 o0
h(9) = §A0 + Z a" (A, cosnf + B, sinnb)

n=1



The right hand side is in the form of a Fourier series. If A can be expressed as a Fourier
series, the coefficients will be given by:

1 2m

A= [ (@) costnondo
1 2T )

By= = [ h(o)sin(no)as

The series for u can be expressed in closed form by plugging A, and B,, in the expression
for u. u can be summed explicitly by plugging A, and B,:

u(r,0)2/2 Zﬂa”/ ®){cos ng cos nf + sin ne sin nh}de
0
:/027T {1—|—QZ< ) cos n(f — gb)};lf

The term in braces can be written as a geometric series of complex numbers:

= r\" e\
1 <_) in(0—g) <_> —in(6—¢)
ret0=9) re=i0-9) a? —r?

e D T e 09 @ —2ar cos(0 — ¢) + r?

This results in Poisson’s formula, which expresses any harmonic function inside a circle
in terms of its boundary values.

) 2m h(¢) d¢
u(r,0) = (a* —r )/0 a2 — 2ar cos(0 — ¢) +r2 2

Poisson’s formula can also be written in a more geometric way. Write x = (z,y) as a
point with polar coordinates (r,6). Let x’ be a point on the boundary, thus it has polar
coordinates (a,f). The origin and the points x and x’ form a triangle with sides r = |x]|,
a=|x’|, and |x —x'| = a® +7? — 2ar cos(f — ¢) by the law of cosines. The arc length element
on the circumference is ds’ = a d¢. Thus, we can write Poisson’s formula as

2 _ 2 /
u(x) = ﬂ/ _ulx)
2ra x|=a |X — X/[?
for x € D, where we write u(x’) = h(0).

Theorem 1 Let h(0) = u(«) be any continuous function on the circle C = bdy D. Then
the Poisson formula provides the only harmonic function in D for which

lim u(x) = h(xy) for allxy € C

T— T

This means that u(x) is a continuous function on D = DUC. It is also differentiable to
all orders inside D.
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4 Method of characteristics in n dimensions

The following section follows Section 3.2 of Evans [2].
Now we will look at general nonlinear first-order partial differential equations of the form

F(Du,u,z) =0, (15)

where ¥ = (71, 7y,...,7,) € U and U is an open subset of R". Here, I : R" x R x U—-R
is given, where U = UU U, u : U — R,u = u(zx) is the unknown, and Du is the gradient
vector Du = (Ug,, ..., Uy, ).

For notation purposes, write F' = F(p,z,z) = F(p1,...,Pn» 2, T1, ..., T,) for p € R*, 2z €
R, x € U. Here, p is the variable for which we substitute the gradient Du(x), and z is the vari-
able for which we substitute u(z). Assume F' is smooth and set D,F' = (F,,,.... F},,), D, F =
F., and D,F = (F,,, ... F, ).

We aim to discover solutions u to (15) subject to the boundary condition w = g on I,
where ' C QU and g : I' — R is given.

4.1 Derivation of the characteristic ODEs

As mentioned in Section 2, the method of characteristics aims to solve (15) by converting
the PDE into a system of ODEs. If u is a solution to the problem and x is a point in U, we
will calculate u(z) by finding some curve lying within U that connects z with a point 2° € T.
Since u = g on I', we know the value of v at the one end z°. We then want to be able to
calculate u all along the curve, including at z.

Let the curve described above be written as x(s) = (z!(s), ..., 2"(s)), where s is a param-
eter lying in a subinterval I C R. Assume u is a C? solution of (1). Then, define

2(8) == u(x(s)) (16)

to be the values of u along the curve, and

p(s) := Du(x(s)) = (p'(s), ..., p"(s)) (17)

to be the values of the gradient Du, where

P(s) = ug, (x(s)) (i=1,...,n). (18)
Differentiate (18) with respect to s:

W) 5(5) = 3 e ()7 (5) (19)

and differentiating the PDE (15) with respect to z; yields:

Z Fy (Du,u, 0) g o, + Fo(Dy, u, 2)ug, + Fyp,(Du,u,z) =0 (20)

Jj=1
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which can be simplified if we set

i’ (s) = Fp,(p(s), 2(s),x(s)) = D,F (j=1,...,n). (21)
Assume (21) holds and evaluate (20) at = x(s).

Z Fy, (p(5), 2(5), %(5)) e, (x(5)) + F(P(5), 2(5), x(5))p' () + Fr, (P(5), 2(s), x(s)) = 0 (22)

Substituting (21) into (19) gives:

= >t (x() (5)

=D thaia, (<(9)) By, (P(s), 2(5), X(5)) by (8)

which finally, by substituting (22), gives
P'(s) = —Fu,(p(s), 2(5),%(s)) — Fo(p(s), 2(5), x(s)p'(s) (i =1,...,n). (23)
Moreover, differentiate (16) with respect to s:
= Zuxj (x(s))3’ (s) = Zpi(S)ij(P(S), 2(s),%(s))- (24)

We have now derived the characteristic by equations, a system of 2n + 1 first-order ODEs
that allows us to solve the PDE (15). We can write them in vector notation:

(@) P(s) = =D.F(p(s), 2(s),x(s)) = D-F(p(s), 2(s), x(s)) p(s)
(b)  2(s) = DpF(p(s), 2(s),x(s)) - p(s) (25)
(¢) x(s) = DpF(p(s), 2(s), x(s))

Furthermore, F(p(s), z(s), ( ) =0.

Theorem 2 Let u € C? solve the nonlinear first-order partial differential equation (1) in U.
Assume x(-) solves the ODE (c) above, where p(-). = Du(x(-)), z(-)u(z(-)). Then p(-) solves
the ODE (a) and z(-) solves the ODE (b), for those s such that z(s) € U.

4.2 Compatibility conditions on boundary data

Assume that for a point o € I" and I' is flat near z( lying in the plane xn =
want to find the followmg initial condltlons to be able to solve a PDE: x(0) = (0

0. We
)= p°
2(0) = 2% TIf x(0) = 2° then 2° = g(2°), and near 2° u(xy,...,7,_1,0) = g(xl,.. Tp_1).

12



Differentiate so that wu,, (2°) = ¢,,(2°) (i = 1,...,n —1). We need for p° = (p,....p%) to
satisfy:
{p? =g, (2°) (i=1,..,n—1)

F(p,2°,2%) = 0.

We then have a system of n equations for the n quantities p° = (p?,...,p%), these are the
compatibility conditions, a triple (p°, 2%, 2°) € R*™*! verifying these conditions is called ad-
missible. 2° is uniquely determined by the boundary condition, while p° may not exist or
may not be unique.

Assume that z° € T, that T near z° lies in the plane and that the triple (p°, z°, 2°) is
admissible, then integrating the characteristic ODE, we can construct a solution u. We will
perturb (p°, 2%, 2°) to keep the compatibility conditions.

If there is a point y = (y1, ..., Yn_1,0) € T, with y close to z°, we need to solve the character-
istic ODE (25), with the initial conditions

P(0) = qa(y), 2(0) = g(y),x(0) = y. (26)

So we have to find a function q(-) = (¢'(+),...,¢"(+)) so that q(z°) = p” and the triple
(a(y), 9(y),y) is admissible such that:

{q%y) =g.(y) (i=1,.,n—1)

—~

F(a(y),g(y),y) =0

hold Vy € T close to 2°.

Lemma 1 (Noncharacteristic boundary conditions): There exists a unique solution q(-) of
the two previous equations for all y € I sufficiently close to z°, provided that F,, (p°, 2°,2°) #
0. The admissible triple is called noncharacteristic if the previous equation holds.

Lemma 2 (Local invertibility). Assume we have the noncharacteristic condition
F, (p°,2°,2°%) # 0. Then there exist an open interval I C R containing 0, a neighbourhood
W of 2° in I' ¢ R™ !, and a neighbourhood V of 2° in R, such that for each € V there
exist unique s € I,y € W such that x = x(y, s). The mappings x — s,y are C>.

Select a point 2° € T" and assume that near 2° the surface I' is flat, lying in the plane
{z, = 0}. Suppose that (p°; 2" z°) is an admissible triple of boundary data, which is non-
characteristic. According to Lemma 1, there is a function q so that p° = q(z°) and the
triple (q(y),g(y),y) is admissible, for all y sufficiently close to 2. Given any such point
v = (Y1,---»Yn_1,0), we solve the characteristic ODE (25) subject to the initial conditions
(25). Write:

p(s) =Py, s) =PW1, - Yn-1,5)
2(s) = 2(y, 8) = 2(Y1s - Yn-1, 9) (27)
x(s) =x(y,s) = x(y1, .., Yn-1,5)

to display the dependence of the solution on both s and y. Regard 2 as lying in R"!, then:

13



Theorem 3 (Local Ezistence Theorem). The function u defined above is C? and solves the

PDE
F(Du(z),u(x),z) =0 (zeV)
with the boundary condition

u(z) =g(x) (zel'NnV).

4.3 Example

This example is taken from Section 3.2 of Evans [2].
Consider the following PDE:

{umlum2 =u inU={z; >0}

u=2z5 onl ={z; =0}

Then, using the notation, we have that:

Fy = p2
sz =D
F,=-1
F,, =F, =0.
This yields the characteristic ODEs:
( .
Iy = P2
Ty =p

2= p1Fy, + paFy, = 2pipe
D1 = —le —mF, =pm
D2 = _FLBQ — po, = po.

\

Integrating this:
z1(s) = p3(e® — 1)

2o(s) = 20 + pl(ef — 1)

2(s) = 2%+ 2piph(e* — 1)

= pe’

| p2 = phe’,

with 20 = (z°)2, 2° € R, and s € R.

Now using the boundary condition: p = wu,, (0, 2°) = 22°, and pp) = 2° = ()

so we then have:

z1(s) = 22%(e® — 1)
2a(s) = (e + 1)
2(s) = (130)2625

P = %65

(P2 = 22%¢*

2 0_ a°
:>p1_?>



Fixing a point, selecting s and 20 so that (21, z2) = (21(s), za(s)) = (22°(e* —1), & (e +1)) €

U, then we have that: 20 = 22221 and ¢® = 21422 giyipg:
) 4 dzy—x1’

_ L 0N2.2s (z1 + 4z,)?
u(z) = z(s) = (7)™ = 1
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