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Abstract

This paper serves as an expository introduction to the theory of cost. We survey
the main concepts and theorems of this field. We aim to provide an intuitive view of
the theory, along with accessible and detailed proofs of the results.

1 Introduction

When thinking about groups, one quantity holding information about it is the rank of the
group. It gives us the minimal number of elements needed to generate the entire group. If
we shift our focus to group actions, a natural question arises: is there an equivalent of the
rank for group actions? In this paper, we study the notion of cost, an invariant introduced
by Damien Gaboriau to study the complexity of equivalence relations and countable groups.
Closely related to the study of graphs, the cost is a measure-theoretic analogue to the rank.

This paper is organized as follows. We begin by giving some motivation behind the theory
of cost. Then, we build the concepts needed to define it. Finally, we present methods to
simplify computations of the cost, including a proof of the Fundamental Theorem of Cost.

2 Motivation

To understand why we might be interested in the cost, consider the following example: Let
Z2 ↷ S1 be the rotation action on the circle by two generators a, b, which are rotations by
rationally independent angles. This means that no matter how many times we apply a or b,
we will never go back to the same point: their orbits are dense. The rank of Z2 is 2. However,
rotations are commutative, so we do not need to define both a, b on the whole circle.

Indeed, we can define a on the whole circle and b on an ϵ-neighborhood Bϵ of 0 (blue in
Figure 1), for any ϵ > 0.

Suppose we want to apply b on x /∈ Bϵ. There is n ∈ N such that an(x) ∈ Bϵ, by the
density of the orbit of a. Then, we can compute a−n ◦ b ◦ an(x), which gives us b(x) without
defining b on the whole circle. This is a more efficient way of describing the action than
defining both generators on the whole circle.

Finally, there is a notion of orbit equivalence between group actions, which we will define
later. Intuitively, it means that the orbits of the actions are the “same” but on different
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Figure 1: Computing b(x) for x /∈ Bϵ, with n = 2

spaces. Then, we would like to have a quantity that is invariant under orbit equivalence. This
quantity cannot be the rank of groups: the following theorem provides counter-examples.

Theorem 1 (Ornstein, Weiss). Any probability measure preserving action of an amenable
group is orbit equivalent to a probability measure preserving action of Z

In particular, any probability measure preserving action of Zd is orbit equivalent to a
probability measure preserving action of Z. But Z and Zd have respective ranks 1 and d.
Thus, we start the study of the cost of groups.

3 Preliminairies

In this section, we introduce the different objects we will work with. We follow chapters 1
and 2 of [Gab].

Let (X,µ) be a standard Borel atomless probability space. Let Γ be a countable group
acting on (X,µ).

Definition 1 (Countable Borel equivalence relation (CBER)). An equivalence relation
E on (X,µ) is called CBER if each equivalence class is countable (there may be uncountably
many classes) and R considered as a subset of X ×X is a Borel subset.

There are different ways of thinking about CBERs: through group actions and graphs.

3.1 Group actions

Let Γ be a countable group and α be a Borel action of Γ on (X,µ). Then, the orbit equivalence
relation Rα, defined by xRαy ⇐⇒ there is γ ∈ Γ such that y = γ · x, is a CBER. The
following theorem gives us the equivalence between CBERs and Borel group actions:

Theorem 2 (Feldman-Moore). Let R be a CBER on X. Then, there is a countable group
Γ and a Borel action α of Γ on X such that R = Rα. Moreover, Γ and α can be chosen so
that xRy ⇐⇒ there is γ ∈ Γ such that y = γ · x and γ2 = id.
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3.2 Graphs

Before diving into the equivalence between CBERs and graphs, we first need some more
definitions.

Definition 2 (Probability measure preserving (pmp)). A function f : X → X is
probability measure preserving (pmp) if f∗µ = µ. Γ ↷ (X,µ) is pmp if every γ ∈ Γ is
pmp. A CBER R on (X,µ) is pmp if for any Borel automorphism f : X → X, i.e a Borel
isomorphism with Borel inverse, such that ∀x ∈ X, xRf(x), we have f∗µ = µ.

Definition 3 (Partial isomorphism). A function f : A → B is a partial isomorphism if
it is a Borel isomorphism between A and B, both Borel subsets of X.

Definition 4 (Graphing). A graphing is a countable collection Φ = (φn)n∈N of pmp par-
tial isomorphisms of (X,µ). The equivalence relation RΦ generated by a graphing Φ is the
smallest equivalence relation such that if x ∈ dom(φi), then xEφi(x).

If R is a CBER on (X,µ), then a graphing Φ is a graphing of R if EΦ = R.

Definition 5 (Schreier graph). The Schreier graph Sch(R,Φ) of R with respect to Φ is
the directed graph defined as follows:

• The vertex set is V = X.
• The edge set is E = {(x, φ(x)) : φ ∈ Φ and x ∈ dom(φ)}.

In other words, the equivalence relation RΦ is the connectedness relation of Schreier the
graph Sch(R,Φ). Note that RΦ is a CBER since Φ consists of Borel isomorphisms and is
countable. Moreover, given a CBER R, we get Γ and α as in theorem 2 of Feldman and
Moore. Let S be a generating set for Γ. We get a graphing Φ = S since S is countable and
α is Borel. This gives us the equivalence between CBERs, graphs and Borel group actions.

The Schreier graph is the equivalent of a Cayley graph, but for CBERs instead of groups.
Just as different generating sets for the same group give rise to different Cayley graphs,
different graphings for the same CBER give rise to different Schreier graphs. We give some
examples.

Example 1 (Graphings). Graphings that generate the equivalence relation x ∼ x + 1 for
x ∈ R.

1. Graphing Φ1 = {φ1}, where φ1 : R → R, x 7→ x+ 1
2. Graphing Φ2 = {φ1, φ2}, where φ1 : R → R, x 7→ x+ 3 and φ2 : R → R, x 7→ x− 2
3. Graphing Φ3 = {φn : n ∈ Z}, where φn : [n, n+ 1) → [n+ 1, n+ 2), x 7→ x+ 1

Definition 6 (Graph of x from graphing). Let Φ be a graphing on (X,µ) that generates
a CBER R. For each x ∈ X, we define the (rooted) directed graph Φ[x] as follows:

• The vertex set of Φ[x] is V = {y ∈ X : (x, y) ∈ R}, the elements in the equivalence
class of x.

• The edge set of Φ[x] is E = {(u, φ(u)) : u ∈ dom(φ), φ ∈ Φ}. There is a directed edge
between u, v if there is φ ∈ Φ s.t u ∈ dom(φ) and φ(u) = v. Each edge (u, φ(u)) is
labeled φ.

• The root vertex is x.
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Example 2 (Graph of x). Recall example 1 and the graphings Φ1,Φ2 and Φ3. We give an
illustration of the graph of x = 0 from these graphings.

1. This graph looks the same as the Cayley graph for Z with generating set S = {1}.

Figure 2: Graph of x = 0 from Φ1

2. This graph looks the same as the Cayley graph for Z with generating set S = {2, 3}.

Figure 3: Graph of x = 0 from Φ2

3. This graph is similar with the one in Figure 2, but each edge comes from a different gen-
erator. The elements of Φ3 are true partial isomorphisms, and not full isomorphisms.
Each is only defined on an interval of length 1.

Figure 4: Graph of x = 0 from Φ3

If we consider unrooted graphs, then for any x ∈ X and y ∈ R(x), we have Φ[x] = Φ[y].
So, Φ gives a connected graph for each equivalence class. We can then define a distance dΦ
on X by using the graph distance.

Definition 7 (Metric induced by graphing). Given a graphing Φ, we define

dΦ(x, y) =

{
# edges in the shortest path from x to y in Φ[x] if y ∈ R(x)

∞ if y /∈ R(x)

Just as trees are a special case of graphs, we have the concept of treeings as a special case
of graphings.

Definition 8 (Treeing). A graphing Φ of (X,µ) is a treeing if for µ-a.e x ∈ X, the graph
Φ[x] is a tree, i.e there are no cycles in the corresponding undirected graph. We say that a
CBER R is treeable if there is a treeing Φ s.t EΦ = R.

We also have the notion of total degree of a vertex in graphings, which is the valency.

4



Definition 9 (Valency). The valency of x ∈ X in Φ[x] is the number of domains and
images dom(φn), im(φn) that x is contained it. More specifically,

vΦ(x) =
∑
n∈N

(
1dom(φn) + 1dom(φn)

)
(x)

4 Cost

In this section, we introduce the cost, following chapter 2 of [Gab]. We have different def-
initions for the different ways of representing a CBER, but the definitions build upon each
other.

Definition 10 (Cost of a graphing Φ). The cost C(Φ) of Φ is the number of generators
φn weighted by the measure of their support, which is their domain dom(φn):

C(Φ) =
∑
n∈N

µ(dom(φn))

Since φn is an isomorphism between dom(φn) and im(φn), and it is pmp, then µ(dom(φn)) =
µ(im(φn)), so we also have

C(Φ) =
∑
n∈N

µ(im(φn))

We can also write the cost in terms of valency: By integrating vΦ, we obtain∫
X

vΦ dµ =

∫
X

(∑
n∈N

1dom(φn) + 1im(φn)

)
dµ

=
∑
n∈N

∫
X

1dom(φn) + 1im(φn) dµ ctbl add. of

∫
=
∑
n∈N

µ(dom(φn)) + µ(im(φn))

= 2C(Φ)

Hence,

C(Φ) = 1

2

∫
X

vΦ dµ

We this definition, we can think of the cost of graphs as half the average degree of vertices.

Definition 11 (Cost of an equivalence relation R). The cost of an equivalence relation
R is the infimum of the cost of graphings generating R:

C(R) = inf{C(Φ) : EΦ = R} = inf{ν(A) : A ⊆ R, A generates R}

This is an OE-invariant, i.e if R1 is OE to R2, then C(R1) = C(R2). Indeed, let f : X1 →
X2 be the Borel bijection in the definition of OE. For Φ1 s.t EΦ1 = R1, we construct Φ2

s.t EΦ2 = R2 and C(Φ1) = C(Φ2). Let φ1 ∈ Φ1. Then, φ2 = f ◦ φ1 ◦ f−1 : f(dom(φ1)) →
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f(im(φ1)) is a partial isomorphism since f is a Borel bijection. Let Φ2 = {φ2 = f ◦φ1 ◦ f−1 :
φ1 ∈ Φ1}. This generates the equivalence relation R2 since f preserves equivalence classes:
If f(x) ∼2 f(y), then x ∼1 y so there is φ1 s.t φ1(x) = y. Then, we have

φ2(f(x)) = f ◦ φ1 ◦ f−1(f(x)) = f(φ(x)) = f(y)

The costs are equal since f is pmp: For each φ1 ∈ Φ1, we have

µ2(dom(φ2)) = f∗µ1(f(dom(φ1))) = µ1(dom(φ1))

Hence, C(R1) = C(R2).
Finally, we define the cost of a group in terms of the cost of the equivalence relations

generated by their free pmp actions.

Definition 12 (Cost of a group Γ). The cost C∗(Γ) of a group is the infimum of the cost
of its free pmp actions:

C∗(Γ) = inf{C(Rα) : α is free and pmp}

It is also called the infimum cost or minimal cost. The sup-cost C∗(Γ) of a group is the
supremum of the cost of its free pmp actions:

C∗(Γ) = sup{C(Rα) : α is free and pmp}

A group Γ has fixed price if C∗(Γ) = C∗(Γ).

We will focus on the infimum cost in the rest of this paper. We observe that the com-
putation of the cost for equivalence relations and groups is quite difficult because of the
definition with infimums. We will now see two methods that help simplify the computation:
the induction formula and the Fundamental Theorem of Cost.

5 Induction Formula

The induction formula will allow us to compute the cost of the entire equivalence relation R
on X by only computing the cost on a smaller appropriate subset Y of X. We follow section
2 of [Gab00] and give an English translation of the proof.

5.1 Preliminairies

Definition 13 (Induced equivalence relation). Let R be a CBER on X and Y ⊆ X be
a Borel set of positive measure. Then, we get an equivalence relation R|Y on (Y, µY ) induced
by R: For x, y ∈ Y , xR|Y y ⇐⇒ xRy.

Definition 14 (Fundamental domain). A fundamental domain for an equivalence relation
on X is a Borel subset D ⊆ X that meets almost each class exactly once (up to a countable
union of null equivalence classes).

A fundamental domain is a transversal of the equivalence relation, up to a null set.
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Definition 15 (Complete section). A complete section for an equivalence relation on X
is a Borel subset C ⊆ X that meets almost each class.

Definition 16 (Φ-word). Let Φ be a graphing on X. A Φ-word ω is a sequence of elements
of Φ or their inverse: ω = φϵlil . . . φ

ϵ1
i1
, where φij ∈ Φ and ϵj = ±1. A word is reduced if there

are no j ∈ {1, . . . , l − 1} s.t ij = ij+1 and φ−1
ij

= φj+1. Then, the length of w is l.
If Y ⊆ X meets each equivalence class, then for x ∈ X, a Φ-word ω of x at Y is a word

s.t ω(x) ∈ Y .

5.2 Induction Formula

Proposition 1 (Induction). Let R be a CBER on (X,µ) and Y ⊆ X be a Borel subset
intersecting each class of R. Then,

1. R is treeable ⇐⇒ R|Y is treeable
2. If 0 < µ(X) < ∞, let µ1 = µ

µ(X)
and ν1 =

µ|Y
µ(Y )

be probability measures on X and Y
respectively, then

µ(X) · (Cµ1(R)− 1) = µ(Y ) · (Cν1(R|Y )− 1)

The proof of this proposition requires a lemma.

Lemma 1. Let Φ be a graphing of the CBER R on (X,µ), Y ⊆ X be a Borel complete
section and R|Y be the induced equivalence relation from R. Then, by splitting the domains
of the generators if needed, we can partition Φ in two disjoint subgraphings Φ = Φv ⊔ Φh

(vertical, horizontal) s.t
1. Φv is a treeing where each orbit intersects Y in exactly one point.
2. “Sliding” Φh along Φv into Y gives a graphing Ψh of R|Y . (“Sliding” is defined in the

proof)
3. (a) If Ψ′ is another graphing of R|Y , then Φ′ = Φv ⊔Ψ′ is a graphing of R.

(b) If Φ is a treeing of R, then Ψh is a treeing of R|Y . If Ψ
′ is a treeing of R|Y , then

Φ′ is a treeing of R.
If µ(X) <∞, then the orbits of Φv are finite and
4. Cµ(Φv) = µ(X)− µ(Y )
5. Cµ(Φh) = Cµ|Y (Ψh)

Proof. We prove this lemma in the following order: 1,4,5,2,3.
Recall that a graphing Φ gives a distance dΦ on X defined by shortest paths. Let Y0 = Y

and for i ∈ N, let Yi = {x ∈ X : dΦ(x, Y0) = i}, where dΦ(x, Y0) := miny∈Y0 dΦ(x, y).
By taking unions of open balls Bi+1(y) for y ∈ Y and then intersecting with Y c

i−1, we
obtain by induction that the Yi are Borel since Y0 = Y is Borel. For each φ ∈ Φ and
i ∈ N, we have that dom(φ)∩ Yi and im(φ)∩ Yi are Borel, countable and generate the same
equivalence relation. Moreover, by symmetry, φ and φ−1 relate the same elements.

Thus, by splitting the domains and images of the generators and replacing φ with φ−1,
we can assume wlog that for each φ : A → B in Φ, we have A ⊆ Yi, B ⊆ Yj, i ≥ j ∈ N.
In fact j = i − 1 or j = 1 since for x ∈ A, there is an edge between x and φ(x). So
dΦ(x, Y ) ≤ dΦ(φ(x)) + 1 and dΦ(φ(x), Y ) ≤ dΦ(x) + 1
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Visualizing Y0 at the “bottom” of X, we have that each φ maps towards the bottom, or
equivalently, the domain is “higher” than the image.

We number the φ (starting at 1), then for i ∈ N+ and φj ∈ Φ, let

Z
φj

i = {x ∈ Yi : φj is the first generator to map x into Yi−1}

Since Y intersects every equivalence class and dΦ(x) = i, there is a Φ-word ω of x at Y that
has length i. Each letter of ω has domain in Yj and image in Yj−1. So the first generator in
ω maps x into Yi−1. Thus, such a generator exists and we can pick the first one to be in Z

φj

i .
This gives us a partition of X \ Y :

X \ Y =
⊔

i,j∈N+

Z
φj

i (∗)

We now define Φv,Φh: For φ : A ⊆ Yi → B, let δ′φ = φ|Zφ
i
and δφ = φ|dom(φ)\Zφ

i
. Intuition:

This means if B ⊆ Yi (horizontal edges), then δ
′
φ = 0 and δφ = φ. If B ⊆ Yi−1 (vertical or

diagonal edges), then δ′φ gets the first vertical edges and δφ gets all the other diagonal edges.
Then,

Φv = {δ′φ : φ ∈ Φ} Φh = {δφ : φ ∈ Φ}

Since the Zφ
i partition X \ Y , then for each x ∈ X \ Y , there is a unique generator δ′φj

in Φv

s.t x ∈ dom(δ′φj
). Moreover, φj maps down towards Yj−1, i.e im(δ′φj

) ⊆ Yj−1. Thus, there is
a unique reduced Φv-word ωx of x at Y . This uniqueness gives us that each orbit of Φv is a
tree that meets Y in exactly one point, which is the root. This proves part 1.

By part 1, Y is a fundamental domain for EΦv . Then, for a group element γ, we have
(γ · Y ) ∩ Y = ∅. Note that since R is a CBER, then so is EΦv . So µ(γ · Y ) = µ(Y ). Then,

|orb(Φv)| · µ(Y ) =
∑

γ∈orb(Φv)

µ(γ · Y ) = µ

 ⊔
γ∈orb(Φv)

µ(γ · Y )

 ≤ µ(X)

If µ(X) <∞, then the orbits of Φv must be finite. Moreover, by (∗) and finiteness, we have

µ(X)− µ(Y ) = µ(X \ Y ) =
∑
i,j∈N+

µ(Z
φj

i ) =
∑
δ′∈Φv

µ(dom(δ′)) =
∑
j∈N

µ(dom(φj))

This proves part 4.
By our argument above for part 1, we have that for each δ ∈ Φh, δ : A → B, and each

x ∈ A (resp. y ∈ B), there is a unique Φv word ωx of x (resp. ωy of y) at Y . By splitting the
domain and image of δ, we can assume that for each δ ∈ Φh, δ : A→ B, there is a unique Φv

word ωA,δ (resp. ωB,δ) s.t ∀x ∈ A (resp. y ∈ B), it is the Φv-word of x (resp. y) at Y . Note
that we can do the splitting by intersecting the domain (resp. image) of δ, which is Borel,
with the preimage of Y wrt. ωx (resp. ωy).

Moreover, if A (resp. B) is contained in Y , then the word is Id. Now, for δ ∈ Φh, let

ψδ = ωB,δ ◦ δ ◦ (ωA,δ)−1 : ωA,δ(A) → ωB,δ(B)
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and let Ψh be the collection of the ψδ. “Sliding” Φh along Φv means we map δ ∈ Φh

to ψδ ∈ Ψh. Since ωA,δ(A) ⊆ Y , then µ|Y (ωA,δ(A)) = µ(ωA,δ(A)). The word ωA,δ is a
composition of partial isomorphisms so µ(ωA,δ(A)) = µ(A). Then, for each δ ∈ Φh, we get

µ|Y (dom(ψδ)) = µ|Y (ωA,δ(A)) = µ(ωA,δ(A)) = µ(A) = µ(dom(δ))

Thus, we have proved part 5:

Cµ(Φh) =
∑
δ∈Φh

µ(dom(δ)) =
∑
ψδ∈Ψh

µ|Y (dom(ψδ)) = Cµ|Y (Ψh)

By our construction/assumptions, we represent the graphing Φ as a forest of trees with edges
pointing downward, root in Y and additional horizontal edges between trees. Then, we can
think of Φv as all the vertical edges and Φh as all the horizontal edges. Ψh is sliding a
horizontal edge down its endpoints’ trees to reach Y . This preserves the equivalence relation
on Y , so Ψh is a graphing of R|Y , which proves part 2.

If Ψ′ is another graphing of RY , then Φ′ = Φv ⊔Ψ′ adds back the trees, so the rest of the
equivalence relation. Hence Φ′ is a graphing of R, which proves part 3.a.

If Φ is a treeing of R, then there is at most one horizontal edge between two trees and
no horizontal edge within a single tree. Then, sliding this edge down to Y does not create a
cycle so Ψh is a treeing of R|Y . If Ψh is a treeing of R|Y , then adding back the vertical trees
does not add cycles so Φ′ is a treeing of R. This proves 3.b.

Proof (Proposition 1). We prove this using Lemma 1:
1. This follows immediately from part 3.b of the lemma
2. First, note that Cµ(·) = µ(X)Cµ1(·) and similarly, Cµ|Y (·) = µ(Y )Cν1(·). Now, since

0 < µ(X) <∞, then we have

Cµ|Y (Ψh) = Cµ(Φh) = Cµ(Φ)− Cµ(Φv) = µ(X) · Cµ1(Φ)− (µ(X)− µ(Y ))

where we use part 5, Φ = Φv ⊔ Φh and part 4 of the lemma. Since Ψh is a graphing of
R|Y , then

µ(Y ) · Cν1(R|Y ) ≤ µ(Y ) · Cν1(Ψh) = Cµ|Y (Ψh)

Thus, combining these, we get

µ(Y ) · Cν1(R|Y ) ≤ µ(X) · Cµ1(Φ)− (µ(X)− µ(Y ))

So taking infimums over graphings Φ of R, we get

µ(Y ) · Cν1(R|Y ) ≤ µ(X) · Cµ1(R)− (µ(X)− µ(Y )) (∗)

Now, if Ψ′ is a graphing of R|Y , then by part 3.a of the lemma, Φ′ = Φv ⊔ Ψ′ is a
graphing of R. Then,

µ(X) · Cµ1(R) ≤ µ(X) · Cµ1(Φ′) = µ(X) · Cµ1(Φv) + µ(X) · Cµ1(Ψ′)
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Using part 4 of the lemma with Cµ1(Φv), we get

µ(X) · Cµ1(R) ≤ µ(X) · (µ1(X)− µ1(Y )) + µ(X) · Cµ1(Ψ′) by 4

= (µ(X)− µ(Y )) + Cµ(Ψ′)

= (µ(X)− µ(Y )) + Cµ|Y (Ψ
′) Ψ′ graphing of R|Y

= (µ(X)− µ(Y )) + µ(Y ) · Cν1(Ψ′)

Rearranging, we obtain

µ(X) · Cµ1(R)− (µ(X)− µ(Y )) ≤ µ(Y ) · Cν1(Ψ′)

So taking infimums over graphings Ψ′ of R|Y , we get

µ(X) · Cµ1(R)− (µ(X)− µ(Y )) ≤ µ(Y ) · Cν1(R|Y ) (∗∗)

We have proved both inequalities, (∗) and (∗∗). Thus,

µ(X) · Cµ1(R)− (µ(X)− µ(Y )) = µ(Y ) · Cν1(R|Y )

=⇒ µ(X) · Cµ1(R)− µ(X) = µ(Y ) · Cν1(R|Y )− µ(Y )

=⇒ µ(X) · (Cµ1(R)− 1) = µ(Y ) · (Cν1(R|Y )− 1)

6 Fundamental Theorem of Cost

We present and prove the Fundamental Theorem of Cost, following the understanding of
Jenna Zomback found in [Zom20].

Recall that the cost for equivalence relations and groups is difficult to compute through
their definition, but the one for graphings is much more hands on. Thinking about graphs
will give us a good idea on the optimal way to compute the cost of Rα for a group action α.
All the information we are concerned about is contained in the connectedness relation.

How would we describe the connectedness in a graph using the least amount of information
possible? A spanning tree is the most efficient way by avoiding any redundancies, which
are the cycles. Coming back to CBERs, we would expect that a treeing would useful for
computing the cost. The Fundamental Theorem of Cost confirms our intuition.

Theorem 3 (FTC). If Ψ is a treeing of a pmp CBER R, then C(Ψ) = C(R)

6.1 Reductions

We will reduce the proof first. Let Ψ be a treeing of R and Φ be a graphing of R. Let T be
the Schreier tree of Ψ and G be the Schreier graph of Φ. Let C(T ) = C(Ψ) and C(G) = C(Φ).
Since the cost of R is defined as an infimum over graphings, it is enough to show that
C(T ) ≤ C(G). If C(G) = ∞, we are done so suppose C(G) <∞.

Reduction 1. We can assume C(T ) <∞. In fact, we can assume T has bounded degree
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Proof. We prove that if FTC holds when T has bounded degree, then we can prove it for any
T . By the Feldman-Moore theorem, there is a countable group Γ and a Borel action of Γ on
X s.t ET = EΓ and xTy ⇐⇒ ∃γ ∈ Γ s.t γ · x = y. Let S = {γn} be a set of generators of
Γ. We can get a Borel coloring c : T → N of the edges of T by

c(e) = n ∈ N s.t γn · x = y, where e = (x, y)

Let Tn = {e ∈ T : c(e) ≤ n}, so T =
⋃
n∈N Tn is an increasing union and it is enough to show

C(Tm) ≤ C(G) for each m ∈ N. Note that each Tn has finite cost since we only include a
finite number of generators (finite groups have finite cost). In fact, Tn has bounded degree.

Let n > m. Let Gn = G ∩ ETn , so G =
⋃
n∈NGn is an increasing union. Let G′

n =
Gn⊔ (Tn \EGn), which is a graphing of ETn . Indeed, for xTny, the path between x, y is either
in Gn or in Tn \EGn . So Tn is a treeing of ETn , G

′
n is a graphing of ETn and Tn has bounded

degree. By FTC with bounded degree, we have C(Tn) ≤ C(G′
n). Thus, since m < n, we have

C(Tn) = C(Tn \ Tm) + C(Tm) (1)

and (2):

C(G′
n) = C(Gn) + C(Tn \ EGn) def.

= C(Gn) + C(Tn \ (Tm ∪ EGn)) + C(Tm \ EGn) add.

≤ C(Gn) + C(Tn \ Tm) + C(Tm \ EGn) monotonicity (2)

Combining these, we get

C(Tm) = C(Tn)− C(Tn \ Tm) (1)

≤ C(G′
n)− C(Tn \ Tm) FTC

≤ C(G′
n) + C(Gn) + C(Tm \ EGn)− C(G′

n) (2)

= C(Gn) + C(Tm \ EGn)

Since n > m was arbitrary, taking n → ∞, we obtain EGn → E and Gn → G. Then,
Tm \ EGn → Tm \ E = ∅. Thus, C(Gn) + C(Tm \ EGn) → C(G) and so C(Tm) ≤ C(G).

Recall Definition 7 of the metric induced by graphings.

Reduction 2. We can assume there are L,M > 0 s.t

1

M
dT ≤ dG ≤ LdT (∗)

Proof. We prove that if FTC holds when there are such L,M > 0 satisfying (∗), then we can
prove it for any T . By Reduction 1, we can assume G, T have finite cost. It is enough to
show that ∀ϵ > 0, there is a graphing G′′ of E and L,M > 0 s.t C(G△G′′) < ϵ and (∗) holds.
Indeed, we would get C(T ) ≤ C(G′′) so C(T ) ≤ϵ C(G) for all ϵ > 0. Hence, C(T ) ≤ C(G).

Let ϵ > 0 and define Gn := {(x, y) ∈ G : dT (x, y) ≤ n} and Tn := T ∩ EGn . Then,
G, T are increasing unions: G =

⋃
n∈NGn and T =

⋃
n∈N Tn. Pick n large enough so that

C(T \ Tn) < ϵ/4 and C(G \Gn) < ϵ/4. Now, let

G′ := Gn ⊔ (T \ Tn) = Gn ⊔ (T \ EGn)

11



With a similar reasoning as in Reduction 1, G′ is a graphing of E. Moreover, we have

G \G′ = G \ (Gn ⊔ (T \ EGn)) = G \Gn ∩G \ (T \ EGn) ⊆ G \Gn

and

G′ \G = (Gn ⊔ (T \ Tn)) \G = (Gn \G) ⊔ ((T \ Tn) \G) = (T \ Tn) \G ⊆ T \ Tn

Thus,
C(G△G′) = C(G \G′) + C(G′ \G) ≤ C(G \Gn) + C(T \ Tn) < ϵ/2 (∗)

We claim that dT ≤ ndG′ : Suppose xG′y so dG′(x, y) = 1. We show that dT (x, y) ≤ n. If
xGny, then by definition of Gn, we have dT (x, y) ≤ n. If x(T \ Tn)y, then in particular xTy,
so dT (x, y) = 1 ≤ n. Thus, set M := n.

Now, for the other inequality. Let Tmn := {(x, y) ∈ Tn : dGn(x, y) ≤ m} so Tn =
⋃
m∈N T

m
n

is an increasing union. Take m large enough so that C(Tn \ Tmn ) < ϵ/2. Let

G′′ := G′ ∪ (Tn \ Tmn )

Since G′ was a graphing of E, so is G′′. Moreover, we have

G \G′′ = G \ (G′ ∪ (Tn \ Tmn )) = (G \G′) ∩ (G \ (Tn \ Tmn )) ⊆ G \G′

and

G′′ \G = (G′ ∪ (Tn \ Tmn )) \G = (G′ \G) ∪ ((Tn \ Tmn ) \G) ⊆ (G′ \G) ∪ (Tn \ Tmn )

Thus,

C(G△G′′) = C(G \G′′) + C(G′′ \G) def.

≤ C(G \G′) + C((G′ \G) ∪ (Tn \ Tmn )) monotonicity

≤ C(G \G′) + C(G′ \G) + C(Tn \ Tmn ) subadd.

= C(G△G′) + C(Tn \ Tmn ) add.

< ϵ/2 + ϵ/2 (∗) and choice of m

= ϵ

We still have dT ≤ ndG′′ since dT ≤ ndG′ and Tn \ Tmn ⊆ T . We claim that dG′′ ≤ mdT :
Suppose xTy so dT (x, y) = 1. We show that dG′′(x, y) ≤ m. If xTmn y, then by definition of Tmn ,
we have dG(x, y) ≤ m. If x(T \Tn)y, then in particular xG′y so xG′′y and dG′′(x, y) = 1 ≤ m.
Finally, if x(Tn \ Tmn )y, then in particular xG′′y so dG′′(x, y) = 1 ≤ m. We have treated all
the possibilities of xTy. Thus, set L := m. G′′ is as desired.

6.2 Proof of FTC

We are now ready to prove FTC. We will illustrate the constructions in the proof by the
following example on the treeing T and graphing G:

12



(a) Treeing T (b) Graphing G

Figure 5: Example

Proof of FTC. By Reductions 1 and 2, we can assume wlog that T has bounded degree and
there are L,M > 0 s.t 1

M
dT ≤ dG ≤ LdT . Let d < ∞ bound the degree of T . We define

the Euler characteristic of a graphing G on (X,µ) by Eulerµ(G) = C(G) − µ(X). To show
C(T ) ≤ C(G), it is equivalent to showing Eulerµ(T ) ≤ Eulerµ(G) since G and T are on the
same space.

To relate the graphing G to the treeing T , we will first implement G with the edges of T
using the fact that between two vertices in a tree, there is a unique path between them. Call
this implemented graph G′, which is built as follows: The vertex set will be X ′.

1. For each vertex x ∈ X, create a vertex (x, ∅) ∈ X ′

2. For each edge e = (u, v) ∈ G,
• If e ∈ T , then add the edge [(u, ∅), (v, ∅)] to G′

• If e /∈ T , let u = x0, x1, . . . , xn = v be the path in T between u, v. Create fake ver-
tices (x1, e), . . . , (xn−1, e) ∈ X ′. Add the path (x0, ∅), (x1, e), . . . , (xn−1, e), (xn, ∅)
to G′.

Formally,

X ′ = (X × {∅}) ⊔ {(x, e) : x lies in the interior of the path in T between the ends of e}

Example 3. To implement the edges of G with the edges of T , we will need to do some extra
work for the edges e, f in red and blue respectively in Figure 6.

Figure 6: Edges to implement

The black edges are those already in T . We implement those first:
The red edge e has endpoints y, z and the path from y to z in T goes through x and u.

We create copies (x, e) and (u, e) for these vertices and we get
Finally, the blue edge f has endpoints w, z and the path from w to z in T goes through

v, x and u. We create copies of these vertices with second coordinate f and we get

13



Figure 7: Step 1 of building G′

Figure 8: Step 2 of building G′

Figure 9: Step 3 of building G′

This final graph in Figure 9 is G′.

Let π : X ′ → X be the projection on the first coordinate. Then, π−1(x) is the set of all
the copies of x (including the original one) that are used in the unique path in T between
z1, z2 for some edge e = (z1, z2). To use the Euler characteristic on G′, we need a measure
on X ′. We define µ′ on X ′ by

µ′(A) =

∫
X

|π−1(x) ∩ A| dµ(x)

Claim 1. µ′ is still finite.

Proof of claim. Let x ∈ X. Then, y ∈ π−1(x) ⇐⇒ y = (x, e) for some e = (z1, z2) in G. So
let’s count how many paths corresponding to an edge (z1, z2) in G can pass through x. By

14



our reductions, since dG(z1, z2) = 1, we have dT (z1, z2) ≤ M and T has maximum degree d.
So we can go at most M steps “left” (from x towards z1) and at each step, there are at most
d choices, so there are at most dM choices for z1. Similarly, there are at most dM choices for
z2. Thus, there are at most d2M choices for the edge e and so |π−1(x)| ≤ d2M . Then, since
X is a probability space,

µ′(X ′) =

∫
X

|π−1(x) ∩X ′| dµ =

∫
X

|π−1(x)| dµ ≤
∫
X

d2M dµ = d2Mµ(X) = d2M

Note also that π−1(x) contains the original x so for A ⊆ X, π−1(x)∩A = {x}. So µ′
|X = µ.

Claim 2. Eulerµ(G) = Eulerµ′(G
′).

Proof of claim. We show that C(G)+µ′(X ′ \X) = C(G′). If X is countable, we have a linear
ordering of X. If X is uncountable, then by the Borel isomorphism theorem, X is Borel
isomorphic to 2N. Using the lexicographic order on 2N, we get a Borel linear ordering on X.
Direct the edges of G from small to large. Since G′ represents the edges of G, we can direct
the edges of G′ as well.

Denote the out-degree of a vertex y in a graph H by |
−→
H y|. Each fake vertex has out-degree

exactly one since each fake vertex is in a unique path associated with one edge. Moreover, it

is clear that for x ∈ X, we have |
−→
Gx| = |

−→
G′

x|. Thus,

C(G′) =

∫
X′

|
−→
G′

x| dµ′(x) valency def

=

∫
X

|
−→
G′

x| dµ′(x) +

∫
X′\X

|
−→
G′

x| dµ′(x)

=

∫
X

|
−→
Gx| dµ(x) +

∫
X′\X

1 dµ′(x) (∗)

= C(G) + µ′(X ′ \X)

where equation (∗) is obtained by the observations above and the observation after claim 1
(µ′

|X = µ).

We are now ready to apply folding. We start with G0 = G′ and X0 = X ′. Given Gn,
define a relation F ′

n on Xn as follows: xF ′
ny iff π(x) = π(y) and there is w ∈ Xn such that

xGnw and yGnw. This means that two vertices of Gn are related if they have the same first
component (they are copies of the same original vertex) and if they have a common neighbour
in Gn. Let Fn be the equivalence relation generated by F ′

n.
Note that all the elements in an equivalence class of Fn have the same first component, so

for all (x, e) ∈ Xn, we have [x]Fn ⊆ π−1(π(x, e)). By the proof in claim 1, we have that each
equivalence class of Fn is finite. Let s be a Borel selector such that for each x ∈ X, we have
s([x]Fn) = (x, ∅). Let Xn+1 = s(Xn), so X × {∅} ⊆ Xn+1. The graph Gn+1 has vertex set
Xn+1 and an edge between u and v if there is u′ ∈ [u]Fn and v′ ∈ [v]Fn with an edge between
u′ and v′ in Gn.
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Figure 10: Step 1 of folding

Example 4. Note that we start folding from the original vertices since that’s where we will
have non-trivial equivalence classes. Our non-trivial equivalence classes in G0 = G′ are
{(v, ∅), (v, f)} in yellow and {(u, ∅), (u, e), (u, f)} in green (Figure 10).

After this first folding step, we obtain G1 as illustrated in Figure 11. Our non-trivial
equivalence class is {(x, ∅), (x, e), (x, f)} in purple.

Figure 11: Step 2 of folding

After this final step of folding, we obtain G2 as illustrated in Figure 12. Observe that
G2

∼= T .

Figure 12: Step 3 of folding

Claim 3. Euler(Gn) ≥ Euler(Gn+1).

Proof of claim. We fix a countable Borel coloring of the equivalence classes in Fn. Let Y0 =
Xn and H0 = Gn. Given Ym and Hm, we obtain Hm+1 by folding all the classes of color m
following the rules above. The vertex set is Ym+1. Hm and Ym are the intermediate graphs
and spaces we obtain when folding one equivalence class of Fn at a time. We show that
Euler(Hm) ≥ Euler(Hm+1).

Direct the edges of Hm so that the edges with a fake vertex that gets folded as endpoint
are directed away from that fake vertex. Then, by the valency definition, we have

C(Hm) =

∫
Ym

|
−→
Hmx| dµ′(x) =

∫
Ym+1

|
−→
Hmx| dµ′(x) +

∫
Ym+1\Ym

|
−→
Hmx| dµ′(x)
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By how we directed the edges of Hm, we have that each fake vertex that gets folded has
out-degree at least 1. Moreover, Hm stays the same on Ym+1. Thus,

C(Hm) ≥
∫
Ym+1

|
−−−−→
H(m+1)x| dµ′(x) +

∫
Ym+1\Ym

1 dµ′(x) = C(Hm+1) + µ′(Ym+1 \ Ym)

Rearranging, we obtain Euler(Hm) ≥ Euler(Hm+1). By induction, we get

Euler(Gn) = Euler(H0) ≥ lim
m→∞

Euler(Hm) = Euler(Gn+1)

Claim 4. The number of folding iterations is finite. In fact, XM+LM2 = X and GM+LM2 = T .

Proof of claim. Since the folding operation preserves the equivalence relation between the
original vertices, it is enough to show that XM+LM2 = X.

Let’s look at a copy of the vertex x: (x, e) ∈ X ′\X, where e = (y, y′) is an edge inG. Then,
dG(y, y

′) = 1. By our reduction assumptions, we have 1
M
dT ≤ dG, and so dT (y, y

′) ≤ M .
Since (x, e) is in the path from y to y′, we get dT (x, y) ≤M . By our reduction assumptions,
we have dG ≤ LdT , and so dG(x, y) ≤ LM . By the triangle inequality, we obtain the following
that we will analyze

dG′((x, e), (x, ∅)) ≤ dG′((x, e), (y, ∅)) + dG′((y, ∅), (x, ∅))

For the first term, recall that G′ is implemented with the edges of T so

dG′((x, e), (y, ∅)) = dT (x, y) ≤M

For the second term, note that the path in T from y to x contains at most M edges since
dT (x, y) ≤ M . Since dG ≤ LdT , then dG(x, y) ≤ LM . Similarly as above, for each edge on
the path from y to x in G, we have that the corresponding path in T has length at most M .
Then, a path from (y, ∅) to (x, ∅) in G′ corresponds to taking the path in T for each edge in
the path from y to x in G. Thus,

dG′((y, ∅), (x, ∅)) ≤ (LM)M = LM2

Combining these, we obtain

dG′((x, e), (x, ∅)) ≤ dG′((x, e), (y, ∅)) + dG′((y, ∅), (x, ∅)) ≤M + LM2

Since T is tree and (x, e) is a copy of x, then any path from (x, e) to (x, ∅) in G′ must
backtrack. This backtrack corresponds to the common vertex required for folding. Thus,
(x, e) gets folded onto (x, ∅) in at most M + LM2 steps.

Now, combining claims 2, 3 and 4, we get that

Eulerµ(G) = Eulerµ′(G
′) = Eulerµ′(G0) ≥ Eulerµ′(GM+LM2) = Eulerµ′(T ) = Eulerµ(T )

where the last equality comes from the fact that µ′
|X = µ. Then,

C(G)− µ(X) ≥ C(T )− µ(X) =⇒ C(G) ≥ C(T )

as desired.
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7 Marker Lemma

Finally, we will now see an interesting lemma that is useful in the study of CBERs and how
it gives us a lower bound on the cost of some CBERs. This section follows the proofs of
lemma 6.7 and corollary 21.3 of [KM04].

Definition 17 (Vanishing sequence of markers). A vanishing sequence of markers for a
CBER R is a decreasing sequence of Borel complete sections for R with empty intersection.

Definition 18 (Aperiodic). A CBER is aperiodic if its classes are infinite.

Lemma 2 (Marker lemma). Every aperiodic CBER R admits a vanishing sequence of
markers.

Proof. By the Borel isomorphism theorem, we can assume wlog thatR is a CBER onX = 2N.
Let n ∈ N. For each x ∈ X, let sn(x) be the lexicographic least s ∈ 2n s.t |R(x)∩[s]| = ∞. In
other words, it is the word s of length n with the most leading 0s s.t the equivalence class of
x intersects infinitely many times the cylinder [s]. Such s ∈ 2n must exist since the cylinders
[w] for w ∈ 2n partition X, there are finitely many of them (2n in fact) and R is aperiodic
so each class is infinite. Note that for x, y ∈ X s.t R(x) = R(y), we have sn(x) = sn(y).

Now, define An ⊆ X as An = {x ∈ X : x|n = sn(x)}. This means An consists of the x
that are included in their chosen cylinder [sn(x)]. Since the chosen cylinders are decreasing,
it is clear that the An are also decreasing. Each An is Borel since it is the intersection of a
CBER and cylinders (Borel subsets).

By definition of sn(x), each An intersects each equivalence class infinitely many times.
Let A =

⋂
n∈NAn, which is Borel. For each class, the cylinders decrease to at most one point

(and so their intersection is at most one point). Thus, A intersects each class at most once.
Finally, we define our vanishing sequence of markers: Bn = An\A. The intersection is empty
since we removed A. It is Borel since An, A are Borel. They are complete sections since An
intersect each class infinitely many times and A only intersects each class at most once. So
Bn intersects each class.

Corollary 1. If R is an aperiodic CBER on X and µ is R-invariant, then Cµ(R) ≥ µ(X).

Proof. By the Marker lemma 2, let {Bn} be a vanishing sequence of markers for R, so each
Bn is a complete section for R. Let Φ be a graphing of R. Then, by part 4 of lemma 1
applied to Y = Bn for each n ∈ N, we have Cµ(Φv) = µ(X)− µ(Bn), which gives

Cµ(Φ) ≥ Cµ(Φv) = µ(X)− µ(Bn) = µ(X \Bn)

Since the Bn are vanishing, we have

X = X \
⋂
n∈N

Bn =
⋃
n∈N

(X \Bn)

Since the Bn are decreasing, the (X \ Bn) are increasing. By monotone convergence, we
obtain

lim
n→∞

µ(X \Bn) = µ(X)

Hence, Cµ(Φ) ≥ µ(X).

18



8 Conclusion

In this paper, we have explored the concept of cost for graphs, equivalence relations and
groups. This invariant quantifies their complexity and how efficiently we can express them.
Because the definition of cost for CBERs and groups is often difficult to compute, we investi-
gated alternative methods, namely the induction formula and the Fundamental Theorem of
Cost to provide other means of computation. Finally, we proved the Marker’s lemma, which
is useful in the study of CBERs, and used it to provide a lower bound for aperiodic CBERs.
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