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1 Introduction

In an introductory mechanics course one learns to describe basic physical systems (e.g. particle in space)
using the mathematical machinery of real calculus. Later on, in more advanced mechanics courses, other
formulations of mechanics are presented; although they are equivalent, they are built upon different mathe-
matical frameworks. This report focuses on the general mathematical framework underpinning Hamiltonian
mechanics—Poisson geometry—where problems are solved by exploiting symmetries and conserved quantities
of the physical system under investigation.

When solving a problem using the Hamiltonian framework, we work with the system’s phase space: the space
of all possible states of the system. A given point (state) in phase space is the object’s position and momen-
tum (this is all the necessary information required to describe the system’s state). Given an initial state,
the most common and perhaps the most important question physicists will then ask, is how the system will
evolve in time. The problem is that taking time derivatives in this mathematical framework is not exactly
straight forward. This is because the phase space will not necessarily be flat. Calculus in curved spaces
is provided by the theory of differential geometry, which we go over in the initial part of the report, along

with some linear algebra which is necessary in order to define the pivotal concepts of tensors and vector fields.

Connecting these geometric and algebraic concepts leads us to the core concept of Poisson geometry: the
Poisson manifold. A Poisson manifold is a space equipped with a mathematical tool called a Poisson bracket,
which dictates how any observable quantity of a physical system evolves over time—which is the initial phys-

ical motivation we mentioned.

We then turn to some algebraic concepts, specifically Lie groups and their associated Lie algebras. These
structures provide the rigorous mathematical language required to describe continuous symmetries, such as
the rotational invariance of a ball, or the translational freedom of a free-floating object. Understanding how
symmetries operate algebraically allows us to "reduce” the complex dynamics of our system, which is the

concern of the final couple of sections.



2 Review of Linear Algebra and Differential Geometry

As the title suggests, this section consists of an overview of mathematical concepts which will be used

extensively throughout this text.

2.1 Linear Algebra

Definition 2.1 Let g be a vector space over R, a linear function x : g — R is called a linear functional

on g. The set g* of linear functionals on g is called the dual space of g. We often denote

(1, 9) == p(g)

for all p € g* and g € g.

Proposition 2.2 Let g be vector space over R, then g* is itself a vector space over R.

Proof. The axioms of vector spaces are satisfied by linearity of the functionals and the usual addition and

scalar multiplication of functions.

Definition 2.3 Let g be a finite dimensional vector space over R with basis {e;}?_ ;. Then, the dual
basis {e‘}7_; of {e;}™; is the set of functionals on g satisfying

Lifi=j

e'(ej) =85 =
0ifi#

J

Proposition 2.4 Let g be a finite dimensional vector space over R with basis {e;}? ;. Then, the dual

basis of {e;}_; forms a basis of g*.

Proof. By linearity of €' and the linear independence of e;, taking any element f of g* and a vector

v=> 1" v'e €g we may compute

fo) = f (z ) S e
=1 =1

Defining «; := f(e;), we also have



Since this holds for all v, we conclude that there is a unique set of a;; = f(e;) € R such that

=Y
i=1
Thus the dual basis {e'}? ; forms a basis of g*. O

Proposition 2.5 Let g be a finite dimensional vector space over R, then (g*)* = g.

Proof.
For any g € g, the function 7, : g* — R defined by

Tq(f) = flg) Vfeg”
is linear since, for any o, 8 € R and f,h € g*, we have

Tl f4+B-h)=(a- f+B-h)g]
=a- f(g)+B-h(g)
=a-14(f)+ 8- 14(h)

Therefore 7, € (g*)*. Furthermore, if {e;} forms a basis of g and {e’} its dual basis of g*, then
Te,(¢)) = € (e5) = ]

Hence {7, } forms the dual basis of {e’} on (g*)*. Note that the map g — 7, is linear since, letting u,v € g,



a,B € R and f € g*, we have

Tautpo(f) = flau+ o) = af(u) + Bf(v) = aru(f) + 57 (f)

So we conclude that the map g — 7, is a linear bijection g «— (g*)*. That is g and (g*)* are isomorphic.
O

Remark The strength of this isomorphism is that it defines a canonical isomorphism between g and
(g*)* since it is independent of the choice of basis on g. Hence we can identify any element of (g*)* with
one in g while keeping the structure of operations. This is particularly useful in reducing the number of

spaces we work over.

2.2 Manifolds

With this in hand, we can introduce concepts of differential geometry. The main object studied in this field

is that of a smooth manifold. We build up to this with the following couple of definitions.

Definition 2.6 Let P be a Hausdorff, second-countable topological space. A chart on P is a pair (U, ¢),

where U is an open subset of P and ¢ : U — UCR"isa homeomorphism.

Definition 2.7 Two charts (U, ¢), (V,1) on P are said to be smoothly compatible if either UNV = &,
or if the transition map ¥ op~!: (U NV) — (U NV) is a diffeomorphism.

Definition 2.8 An atlas A on a topological manifold P is a collection of smoothly compatible charts
whose domains cover P. Furthermore, we call the atlas maximal if any chart that is smoothly compatible

with every chart in A, is in A.

Definition 2.9 A smooth manifold is a pair (P, A), where P is a Hausdorff, second-countable topolog-

ical space and A is a maximal smooth atlas on P.

Remark Since we will only be concerned with smooth manifolds in what follows, from here on, when we

write ”manifold”, we implicitly mean ”smooth manifold”.

Remark We note that any vector space g over R of dimension n is an n-manifold as it admits a coordinate
chart from its coordinate function. That is, if {g;} forms a basis of g, then for any v € g, there exists
unique «; € R such that v = > | a;g; and so the map ¢ : g — R™ that acts as ¢ (31, @igi) = >y @i€;
is bijective and smooth and thus defines a chart. Since this maps works for U = g, we say that ¢ is a

global chart.

Definition 2.10 Let P and Q be smooth manifolds of dimension m and n respectively. A mapping
f:P — Qissaid to be smooth (or C°) if for every p € P there exists a chart (U, ¢) on P containing p,
and another chart (V,+) on Q containing f(p), such that f(U) C V, and the coordinate representation of



f, namely

pofop l:R" - R™

is smooth in the sense of real calculus.

2.3 Tangent Vectors and Vector Fields

Definition 2.11 Let P be a manifold. A smooth curve v on P is a C* map I — P where I C R is an

interval.

Definition 2.12 Let P be a n-manifold and p € P. A tangent vector v to P at p is an equivalence class
of smooth curves on P defined in the following way. Given a local chart ¢ : U C P — R" with p € U. If

71, 2 are smooth curves on P satisfying v;(0) = p. We define the equivalence relation

Y1 ~p Y2 <= (po71)'(0) = (por2)(0) inR"

Then, a tangent vector v is an equivalence class with chosen representative curve -y,

v={y:[~6€e =P |e>0,7v0)=p, v~p T}

Definition 2.13 Let P be a n-manifold and p € P. The tangent space to P at p denoted T,,P is defined

as the set of tangent vectors to P at p.

Proposition 2.14 Let P be a n-manifold and p € P. Then T,P forms an n-dimensional vector space
with scalar multiplication and vector addition defined as follows. Let u and v be tangent vectors at p with

representative curves 7, v, respectively, let ¢ be a local chart and let o € R. Then, if

(pov)(0)=a, (pov,)=">, forsomea,beR"

We define u + v as the equivalence class of curves 7,4, such that

(P 0 Yuto)'(0) =a+beR"

Similarly, « - u is the equivalence class of curves 4., such that

((p o 'ya.u)/(O) =a-a€R”

Proof. The proof can be found in [1] section 3.

Definition 2.15 Let P be a manifold and p € P. A derivation on P at p is a function D, : F(P) = R



which satisfies

Dy(fg) = f(p)Dp(9) + Dp(f)g(p) Vf,9 € F(P)
We denote the set of derivations on P at p by Der,(F(P)).
The proof of the following theorem can be found in [1] section 3.

Theorem 2.16 Let P be a manifold and p € P. There is an isomorphism between T,,P and Der, (F(P)).

y

Remark By this isomorphism, we may now write any tangent vector simply as v = Z?:l Qigg; for some

In local coordinates (z1, ..., &, ), this simplifies to

0

p,..., axn

0
Der,(F(P)) = RSpan { pr

unique set of o; € R. We will assume implicitly that the derivatives are evaluated at the base point p on

the manifold.

Definition 2.17 Let P be a n-manifold, its tangent bundle TP is defined as
TP :={(p,v) |peP, vel,P} (1)

in other words, it is the set of all tangent vectors with respect to any basepoint p on the manifold.

Remark It follows from the properties of P and the fact that T,P is a n dimensional vector space that

TP is a 2n-manifold. For the explicit construction, see proposition 3.18 of [1].

Proposition 2.18 Let P and Q be manifolds of dimensions n and m respectively. Then P x Q is an

(n 4+ m)-manifold. Furthermore, let p € P and g € Q, then we have

Ty (P x Q) = T,P x T,Q

Proof. First, since P and Q are manifold, they have charts pp : p = (p1, ..., pn) € R” and g : ¢ —
(q1, -5 qm) € R™. Tt follows that P x Q has a chart
P (pa Q) — (@p(p),(pg(q)) = (pla ceey Pny Q1 -e ey Q’m) c Rm+n

The other manifold conditions are also inherited from those of P and Q.
Then, let v(t) = (p(t), ¢(t)) be a curve in P x Q such that v(0) = (p,q). Then, '(0) = (p’(0),¢'(0)) €
T(p,q)(P x Q). If we look at the two components, we notice that p'(0) € TP and ¢'(0) € T,Q and thus

v'(0) € T,P x T,Q The reverse inclusion uses the exact same argument. O

We may now generalize the concept of a vector field from vector calculus to manifolds.



Definition 2.19 A vector field X on a manifold P is a function X : P — TP that acts as X (p) = (p, v(p))
for any p € P. The set of vector fields on P is denoted as X(P).

Remark We say that X is smooth vector field if X : P — TP is smooth in the sense of definition 2.10.

Definition 2.20 Let P be a manifold, v be a smooth curve defined on an an interval I C R and X be a

smooth vector field, both on P. We say that ~ is an integral curve of X if the following holds
Y(t)=Xoxy(t)Vtel

The following statement is a generalization of the theorem of existence and uniqueness of ordinary differential
equations in R™. It turns out that since it holds in local coordinates, it generalizes to manifolds. The proof

can be found in [2] section 4.3.

Theorem 2.21 Let X be a smooth vector field on a manifold P and p € P. Then there exists an interval

I containing 0 and a unique integral curve y of X such that

7(0) =p
At =X on(t) Ve T

Remark We note that if we view the manifold P as embedded in Euclidean space then an solution to the

above equations will remain inside of P for all t € 1

2.4 Differential Forms

Definition 2.22 Let (x1, ..., z,) be local coordinates on P with p € P, we define (dz1, ..., dx,) to be
the dual basis of T, P. That is, for any 4,5 € {1, ..., n}, we have

0\ _s
o () =

The dual space of T},P is thus TP := (T, P)* = Span {dzq, ... dz,} and is called the cotangent space
of P at p.

Definition 2.23 Similar to definition 2.17, given a n-manifold P, its cotangent bundle is defined as
T*P:={(p.0) |pe P, 0 € T;P}

Again, T*P forms a 2n-manifold.

Definition 2.24 Le P be a n-manifold and let £ =0,1,...,n. A k-form on P is an assignment o : p — «,
to each point p € P such that o, is a k-multilinear skew symmetric map (Tp’P)’c — R. We denote the set
of k-forms on P by QF(P).

Remark From the above definition, a 0-form is simply a function f € F(P).



Definition 2.25 Let P be a manifold and f € F(P). The exterior derivative df of f is the 1-form
defined by

dfp(v) = v[f]

For any p € P and v € T,P where v is viewed as a derivation.

Proposition 2.26 Let P be a manifold with local coordinates (x1, ..., z,) and f € F(P). The exterior

derivative of f is locally described by

Proof. Since (z1, ..., x,) are local coordinates, T,P has a basis { } And from the proof of proposition

2.4, we know that, since {dz;} forms its dual basis, we have

n

dprdfp( & )dzzz(f dz_z
=1 i=1

=1

dIi

Which is the desired result. U

Definition 2.27 Let P be a manifold, X be a vector on P and f € F(P). The Lie derivative of f along
X is another function on P defined by

Lx [ :=df(X)

which in local coordinates {z'}1_; with X = 31" | X*-2 gives

—_ - of 4 - 0 7 _
Exl =2 50 | L% ZaszXW ZX 5o~ XU

Definition 2.28 Let P be a manifold and X, Y € X(P). The Lie derivative of Y along X gives another
vector field LxY on P defined by its action on functions f € F(P)

LxY(f) = X[Y[f]] - Y[X[S]]

Where, as usual, we consider X,Y as derivations. We sometimes also denote it in terms of the Jacobi-Lie
bracket of X and Y that is
LxY =[X,Y]

In local coordinates {z*}!_; we obtain

Exv() =23 (XG0 VS ) o = (V)Y - (v V)X

j=11i=1

Remark A straightforward computation can show that the Jacobi-Lie bracket obeys the Jacobi identity.



Proposition 2.29 Let P be a manifold, X,Y € X(P) and h € F(P). Then we have
[£x, Ly](h) = Lix yy(h)

Proof. We compute

[Lx,Ly](h) :=Lx(Ly(h)) — Ly (Lx(h))
=X(Y(h)) - Y(X(h))
=[X,Y](h)

=Lix y)(h)
O

Definition 2.30 Let P be a manifold and 0 be a 1-form on P. Its exterior derivative df is then the 2-form
defined by
do(X,)Y):=X[0(Y)]-Y[0(X)] - 0([X,Y]) VX,Y € X(P)

Definition 2.31 Let P be a manifold and «, 3 € Q'(P). We define the wedge product A : Q(P) x
QY (P) — Q2(P) by its action

(a A B)(u,v) := a(u)B(v) — a(v)B(u)
It is associative, bilinear and antisymmetric.

Remark This definition can be extended to product of k-forms with [-forms, but we will only use this

simpler case. We also highlight the fact that by antisymmetry, for any 1-form o, a A a =0

Definition 2.32 Let P be a manifold, X € X(P) and a € Q*(P). Then, we define the interior product
txa € QF 1 of X and a by

(tx@)m(vay ooy V) 1= am(X(m),va, ..., vg) Vm € P, v; € T, P

Definition 2.33 Let P be a manifold, and let w € Q%(P). We say that w is non-degenerate if the following
holds for any X € X(P)

ixw=0 = X =0

The proofs for the following propositions can be found in [2] (ch.4).

We now give a local formula for the exterior derivative of a 1-form.

Proposition 2.34 Let P be a manifold and € Q'(P). If, locally, P admits local coordinates (z%) and



there exists a; € F(P) such that for m € P,
Oy, = Z o'(m)da’
i=1

Then, we have a local formula

day, = z”: Zn: %dxj A dx’

j=1i=1
Proposition 2.35 Let P be a manifold and o € Q*¥*1(P). If there exists 3 € Q¥(P) such that o = d,

then da = 0. Furthermore, we say that « is exact.

Proposition 2.36 Let P be a manifold andX € X(P). Then, for any a € QF(P), Cartan’s formula holds
that is
Lxa=d(ixa)+ix(da)

Proposition 2.37 Let P be a manifold, X,Y € X(P) and a € Q¥(P). Then, the following identity holds
tx,y] = Lx(tya) — 1y (Lxa)

Proposition 2.38 Let P be a manifold, X € X(P) and f € F(P). Then the exterior derivative and the

Lie derivative along X commute. That is

d(Lx f) = Lx(df)

10



3 Poisson Manifolds

3.1 General Setting

The main object studied in Poisson geometry is the Poisson Manifold which is defined as follows.

Definition 3.1 Let P be an n-manifold and F(P) = C°°(P) be the (vector) space of infinitely differen-
tiable functions F' : P — R. A map {-,-} : F(P) x F(P) — F(P) satisfying the following properties
(PB1-PB4) is called a Poisson bracket on P :

Bilinearity PB1:{F,G} islinear in F and G

Antisymmetry PB2:{F,G} =—-{G,F}

Jacobi identity PB3 :{F ,{G,H}} +{G,{H,F}}+{H . {F,G}} =0
Leibniz rule PB4:{FG,H}=F{G,H}+{F,H}G

and the pair (P, {.,.}) is called a Poisson manifold.

Definition 3.2 Let (P, {.,.}) be a Poisson manifold and H : P — R a function (called the Hamiltonian).
We call the Hamiltonian vector field associated with H, denoted by X, the vector field given by

(dF,Xpy)=dF - Xy = {F ,H}

for any F € C*°(P).
An important concept is that of a flow of a vector field, and particularly one of a Hamiltonian vector field.

Definition 3.3 The flow of a vector field, in particular a Hamiltonian vector field X g, is the map ¢, :
P — P such that for all p € P

d

%@(p) = Xu(¢t(p))

3.2 Case of the Cotangent Bundle

When considering the motion of a particle in space, we often describe its position using coordinates (q1, ..., qn)-
The set of all accessible positions () forms a manifold which is called the configuration space of the system.
While a free particle in space will have @ = R? which is a vector space, if constraints are enforced it may not
be the case. For example, a pendulum consists of a particle attached by a rigid rod to a fixed point and thus
has coordinates lying on the sphere, so @ = S? which is a manifold but not a vector space, which justifies
the use of differential geometry.

While the position of the particle partially describes its dynamics, its momentum (p1, ..., p,) is also
needed for a full analysis. Momentum is naturally defined by assigning a numerical value to each velocity

vector. Since the particle always remains in @), its velocity v at a point ¢ € @ must be tangent to @ and so

11



v € T,Q. Momentum is viewed as a way to assign a numerical value to any velocity and so so p; must be a
functional on T,Q that is p; € T;Q. From this heuristic, it is natural to consider the cotangent bundle 7@
of @ as the geometric space of the particle. In physics, we call T*@Q, which is the set of achievable (g¢;,p;),
the phase space of the particle.

The rest of this section concerns itself in prescribing a Poisson bracket on any cotangent bundle.

Definition 3.4 Let @ be an n-manifold and (g,p) € T*Q. Define the projection 7 : T*Q — Q by
(¢, p) :==q V(g,p) € T"°Q
We then define the canonical 1-form 6 on T*Q by
0(qp) (V) = (P, dT(qp)(V))
Where dmg ) : Tiqp) (T*Q) — T,Q is the differential of 7 at (¢,p) € T*Q. which acts as
AT (q.p)(Vg, Vp) = Vg, Where (vq,vp) € T(q)(T7Q), vy € T,Q, and v, € T, Q

n

In local coordinates (g;, p;), taking v = Zi:1(“é 8(377 +U;a%i) € Tigp)(T*Q) and (q,p) = (q1, - -+, Gns P1, -+, Pn) €
T*(Q we obtain

n . 9 . P
O(g.p)(v) = <p, AT (q,p) <Z (Uq gt +up api>> >
i=1
* - . 7 a
(b €T;Q) =D piday D vy
=1 i=1

I
NE

D;v; <dqja Z>
— 0q

i=1 j=
n n
_ Ly S
- Z pqu(SJ
i=1 j=1
n
i
= Pivg
=1

We compare with the action of the 1-form 6 locally defined by 6 = Yo, pidg; and obtain

_ n n ) ) n ;
600 = Yo | 3= (v + v ) | = vl

Jj=1

And since they have the same action, locally we have 6 = 6= Z?zl pidq;

Definition 3.5 Given a n-manifold @), the canonical symplectic form on 7%Q is the 2-form w defined

12



by
w = —db

where 6 is the canonical 1-form. From definition 3.4 and proposition 2.34, we obtain the local formula

- ; = (Opi s Op p
w:—d&:—dZ;pidq ——ZZ(aqjdqj/\dq +€)p»dpj/\dq>

j=11i=1 J

Since the coordinates are independent, we get gs; =0 and % = ¢} and so
J

w= *idpi Ndg' = idqi A dp;
i=1 i=1

Proposition 3.6 Let @ be an n-manifold, then the canonical 2-form w on T*@ is non degenerate.

Remark A manifold P paired with a non degenerate 2-form w on P is called a symplectic manifold if
w is closed, that is dw = 0. It is the object studied in symplectic geometry which is a field of mathematics

related to Poisson geometry since any symplectic manifold is a Poisson manifold as we will soon uncover.

Proof. Suppose X € X(T*Q) satisfying txw = 0. Locally, we may write

N ; 0
X = A'— + B
; dq" " Op;

Evaluating at a point m € T*@Q then gives for any v € T,,,(T*Q)

By assumption, we must have (1xw),(v) = 0 Vv € T,,(T*Q) and since {dq',dp;} forms a basis for
T (T*Q), the unique coefficients for this to hold are A* = B’ = 0 which gives X(m) = 0. Since this
must hold at every point in m, we conclude that X = 0 € X(7*Q) and thus, by definition 2.33, w is

non-degenerate. O

Corollary 3.7 Let @ be a n-manifold, then, for any f € F(T*Q), there exists a unique vector field Xf
over T*() such that

Lg,w= df

13



We call X ¢ the symplectic vector field of f.

Remark The symplectic vector field of f is in fact the Hamiltonian vector field of f with respect to the

canonical poisson bracket to be defined in theorem 3.8.

Proof. Consider the map w” : X(T*Q) — Q(T*Q) such that at any point m € T*Q and X € X(T*Q) we

have
wl;n(X) = (LXW)m

By proposition 3.6, we know that ker(w”) = {0} and so w’

b

m

is injective. This implies that at any point

w? T (T*Q) — T (T*Q) is an injection and, since both vector spaces have a dimension of 2n, it is an

isomorphism. Thus at each point w” admits an inverse denoted wf,

Thus, given a function f € F(T*Q), at any point m, we may define

Xy(m) = wh, (dfm)
Which concludes existence of X. Furthermore, suppose that X ¢ and };f are two solutions, then
Lg,w = by w = WXy, ) —w(Yy, ) =w(Xf =Y, ) = L%, _y,w
However, if both are solutions, then
Lg,W =y, W = df —df =0

And by non degeneracy, X F— Y/f = 0 Which proves uniqueness. O

Theorem 3.8 Let Q be a n-manifold. Then, the function {.,.} : F(T*Q) x F(T*Q) — F(T*Q) defined
by
{F.9} = w(Xy, Xy) Vf,g € F(T"Q)

defines a Poisson bracket on T*(@) and is called the canonical Poisson Bracket on the cotangent bundle

of Q.
Proof. We consider f,g,h € F(T*Q). First, by skew symmetry of 2-forms, we get
{fvg} =w (vaXg) = —w (ngXf) = _{gvf}

so antisymmetry is satisfied. Similarly, bilinearity is satisfied by the properties of differential forms and of

the isomorphism w”.

We now consider Xy,. By definition, it satisfies

Xyg = wH(d(fg)) = w(df - g + f - dg) = g (df) + fw'(dg) = gXf + [ X,

14



Where w' is the function defined in the proof of corollary 3.7. And thus
{fg. 0} =w (Kpg, %) =w (97 + Xy, X)) =g (Xp, %) + £ (Rgo X0 ) = F g b+ {f .1}

‘Which shows that the Leibniz rule is satisfied.

We now proceed with a few computations first considering
Lgw= d(L}"(fw) iz, (dw) = d(df) + L)-(fd(fdé)) =0

Where we used proposition 2.36, the definition of X ¢ and the fact that df and df are exact. Then, applying
proposition 2.37, we get

L[f(f ’Xq]w = ‘Cf(f (Lf(gw> — Lxg (ﬁxfw)
By the previous computation, the last term vanishes and using our definition for X g, We get

Uz, 5,9 = Lx,(dg) = d(Lx g) = d(dg(Xy)) = dug w(Xy)) = d(w(X,, X)) = d(-{f,g})
And so by the definition of X, we obtain that
[Xf »Xg} = )N(f{f’g}
Now, we show a useful property
Lg,(h) = X5(h) = df(Xy) = 15, w(Xy) = w(Xn, X5) = {h, [}
Therefore, if we apply the identity from proposition 2.29, we get

[ﬁfcf ﬁx} (h) = L%, x,)(h)
= Lg, (EXg(h)> - Ly, (ﬁ;zf(h)) =Lz (M)
Ly, ({h,g}) = Lg, (. f})=—{h . {f.9}}
= {{h,g} . f}={n.f} gt =—{h . {f.9}}
= {fAg.h}} +{g.An, F}} +{h.{f,9}} =0

Thus Jacobi’s identity is satisfied which concludes the proof that it does indeed consist of a Poisson bracket

for any cotangent bundle. O

We end this section with a local computation of the canonical Poisson bracket.

Example 3.9 Let @ be a n-manifold, (¢*,p;) be local coordinates on T*Q and f,g € F(T*Q). If we let

15



Xp=30, AZ we compute

8p7

lx,w= W(Xfa y

—qu A dp; ZAJ(?QJ 0

8pJ

0

:;dq ZAJa—qJ+BJ o, dp; — dp ZAJ—+B]apJ dq

= f: —B'dg" + A'dp;
i=1

Enforcing that it satisfies the definition in corollary 3.7, we obtain

Lg,w= +—dp7

Matching components, we get
- 0 f 0 af 0
— Op; 0g’  dq' Ip;

And so we finally get a local expression for the canonical Poisson bracket
f9}=w (Xf’ Xg)
=S Z gp{ 9 555 kZ o 00 oy

Z of ag df dg
dqi dp;  Op; A

Remark This last expression for the canonical Poisson bracket is often the definition of the Poisson
bracket given in a first course in Hamiltonian mechanics. It is particularly useful since, as stated earlier,
any physical system can be described using a cotangent bundle and computations are far simpler with this
computation than with the canonical symplectic form.

Remark Consider a physical system with phase space T*Q and total energy H € C*°(T*Q). Recall that

this defines the (Hamiltonian) vector field Xy with integral curves v satisfying

Y'(t) = X on(t)
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Writing this out in local coordinates we get

n

(010, (01,10, e 0) = (3 550 = G (@10, (0), 11 0,

ey P (1))
and using % = g%% =0 and g%i — Opi
J J

= = ¢§;; we obtain
i Opj K

. 0H
qi_@pi
. 0H
pi__a%'

which are Hamilton’s equations of motion: the fundamental postulates of Hamiltonian mechanics. Thus,
dynamics are given by the integral curves of the Hamiltonian vector field.

Furthermore, let f € C°°(T*Q) be an observable quantity for the system. Using definition 2.27 along
with theorem 3.8 we arrive at

f=Xulfl=Lx, f=1{fH}

Here we arrive at the fact that the time-evolution of any observable quantity of a physical system is
given by the Poisson bracket.
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4 Lie Groups and Lie Algebras

The study of symmetries in mechanical systems has been extensively used to simplify its dynamics. For
example, translational symmetry of the center of mass, which occurs when no external forces are applied,
allows a two-body system to be studied in the center of mass frame and essentially reduces the problem to that
of a single body in a potential. A particularly useful mathematical framework for the study of symmetries is
that of Lie groups and their Lie algebra. In this section we will introduce the main concepts which will

then be applied in the next section to reduce the dimensionality of physical systems.

4.1 Abstract Theory

Definition 4.1 A Lie group is a group (G, -) which has a manifold structure in the sense of definition

2.9 and for which both
1. (91,92) = 9192

2. g1 (g1)"
are smooth operations in the sense of definition 2.10.

Example 4.2 A particularly useful Lie group is that of linear invertible transformations on R™. The
associated group has a representation GL,,(R) = {A € M, (R) | det(A4) # 0} where M,,(R) denotes the
set of n X m matrices with real entries, with composition of transforms as its binary operation which is

equivalent to matrix multiplication. The manifold structure comes from mapping the matrix
’I’L2
A= (aij)nxn = (a117 cees Qlny - vy Anly - vy ann) eR

which is a global chart. Then, as

(A-B)i; = Z ikbr;
k=1

the binary operation is smooth by smoothness of polynomials in R, Similarly, for the inverse, we get

that
1 1

~ det(A) Adj(4)

is smooth since the determinant is never zero and the adjoint of the matrix has entries that are polynomials
in a;;.

Remark Most Lie groups we will use in this work are matrix Lie groups which are subgroups of GL,, (R).
Definition 4.3 Let g be a vector space over R. A function [.,.] : g X g — g that is R-bilinear and satisfies

1. Skew-symmetry: [f,g] = —1g, f]

2. Jacobi Identity : [f,[g,R]] + [g,[h, f]] + [h,[f,g]] =0
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for all f,g,h € g is called a Lie bracket on g and the pair (g, [.,.]) is called a Lie Algebra.

Remark For a manifold P, the set of vector fields on it paired with the Jacobi-Lie bracket from definition

2.28, that is (X(P),][.,.]), forms a Lie algebra.

Definition 4.4 Let (g,[.,.]) be a Lie algebra and {e;}!_; be a basis of g. We define the structure

constants cé-k of g with respect to {e;} to be the unique numbers such that

n
[ej,ex] = Z CiR€i
i=1

Definition 4.5 Let G be a Lie group and g € G, we define left translation by g as L, : G — G such
that
Ly(h):=gh Vhe G

Proposition 4.6 Let G be a Lie group and g € G, then L, is a diffeomorphism whith inverse L -1.

Proof. Since G is a group, if g € G, then there exists g~! € G such that

So we may compute directly for any h € G,
Lg-1 (Lg(h)) = Lg-1(g-h) = (97" -g)-h=e-h=h

Thus, Ly-1 0 Ly = Idg. That is Ly has L,-1 as its inverse. Furthermore, by the definition of a Lie group,
inversion and multiplication are smooth operations so L, and Ly-1 are smooth which implies that L is a

diffeomorphism. O

Definition 4.7 Let G be a Lie group and X € X(G). We say that X is a left invariant vector field if
DiLy[X ()] = X(gh) Vg,h e G

Where DLy : ThG — Ty, G is the derivative of L, at h. We denote the set of left invariant vector fields
on G by X.(G).

Remark This definition is a bit contrived, so here is some intuition. The left hand side essentially
transports the vector assigned h through the infinitesimal action of L4 to its target point gh while the
right hand side evaluates the vector field at the target point. Hence, for a left invariant vector field, those
two actions are equivalent. This is why we say it is left invariant : acting on the vector field by L, does

not change it globally.

Proposition 4.8 Let G be a Lie group. Then, for every v € T.G, there exists a unique left invariant
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Figure 1: Schematic of a left invariant vector field. The vector associated to the point e in G is transported
to the target point g which is equivalently obtained by the application of the derivative of L,. Figure was
taken from [3].

vector field XX on G such that X% (e) = v. Explicitly, we have
XE(g):==D.Ly(v) Vg€ G

We call X! the left invariant extension of v on G.

Proof. We start with a useful identity. by direct computation, we obtain that for any g,h € G,
Lg o Lh = Lgh

Since both sides are differentiable by proposition 4.6, differentiating on both sides and applying the chain
rule, we obtain

D.(LyoLy)=DyLyoD.Ly = DLy,

Thus, for any v € T.G, defining
Xu(g) == DcLy(v) Vg € G

We compute that for any h € G,
Dy Lg[Xy(h)] = DpLg[De L (v)] = DeLgn(v) = Xo(gh)

Which, by definition 4.7 means X, is left invariant, concluding existence.
For uniqueness, we let X, be another such left invariant vector field, then, we must have by its left

invariance that

Xv(g) = Xv(g : 6) = DeLg(Xv(e)) = DeLg(U) = Xv(g)

Which concludes uniqueness. O

20



Corollary 4.9 Let G be a Lie group, then the map @ : T.G — X (G) defined by
d(v) = Xt Y e TG
is a canonical vector space isomorphism. Thus
T.G =2 X.(G)
Proof. Let a, 3 € R and u,v € T.G and g € G, then

®(au+ Bv)(9) = XZuipo(9)
= D.Ly(ou+ Bv)
— o+ DLy(u) + 8- D.Ly(v)
= aXy(9) +BX;(9)

=a- - D(u)(g)+ 8- 2(v)(g)

Hence @ is a linear map. Furthermore, by proposition 4.8, we know that ® is bijective since X, exists and

is unique. This concludes the proof. O

Proposition 4.10 Let G be a Lie group and X,Y € X (G). Then, the Jacobi-Lie bracket [X , Y] (defined

in 2.28) of X and Y is also left invariant.

Remark This shows that the Jacobi-Lie bracket is closed on X (G) since
[X,Y] S %L(G) VX,Y € %L(G)
Proof. We first prove a useful identity. Let f € F(G), g,h € G and X € X1 (G). Then,

X[f o Lg](h) = d(f © Lg)n[X (R)]
(chain rule) = dfyn(DpLy[X (b))
(X is left invariant) = df,;, (X (gh))
= X[f](gh)
= X[f] o Ly(h)
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And so X[f o Ly] = X|[f] o Ly which allows the following computation

(X, Y] (foLy) = X[Y[f o Lg]] = Y[X[f o Ly]]
= X[Y[f]o Ly = Y[X[f] o L]
= X[Y[fllo Ly = Y[X[f]] o Ly

=[X,Y]oL,

Evaluating at h € G gives

(X, Y] [fl(gh) = [X, Y][f o Lg](h) = DpLg([X, Y])[1(h)
Since they act the same as derivations, by theorem 2.16,
[X,Y](gh) = DnLy([X,Y](R))

as vectors, proving left invariance. ]

Although we already defined the concept of a Lie algebra in definition 4.3, when a particular Lie group

G is considered, we define the Lie algebra of G as follows.

Definition 4.11 Let G be a Lie group, then its Lie algebra g is
g:=T.G
Its Lie bracket is defined by
[w,v] == [X[}, XL] (e) Vu,veg

Where XL and XL are the left invariant vector fields defined as in proposition 4.8 and the bracket on the
right denotes the Jacobi-Lie bracket on vector fields.

Remark This indeed forms a Lie algebra since X (G) C X(G) while X(G) forms a Lie algebra with the
Jacobi-Lie bracket and, by proposition 4.10, this operation is closed on X (G). In this case, we say that
(X.(G),].,.]) is a subalgebra of (X(G),][.,.]). Finally, the Lie bracket is well defined since, by corollary
4.9, XL and X[ exist and are unique.

4.2 Matrix Lie Groups
Example 4.12 We will now try to characterize the case where G is a matrix Lie group. We first remark

that letting y(¢) : I — G be a smooth curve with on a matrix lie group G < GL,,(R), we can express it by

V() = [i5(2)]
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And if v(0) = g € G, then
A:=9(0) = [(7:)' ()] € T,G

Which allows us to view tangent vectors of G as elements of M, (R). Therefore, since the identity element
of G is e = I, , we obtain that the Lie algebra of G satisfies g = 77, G C M, (R).
We now want to compute the left invariant extension of A € g. By proposition 4.8, we know it is
defined by
X%(9) = D.Ly(A) Yge G

To compute this directly, we let v4 be smooth curve on G such that (0) = I,, and 7/(0) = A € g. Note
that, by definition 2.12, v4 must exist. Then,

DeLy(A) := (Lgo7)'(0) = (g-7)(0)=g-7(0)=g-A

Which gives us the expression

Xh(g)=9g - AVgeG,Acy

This allows us to view the left invariant vector field as a map X ﬁ : G = M,(R) so we may compute

Dy X% : T,G — TyaM,,(R) =2 M, (R) which, by linearity of g in X% gives
D,X%(v) =vA Yo e T,G
Then, we can compute the Jacobi-Lie bracket of X4 and X5 for A, B € T;,G = g by

(XX, X5] (9) = X4[XE(9)) — XB[X4(9)]
= Dy X5[X%(9)] — DX 5[X5(9)]
= DyX5[gA] — Dy X %[gB]
— gAB — gBA

This now allows us to compute the Lie Bracket on g. By definition 4.11, for any A, B € g,
[A,B] = [X%,X}]) (I,) = I,AB — I,BA= AB — BA

Which is the matrix commutator.

This motivates the following definition

Definition 4.13 Let (G,.) be a matrix Lie group, then its Lie algebra g is

g:=T1,G C Mu(R)
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Its Lie bracket is the matrix commutator [., .] which acts as
[A, B] = AB — BA

forall A, Beg

Definition 4.14 Let A € M, (R), we generalize the notion of the exponential to

exp A = Z =l
k=0

with the usual convention that A = I,,, where I,, denotes the n x n identity matrix

Remark It can be shown that exp A converges for all A € M, (R) using the fact that (M, (R),||-]]) is

Banach for any matrix norm || - || and using the absolute convergence of the exponential on R.
With this generalization, we recover basic properties of the exponential.

Proposition 4.15 Let A € M, the following hold :

1. exp(0- A) = exp(0,) = I,
2. exp(—A) = (exp(A))~*

d
3. 7 exp(tA) = Aexp(tA) Vi € R

Remark We note that the third property can be used inductively to show that f(t) = exp(tA) is

smooth.

Proof. First, for any square matrix A, 0- A = 0,,, the n x n null matrix. Then, using the definition,
k
k=0

exp(0 = 00 =

by our convention.

Second, we have from the absolute convergence of both exponentials that

e (£ (£)
(

k=0 m=0
(A commutes with itself) = i i i)]CA’”"”
N k!'m!
k=0m=0
o P _
. (-1
Lett = = — AP
(Letting p=m + k) Z Z m!(p—m)!A
p=0m=0
o] p 1 p
R ing the terms) = » AP — —1p=m
(Rearranging the terms) z; Z p (m)( )
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p=0 m=0
oo
. . (—A)P
(Binomial formula) = ZO p (1-1)?
=

(Only non-zero term is p = 0) = I,

And so we conclude that they are inverses of each other. Finally, we compute.

d d o= thAx
%exp(tA) = kZ:O o

(By absolute convergence) =

O

The following theorem gives an important equivalent definition of the Lie algebra in the case a matrix Lie
groups.

Theorem 4.16 Let G be a matrix Lie group, then its Lie algebra is given by

g={Ae M, | exp(tA) € GVt € R}

Again, the matrix commutator is its Lie bracket.

Proof. First, assume that for all ¢t € R, exp(tA) € G for some A € M,, then by definition 2.11 v: R — G
defined by 7(t) = exp(tA) forms a smooth curve on G. In particular, using proposition 4.15, we know
~(0) = I, and so by definitions 2.12 and 2.13, we have that

dy
=L T; G =
dt|,_, S T8

Furthermore, by proposition 4.15, we compute

dy

o =Aexp(0-A)=A€g

t=0
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Hence, the following inclusion holds
{AeM, | exp(tA) e GVteR} Cyg

Conversely, assume that A € g = T7,G. We know from proposition 4.8 that there exists a unique left

invariant vector field X% on G such that X%(I,,) = A. Furthermore, in example 4.12, we showed that
Xi(g)=gA Vgeq
We know the curve (t) = exp(tA) has the property that v(0) = I,, € G. Additionally, for any ¢t € R,
V(1) = Aexp(tA) = exp(tA)A = (D) A = X4 ((2))

And so for all t € R, 7 is an integral curve of X% and by the theorem of existence and uniqueness 2.21, it

follows that v(IR) C G which leads to the inclusion
g=T;,GC{AeM,| exp(tAd) € GVt € R}

By mutual inclusion, we reach equality of the sets. O

Example 4.17 To demonstrate the usefulness of this theorem, we note that by proposition 4.15, the
exponential of any matrix A € M,, is invertible and thus exp(tA) € GL,(R) at all times. Therefore the
Lie algebra of GL,(R) is gl,(R) = M,,(R) with the matrix commutator as its bracket.

4.3 Lie Group Actions

We now continue to develop the abstract Lie theory

Definition 4.18 Let G be a Lie group and g € G. We define conjugation by g the operation C, : G — G
that acts as

Cy(h) :=ghg™ Yhe G

Definition 4.19 Let G be a Lie group, g its Lie algebra and g € G. The adjoint action of g on g is the
map Ady : g — g which acts as

Ady(h) := D.Cy(h) Yh € g

Remark By smoothness of the binary operation and of inversion on G, Cj is differentiable so D.C exists.
We also note that the adjoint action defines a group action of G on g which justifies its name. It describes

how conjugation by g acts infinitesimally on the Lie algebra.

26



Proposition 4.20 Let G be a Lie group, g its Lie algebra and ¢ € G. Then Ad, defines an automor-

phism on g. That is, it defines a vector space isomorphism from g to itself.

Remark Since Cj defines a group automorphism, its differential at the identity Ad, actually defines a
Lie algebra automorphism. That is a vector space isomorphism that preserves the Lie bracket by
acting as

Adgy([u,v]) = [Adgu, Adgv] Yu,v € g

For this reason, we may say that the adjoint action defines a homomorphism Ad : G — Aut(g) by
Ad(g) := Ad, where Aut(g) is the group of Lie algebra Automorphisms on g. This holds since a direct
computation shows that Adg, = Adgy o Ady, Vg,h € G. This interesting result will however not be of

use in the rest of this work.

Proof. We first note that, indeed, D.Cy is a map from g = TG to To, ()G = Tyey1G = T.G = g.
Then, by linearity of derivatives, Ad, is a linear map. finally, we claim that Ad,-1 is its inverse. A direct

computation shows that

Ady-1(Ady(v)) = D.Cyr (DeCy(v))

But since

Cy-1(Cy(h)) = g tghgTlg=h Yhe G

We get that Cy-1 o Cy = Idg. Taking the derivative at e on both sides gives
De(Cg—l o Cg) = Dgeg—lcg—l o Dng = Dng—l o Dng = DeIdG = Idg

And so
Adg-1(Ady(v)) = Idg(v) = v

Showing that Ad, is an invertible linear transformation. Hence it is a vector space isomorphism. O

Example 4.21 We investigate the case where G is a matrix Lie group. If we let g € G and y(t) = [v;(t)]
is a curve on G with y(0) = I, and 4/(0) = v € g. Then we compute the adjoint action of g In the following

way.

Ady(v) = Dr,Cy(v)

n

= 2(Cy0m()

t=0
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Thus, we see that in the case of matrix Lie groups, the adjoint action of g is simply matrix conjugation by

g of elements of g which are also viewed as matrices.

Definition 4.22 Let G be a Lie group, g be its Lie algebra and £ € g. The adjoint representation is
the map ad : g — End(g) where End(g) is the vector space of endomorphism on g which consists of all

linear transformations from g to itself. The map is defined by

ad(§) =ade := [, ]

We call ad¢ the adjoint operator associated to §.
We now give a heuristic reasoning for this definition.

Example 4.23 Let G be a matrix Lie group and g be its Lie algebra. We let A € g and consider the
curve y(t) = exp(tA) on G. As computed in example 4.21, we know that for any B € g, we have

Adyy(B) =~1()B(y(t)) ™! = (1) B(~t)
And so differentiating at ¢t = 0 yields
d
2 AL0(B) o 7'(0)Bv(0) = 4(0)By'(0) = AB — BA = [A, B] = ada(B) = ad()(B)

Which tells us that the adjoint representation is the derivative of the adjoint action along the exponential
function. This is why the adjoint representation is often regarded as the infinitesimal effect of the adjoint

action.

Remark One can generalize the exponential as a map exp : g — G to arbitrary Lie Groups and define

the adjoint representation in a similar way as was done in this example.

Proposition 4.24 Let G be a Lie group, g be its Lie algebra and £,n € g. Then the following holds.
[ade , ad,] ; := ade 0 ad;, — ady o ade = ad¢ 4

Remark This shows that ad forms a Lie algebra homomorphism between (g, [.,.]) and (ad(g), [.,.];)

since it preserves the Lie bracket.
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Proof. Let n,&, v € g, then we compute

lade ,ad,] ; (v) = ad¢ o ad, (v) — ad,, o ade(v)
=& v —n,[€, V]
(Skew symmetry) = [, [n,v]] + [n, [v, ]
(Jacobi identity) = — [v, [¢, 1]]

(Skew symmetry) = [[¢, 7] , v]

= adje (V)
Since they agree at all v € g, they are equal as endomorphisms. O

We now give similar definitions that apply un the dual g* of the Lie algebra g.

Definition 4.25 Let G be a Lie group, g its Lie algebra and u € G. The Coadjoint action of g on g*

is the map Adj : g* — g* which acts as

(Ady (1), &) := (p, Adg-1(€)) = (u, DeCy1(§)) Yueghéeg

Remark Equivalently, it is the dual map of Ad,-1. The inverse is taken to preserve the automorphism

property of Ad.

Definition 4.26 Let GG be a Lie group, g be its Lie algebra and £ € g. The coadjoint representation
is the map ad* : g — End(g*). The map is defined by

(ad{(p),n) := (wad_¢(n)) = (u, [0,€]) Vueg,neg

We call ad; the coadjoint operator associated to &.

Remark Similarly, we use ad_¢ so that the property detailed in the heuristic 4.23 holds true.
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5 The Lie-Poisson Bracket

With the prerequisites in Lie theory covered, we now investigate the results of section 3 regarding the
cotangent bundle in the case where the configuration space Q = G is a Lie group.

In this section, due to the prominence of these expressions, we introduce the use of Einstein summation
notation. That is, unless otherwise stated, if two elements with the same index are multiplied, the index is

summed over its range. For example, suppose ¢ runs from 1 to n, then we interpret
a; (&)

as n
> (&)
i=1

We now introduce a useful tool in the setting of Lie groups.

5.1 Cartan Frames

Definition 5.1 Let G be a Lie group of dimension n. A list of n left-invariant vector fields Eq,..., E, €
XL(G) is called a Cartan frame on G if

X(G) = F(G)(En, ..., E,)

Meaning, the F(G) span of {E;} achieves all vector fields over G. Analogous to vectors, the Cartan
coframe dual to {E;} is the collection of one forms E*, ..., E" € Q'(G) such that

E!(E;(9) =6 Vg€ G and QYG) = F(G)(E,...,E")

Proposition 5.2 Every Lie group admits a Cartan frame and coframe.

Proof.
Let eq,...e, be a basis of g and e',...,e" be its dual basis. By proposition 4.8, the basis vectors have
unique left invariant extensions E;(g) := DeLg(e;) Vg € G. To show that Ey, ..., E, forms a Cartan frame,

it suffices to show that E1(g),..., E,(g) forms a basis of T,G for any g € G. Indeed, if this is the case, by
definition 2.19, the span condition follows. Thus, we let a',...,a™ € R and g € G . Furthermore, suppose
that

a'Ei(g) =0 € T,G
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By our definition, this implies that
a'D.Ly(e;) =0

And, by linearity of the differential,
DcLg (a'e;) =0

Now, by proposition 4.6, we know that D.L, is an isomorphism, hence this is only possible if ale; =0 € g.
However, by assumption, {e;} forms a basis of g thus this is only true if a',...,a™ = 0. This proves that
for all g € G, Eq(g), ..., En(g) are linearly independent. Since the dimension of T, is also n, we conclude
that {F;} is indeed a Cartan frame.

Onto the coframe, define the left extensions E of the dual basis vectors by E! := ((D.Ly)"")*(e') =
¢' o DyL,-1. We then compute

E}(Ej(g)) = ¢’ 0 DgLy—1 0 D.Ly(e;) = €'(e;) = 6}

This concludes the first condition. The span condition follows from that of the Cartan frame. O

Definition 5.3 Let G be a Lie group of dimension n and {E;} be a Cartan frame on it. We define the

fiber coordinates (; relative to the frame as the functions

ClT*G%R

(9, O‘g) = ag(Ei(g))

We then define the vector fields {% € X(T*G) such that E;[(;] =0, 8(2,- (¢j) = 6%, and

X(T*G) = F(T*G) (D¢, .., 0c, B, Ey)

where, in the last condition, E; € X(T*G) denotes the lift of E; € X(G) such that E;[(;] = 0.

Remark As E' forms a coframe, we may decompose any a4 as a; B, which yielding (i (g, o) = a; E} (Ei(g)) =
;. This justifies the name of fiber coordinate for ¢ as it gives the coordinates in the T;;G portion of T*G.
Furthermore, the conditions on the vector field can be satisfied as E’ is tangent to the Lie group whereas
O¢,is tangent to the fiber hence they do not intersect. Finally, this gives 2n linearly independent vectors

hence a basis at every point.

5.2 The Canonical 1-Form and Symplectic Form of Lie Groups
We now progress towards an expression for the canonical poisson bracket by giving expressions for its com-

ponents. Using the isomorphism in proposition 2.18, there is an isomorphism

Tig.0)(T*G) = T,G x To(T,G)

g,a)
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. Recalling the definition of the canonical one form 6 in 3.4, we obtain

a(g,a) : TgG X Ta(TgG) - R

(&mn) = a(§)

(3)

Proposition 5.4 Given a Cartan frame {E;} on a Lie group G, we may write the canonical one form 6
on its cotangent bundle as

0 =CE"
Remark Note that this expression is global due to the existence of the Cartan frame.
Proof. Let ((g,a),(&,n)) € T(T*G), by definition 5.1, we may decompose « and £ as
a=oE, and ¢=¢Ei(g)
Then,
GE'((g, @), (€,m) = G(a) E'(§) = a(E)E'(€) = i€’ = a(€) = g0 (n, €)
O

Recalling definition 3.5, the symplectic form on T*G is given by w := —df. Under the identification of

proposition 5.4, we obtain the following.

Proposition 5.5 Let G be a Lie group with Cartan frame {E;} and c;k be the corresponding structure

constants. The symplectic form on T*G is then given by
i L i k

Remark Note that the use of structure constants is well defined since the frame is left invariant and
the Lie bracket is closed over left invariant vector fields. Hence the Lie bracket evaluated at e and the

Jacobi-Lie bracket are equivalent in this setting.

Proof. Using proposition 2.30, we notice that

dE'(E;, Ey) := E;(E'(Ey)) — Ex(E'(E;) — E'([E; , Ex))
= Ej(6;) — Ex(8}) — i E'(Er)
= _Cé‘k(sli

_ i
= —Cjp

Where the third inequality comes from the fact that E;, Ej, are derivations and 5;- is constant when i, j, k

are fixed. Then, since dE* € Q?(G) = F(G)(E* A E’), we may decompose it into its wedged components
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of the Cartan coframe as
dE" = dE*(E;, Ey) - (E? N EF)
1,
= 5B A E*

Where the division by two comes from the double counting of the structure constant. Then, using propo-

sition 2.34, we obtain

w:= —db
= —d(GE")
= —dG; NE' - NdE?

i 1o i

5.3 The Canonical Poisson Bracket on Lie Groups

We may now investigate the symplectic vector fields of functions on 7*G which will lead to an expression for

the canonical Poisson bracket on the phase space of G.

Proposition 5.6 Let f € F(T*G), then its symplectic vector field X'f is given by

_9f
O

of

X E; + <<i6;kac - Ek[ﬂ) ¢,
J

Proof. By definition 5.3, since Xf € X(T*G), we may write it as
Xf = aiEi + biagi

for some a’,b; € F(T*G). Recalling the defining property of symplectic vector fields in corollary 3.7, we

must have

Lg,w= df
Expanding the left expression, letting V' € X(7T*G) and using proposition 5.5,
LXfw(V) =w (f(f, V)
s 1 -
— —dG AE (Xf, V) + 5Gichi B A B* (Xf, v)

= —d¢(Xy)E' (V) + dGi(V)E' (X)) + %gic;lk (B/(X)EM(V) = BX(X)E (V)
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Then, using our decomposition,

dGi(Xy) = dGi(a Ej +b;0c,) = o/ L, (Gi) + b;dGi(0g,) = b;o] = by
E'(Xy) = BB + b;0,) =  E'(E;) = d'

Making the substitution in the expression above, we get
ix,w(V) = =B (V) +dG(V)a' + %Cicé»k (' E¥(V) — a"EV(V))
Thus, as one forms, we reach the equality
Lg,w=—bE' +a'd(; + %Qc;lk (o’ B¥ — " E7)

Furthermore, by definition 4.4, since the Jacobi-Lie bracket is antisymmetric, we must have cj- B = —c};j
hence

Lg,w= ald¢; + (Cicékaj — bk) EF

Whereas on the right we have
_of
-G

Matching the two equivalent expressions, we must have

df d¢; + E;[f]1E

k9
e

of

@—Ek[f]

a by = C,c?k

O

We now have every computation needed to obtain the canonical Poisson bracket on T*G with respect to

a Cartan frame.

Proposition 5.7 Let G be a Lie group with Cartan frame {F;}. Using the decomposition of X(T*G)
in definition 5.3, the canonical Poisson bracket {.,.} : F(T*G) x F(T*G) — F(T*G) on the Cotangent
bundle T*G of G may be expressed as

. 0f Oh 0 oh
{f.gt= —Cic;'kaéack - %Ez[h] + %Ez[f]

Proof. Recall from theorem 3.8, that the canonical Poisson bracket on T*G is given by

{f.g}=w (Xfaj(g)

LXfw(Xg)
df (Xg)



and thus, by proposition 5.6, we get

{f,g9} = %d<k(Xh> + Ex[f]E*(Xn)

Cof (. oh oh
~ o (Geinge — B) + A
_ . i Of Oh Of oh
= Czcjkiagk 8(:] 78(].3 Ek[h] +Ek[f]—ack

Finally, performing the switch of indices j <+ k in the first term and using the antisymmetry of cék in the

lower indices, we reach the statement. O

5.4 Lie-Poisson Reduction and the Lie-Poisson Bracket
In this section, we investigate what happens to the Poisson bracket when the functions we are interested are
independent of the configuration space variable h € G.

Definition 5.8 Let G be a Lie group. The cotangent lift of the left translation action is the group
action pr, : G X T*G — T*G of G on its cotangent bundle T*G defined by

pr(9; (h,an)) = (Lg(h), (Lg—1)"(an)) = (gh, an © DgnLg—)

Indeed, this is well defined since ay o DgpLg-1 is a map TgpG — TG — R thus (Lg-1)*(ap) € Tg*hG.

Furthermore properties shown in section 4.1 imply that this defines a group action.

Remark The name of this group action comes from the fact that we include both the action of left

translation on G itself and on the covectors which “lifts” the effect to the cotangent bundle.
The next proposition gives a useful isomorphism.

Proposition 5.9 Let G be a Lie group and g its Lie algebra , then
TG=Gxg and T"G =G x ¢g*

Proof. We recall the definition
TG :={(g9,v) | g € G, v eT,G}

From proposition 4.6, we know that, for any g € G, L, is a diffeomorphism and its differential at the

identity e of G, namely D.L, : T.G = g — T,G, is an isomorphism since it is invertible. So

T.G=T,G Vg€ G
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by associating ¢ € g with D.L,(§) € T,G. Hence the map A : G x g — T'G which acts as

A(9,€) := (9, DeLy(§)) Y(9,§) € G x g

is an isomorphism. Thus TG = G x g.

We can then define the dual map (D.Ly)* : TyG — T;G = g* such that for p, € T, G,
(DeLg)* (pbg) = ptg © DeLyg
Since D.L, is an isomorphism, so is the dual map. If we now define A* : TG — G x g* by

A (g, pg) := (9, (DeLy)*(1g)) Vg € G, g € T,G

Since it has an inverse which is explicitly

(M) g, 1) = (9, [(DeLy)*] (1)) Vg € G, peg*

We conclude that
T"G2Gxg"

This motivates the following definition.

Definition 5.10 Let G be a Lie group and g its Lie algebra. Then the left trivialization of its cotangent
bundle is the map A* : T*G — G x g* defined by

A (g, pg) == (g, (DeLyg)"(1g)) Y(g, 1g) € TG

The previous proposition showed that it defines an isomorphism.
We now investigate the cotangent lift of the left translation action under this trivialization.

Proposition 5.11 Let G be a Lie group, and let T*G/G denote the quotient of T*G by the action p, of
G, then
T*G/G 2= g"

Proof. Let g € G and (h, up) € T*G. We recall from definition 5.10 that it has a corresponding element
AN*(h, pp) = (hy (DeLp)*(un)) € G x g*. Defining p := (DeLp)*(un), we have (h, up) ~ax (h,mu) If we
act on the element by g through the cotangent lift, we get

pL(97 (h, Uh)) = (gha,uh o Dgthfl) eT"G
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If we now express the result in the left trivialized space, we get

Ao pr(g, (h,pn)) = (gh, (DeLgn)* [pn © DgnLg—1])

gh7 Hh © Dgth*1 o DeLgh)

= (
= (
(see the proof of proposition 4.8) = (gh, jtn © DeLg-1,4p)
= (gh, pn © DeLy)
= (

gh, )

Thus in trivialized coordinates, the cotangent lift of the left multiplication action only acts on the G
component. Thus modding out by it results only in (G x g*)/G = {(e,u) | p € g*} = g*. Therefore,
T*G/G = g*. O

Definition 5.12 Let G be a Lie Group and f € F(T*G). We say that f is left invariant if, for any g € G
and (h,ap) € T*G,

f © pL(g’ (ha Oéh)) = f(h7 Oéh)
We denote the set of left invariant functions on T*G by Fr(T*G).

Proposition 5.13 Let G be a Lie Group, then any left invariant function of T*G can be represented by
a function on g*. Thus F(T*G) = F(g*)

Proof. Let (h,ap) € T*G and f € Fr(T*G). By the definition of left invariant functions, we have

f(hyan) = fo pL(hila (h,an))
= f(e,ap o Dp-1,Lp)

= f(e,ap 0 D.Ly,)

And thus f depends only on ap o D.L; € g* which is exactly the left trivialization of «aj. Conversely,

taking f € F(g*), we may define a function f over T*G such that for any (h, us) € T*G, we have

f(h7 ,U/h) = f(uh o DeLh)

Then, we take g € G and compute

fopL(97 (haah)) = ghaahngthfl)

(
(ah © DgnLy—1 0 DoLyg)
(
(
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Thus, f € F(T*G). Since the identification is one to one, we get
FL(T°G) = F(g")

O

Functions that are left invariant with respect to a lie group are exactly what we mean by a function having
a continuous symmetry described by G. For example, a free particle in three dimensional space has a
configuration space of G = R3. Its cotangent bundle has global coordinates (q;,p;);_;. However, its total

energy is given by

3
H{(qi,pi) =Z b

We see that H is therefore left invariant with respect to the lie group of translations (R?,+). We may
therefore suppose that the dynamics of this system may entirely be described by its momentum.
This motivates finding a Poisson bracket on left invariant functions of 7*G. As remarked above, the set

of such functions actually consists of F(g*).

Theorem 5.14 Let G be a Lie group and {E;} be a Cartan frame on it. Then, the canonical bracket
on T*G is closed over left invariant functions. That is Vf, g € Fr(T*G) we have that {f, g} € Fr(T*G).
Explicitly, letting (; be the fiber coordinates defined in 5.3 we obtain that

) of 0
(f.g} = —c;-kciagjai Vf.g € FL(T*G)

Furthermore, under the identification T7*G/G = g* and F.(T*G) = F(g*) shown in propositions 5.11 and
5.13, we obtain a Poisson bracket {.,.}, p : F(g*) x F(g*) — F(g*) defined intrinsically by

{fag}LP (.“) = —<,u, [dfu >d9u]>

where [.,.] denotes the Lie bracket on g. This Poisson bracket on the dual of a Lie algebra is called the
Lie-Poisson bracket of g*.

Remark Here, using df},, dg,, is an abuse of notation. In reality, df, € T;;g"* but since g* is a vector

space, T;;¢" = (T,,9")" = (g")" = g by proposition 2.5. Thus treating them as elements of g is justified.

Proof. We first start by showing that the fiber coordinates (; are themselves left invariant. Indeed, letting
g € G and (h,ay) € T*G, then, by definition 5.3

Ci o pL(g7 (ha Oéh)) = Cl(gh7 Qp O Dgthfl)

= an © DgnLg-1(Ei(gh))
Since E; is part of a Cartan frame, it is a left invariant vector field. Refering to definition 4.7, we have
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that
DgnLg-1(Ei(gh)) = Ei(g~'gh) = E;(h)

Thus

)

Ci © PL(97 (ha ah)) = ah(El(h))
= Ci(hﬂah)

proving the claim. Now, taking f € F(T*G), by proposition 5.11, we know that f(h,a) depends only
on «ay, and thus only on its fiber coordinates (;. Given that vector fields decompose into distinct F; and (;

coordinates, it follows that Ej[f] = 0. Applying this to proposition 5.7, we obtain

df 9g

{f7g} = _CékCiaiCjaiCk7 nyg S ]:L(T*G)

We then notice that since f, g depend only on (;, so do aanw %. Hence {f, g} depends entirely on the fiber
0 Bn

coordinates. Since they are left invariant, so is {f,g}. Moving to the Lie-poisson bracket, by proposition

5.13, we know f and g descend to well-defined functions on g*. In that setting, using (; as coordinates on

g* (which is possible by left invariance), we obtain their exterior derivatives using proposition 2.26 as

0
%:é@

As remarked above, we want the corresponding elements in g which is simply

of

df# = 87661'

Where e; = E;(e) to respect the original Cartan frame. Then, by the definition of structure constants, we

get that
[df d ]—[Wa 896}_6f('9g[6 e]—ci g@e»
w9y acj J7a<k k 8<j ack j o Ck JkaCj 8Ck 7

Finally, for an element v'e; € g and u € g* we compute

(u,v'es) = v'ples) = v'G;
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Putting all of this together, we have

{fvg}LP = —(u, [dfuvdgub
:_< g é’fage,>
12 jkaCj 8<k 7
IS
- ]kacj ack s €
_ i vaf dg
- = chlaicjaick

=1{f,9}

Proving the equivalence of the canonical Poisson bracket and the Lie-Poisson bracket when dealing with
left-invariant functions. Since the operation is closed, it follows that the Lie-Poisson bracket is a Poisson

Bracket. O

Now that we have derived a Poisson bracket when the system has a symmetry associated to a Lie group G,

the next section will give concrete examples from mechanics.

40



6 Rigid Motion

6.1 The Lie Algebra of Rotations

Multiple physical system display rotational symmetries. In other words, the dynamics are left unchanged
when the system has been rotated. For example, a spherically symmetric rigid body in the absence of external
forces has this symmetry. Mathematically, rotations in 3 dimensional Euclidean space are represented by the

group SO(3) of special orthogonal 3 x 3 matrices with real entries. Formally, it is defined as
SO(3) = {R € M3(R) | det(R) =1, R"' =R}

. We see by its definition that every element of this group is invertible since they have determinant equal
to one and thus, SO(3) C GL3(R). We also may remark that SO(3) does indeed form a group, since for
A, B € SO(3) we have

1. det(AB) =det(A)det(B) =1
2. (AB)"'=B7'A"' =BTAT = (AB)"

so it is closed under matrix multiplication. Furthermore, since A~! = AT we have det(A~!) = 1 and
(AH=L = (AT)=1 = (A71H)T thus A~ € SO(3). Finally, the identity is in SO(3) since det(I,) = 1 and
I;' = I3 = I¥. Thus SO(3) is a matrix Lie group. We can thus use the framework of the last two sections
to find its Lie algebra.

From theorem 4.16, the Lie algebra s0(3) of the matrix Lie group SO(3) is

50(3) = {A € My | exp(tA) € SO(3) Vt € R}

So if A is an element of s0(3) then, as exp(tA) € SO(3), we have

o0 T o0
exp(—tA) = exp(tA)~! = exp(tA)T = (Z (tA)k> = Z (tAT)" = exp (tAT)

k! k!

k=0 k=0

Differentiating the first and last terms and evaluating at ¢ = 0, we obtain
—Aexp(—0-A) = AT exp (O . AT) — —A=AT

So we see that A must be skew symmetric. Conversely, if A is skew symmetric then exp(—tA) = exp(tA4)T
satisfying the first property of SO(3). Furthermore, the following formula taken from [4] (section 7, property
4)

det(exp(A)) = exp(Tr(A4))
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gives that, since the diagonals of a skew symmetric matrix are 0, det(exp(tA)) =1 and so A € s0(3). So we
conclude that

s0(3) = {A € M3(R) | AT = —A}

which has a three dimensional basis consisting of

0 0 O 0 01 0 -1 0
Eir=10 0 -1 E2=]10 0 0|,E=|1 0 o0f,
01 0 -1 0 0 0 0 0

A straightforward computation of the matrix commutator forming the lie bracket gives:
[E1, Es] = B3, [Ey, B3] = By, (B3, Ei] = Ey

We notice that if we identify the matrix E; with the i*" standard basis vector e; of R?, then lei, ej] = e; x €.

And so we conclude that

so(3) = (R%[.,.]=-x")

With this in hand, we can give an expression for the Lie-Poisson bracket on so(3)*. We recall from

theorem 5.14, that the Lie-Poisson bracket on the dual of a Lie algebra is defined as

{f 79} (M) = 7<:u" [dfﬂ 7dg,u] (:u)>

where f,g € F(g*). We derived above that (s0(3),[.,.]) = (R?, x) and so s0(3)* can be identified with (R3)*.

Since the standard basis of R3 is orthonormal, we may observe that
€; - ej = (5;

2

and so the action of e’ is the same as that of 7e;-” so we may treat any u = Z?:l piet € s0(3)* as
W= Zle pie; € s0(3) keeping in mind that (u, v) = p-v for any v € R3. As in the remark earlier, we

identify de’ with e;. For a function f € F(s0(3)*), which we identified with F(R?), this yields

3

3
of
Z;{T,_

i:l

We then get an equivalent expression for the bracket by

{f.9} () == [df,dgn]) = —p- (Vf xVg)|,

Remark Consider a free rigid body. Let p = I) € s0(3)* be the angular momentum vector, where I is
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the body’s moment of inertia tensor and 2 is its angular velocity. Also, let H be its Hamiltonian (total

energy of the system). Using the Poisson bracket derived just above let us evaluate the following:

fri = {ps, H} (1)
=—p- (Vi x VH)
=p- (X V)
=V (pxQ)

=ei- (uxQ)=(pxQ);

where we used VH = Q, Vyu,; = e;, and we flipped things around in the triple product. We can write this

in vector form as
fo=px
which are the famous Euler equations for a rigid body.

6.2 Incorporating Translations

In the previous part, we derived the Lie-Poisson bracket associated with rotations. This was a first step in
describing how a rigid body moves since in the center of mass frame, this is the only way of changing its
state. However, to fully describe trajectories of such objects, we need to allow the center of mass to move
in euclidean space. The motion of the center of mass is completely described by translations in R3. That is

functions T, : R® — R3, where a € R? acting as
T.(v) =v+a Yo e R?

And thus the most general rigid motion is described by rotations and translations which are the elements of

the special euclidean group, namely
SE3) = {Tpa:R* = R® | Tra(v) = Rv+a Yo € R® Re€ SO(3), a € R®}

They are called euclidean transformations since they preserve euclidean distance and angles between points
in R? . Importantly, these are affine transformations rather than linear ones since the origin may be shifted,
so the connection with matrix Lie groups is not obvious. Nevertheless, it is possible to use the previous

machinery by homogenizing our coordinates. Analogous to how it is often useful to view R? as the z,y plane
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in R3, we will consider R? to be a subspace of R*. We choose the transformation

Z1
Z1

X2
x9 <—

zs3
xs3

1

If we consider a block matrix defined with R € M3(R) and 0,a € R? by

R a
o7 1
Then we may compute for v € R?
R a v Rv+a
o 1 1 1

And so, if R € SO(3), this is exactly a transformation in SE(3) if we revert back to the original R? space.

This motivates an equivalent definition for SE(3).

Proposition 6.1 The group SE(3) of orientation-preserving euclidean transformations of three dimen-

sional space when viewed in R* as

R a 3
SE(3) = . € My(R)| Re SO(3),aeR
0 1

forms a matrix Lie group.

Proof. Let R, R € SO(3) and a,a € R®. Then,

R a R a RR Ra+a
of 1 of 1 of 1

Evidently, Ra 4+ a € R? and, by the closedness of SO(3) shown in section 6.1, RR € SO(3). Therefore
SE(3) is closed under matrix multiplication. Furthermore, since SO(3) is a group, R~ = RT € SO(3) so

RT —RTq
€ SE(3)
o” 1
And we have
RT —RTq R «a R™R RTa—RTa Is5 0 ;
pr— pr— = 4
o7 1 0T 1 o™ 1 o 1

And thus every A € SE(3) is invertible and its inverse is in SE(3). Hence SE(3) is a subgroup of GL4(R)
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and a matrix Lie Group. O

With this in hand, we compute its lie algebra.

Proposition 6.2 The lie algebra se(3) of SE(3) can be represented by R? x R? that is (), v) with n,v € R3
and lie bracket

[(nvv)v(§7u)] = (7I><§777><U—€><U)

Where 7 represents the rotation part of the motion i.e. an element of s0(3) and v represents the translation

motion.

Remark We notice that taking only the first components, this simplifies to the lie algebra of s0(3) while
the translation component gets mixed with rotation. This comes from the fact that rotations act on
translation. That is, a translation done before or after a rotation will not give the same vector. This
mixing between operations is evidence of a semidirect product se(3) = s0(3) x R? where R? has the
trivial bracket [u,v] = 0 since translations commute with other translations. Similarly, as groups, we

have SE(3) = SO(3) x R? where R? is the additive abelian group.

Proof. Let v(t) be a smooth curve on SE(3), that is,
a®)) 3
~(t) = with R(t) € SO(3), a(t) e R° Vit

with the condition that
I3 0

7(0) = Iy =
0" 1
Then, we must have that R(t) is a smooth curve in SO(3) with R(0) = I3 and so
R'(0) € T, SO(3) = s0(3)

From our computations in section 6.1, we know that R'(0) € s0(3) <= R/(0) is skew symmetric.
Additionally, a(t) is a smooth curve in R? with a(0) = 0 so a/(0) € ToR? but since R? is a vector space,
its tangent space at any point is isomorphic to itself and so a’(0) is any element of R3. Returning to the

original matrix, we have
R'(0) d/(0)

~'(0) = € T1,SE(3) = se(3)
o” 0
And so we reach
A v 3
se(3) = eMy| Aeso(3),veER
o” 0

as usual, the lie bracket is the matrix commutator which we now compute. Let A, B € s0(3) and u,v € R3,
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then let

‘We then obtain

A v B B u A v
o o/ \oT o oT o o” o
AB Au BA Bwv
ol o o o

_ [A, B3y Au— Bv

of 0

Now, we may recall from section 6.1 that s0(3) was represented by the standard basis on R?® with the cross

product as its bracket]., .]50(3). That is, suppose

h
I
o
jan}
|
s}

-b a 0
Then we represent A with the vector
a
n:=15>b
c
We may then notice that
0 —c b Uy buz — cus
Au=| ¢ 0 -—a ug | = | cuy —aug | =nXu
-b a 0 U3 auy — buy

Thus, if n, & € R3 are the vector representing A and B respectively, then Au = 1 x u and, if we identify
E(A,v) € se(3) with (n,v) € R3 x R3, we get

[(n,v), (§;u)] = (N x &mxu—&xv)

O

We now proceed to obtain the Lie-Poisson bracket on se(3)*. As per the previous treatment, an element
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,u) of se(3)* = (R3)* x (R®)* may be viewed as an element of R3 x R3 where we define
(n,u) y

<(777u)7 (6,1}» =n-{+u-v V(S, U) € 59(3)

Then, any function f € F(se(3)*) may be viewed as a function in F(R3 x R3) with

% )
o', ozt

3 3
df =" of defy + ) 0f del
i=1 i=1

where the subscripts R,T indicate the rotation and translation part respectively, that is first and second

entries. If we identify de; with e;, we then get

df = (Vrf, Vo f)

where V; represents the three dimensional gradient in the respective Cartesian product entry. Now applying

the definition in theorem 5.14 as well as the results of proposition 6.2, we get the following Lie-Poisson bracket

{f,9} (ILT) = —(ILT) - (Va(f) x Val9), Va(f) x V2(g) = Valg) x Vo)l
= T (Va(£) x Vr@)|ar + T (Va(f) x V1(9) = Vr(9) x V()|

for any (II,T) € se(3) and f,g € F(se(3)*).
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