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Abstract

This document presents a study conducted as part of the McGill Directed Reading Program (DRP), which pairs undergrad-
uate students with graduate mentors to explore research-level topics in mathematics and statistics. Over the semester,
our focus was on three topics: martingale theory, stochastic processes on trees and and the neural tangent kernel (NTK).
These notes aim to elucidate key concepts associated with each topic. The section on the NTK culminates in an experi-
mental project that investigates the convergence behaviour of the empirical NTK to a fixed limit.
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1 Martingale Theory

The notes in this section are compiled from these sources: [18], [6], [13] and [5].

Definition 1.1 (Stochastic Process). Let (Q, F, P) be a probability space, (S, £) be a measurable space and (T, <) be an
index set equipped with a total order then a stochastic process Y is a collection of S-valued random variables, i.e.,

Y={X:TxQ—S}
where S is called the state space of Y. A sample function is a single outcome of a stochastic process, i.e.,Vw € Q, the map
Xo =X w):T—S

is called a sample function, or a realization, or particularly a sample path if T is interpreted as time. Let t;,t, € T: t; <t
then X, — Xy, is called an increment of Y.

Remark. Anincrement can be interpreted as how much the stochastic process changes over a certain time period.

Definition 1.2 (Filtration). Let (Q, X, ) be a probability space, (T, <) be an index set equipped with a total order and
Vte T:Fy C Xbeao-algebra. If
Vi, eT:t1 <t = S’Ftl g?tz

then
F=(F;:teT)

is called afiltration. Inthis case, (Q, Z, F, ) is called afiltered probability space. Moreover, given a sequence of real-valued
random variables (X : t € T), if
Vte’ﬂ‘:&"t:(r(x{

t<t)
then [Fis called a natural filtration.

Definition 1.3 (Adapted Process). Let (Q, &, IP) be a probability space, (T, <) be anindex set equipped with a total order,
F = (F¢ : t € T) be afiltration on F, (S, X) be a measurable space then the stochastic processY = (X;: Q — S|t € T)
is said to be adapted to the filtration Fif Vt € T : X¢ is an (F¢, £)-measurable map.

Definition 1.4 (Martingale). Let (Q, Z, FF, P) be a filtered probability space, and S be a Banach space. A stochastic process
Y=(Xt:Q — S|t € T)issaid to be a martingale with respect to IF and P if

« YVt eT: Xt isaJFi-measurable map.
e VteT: X, e LNQ, Fy, P, S),ie, E[||Yelg ] is finite.
. th, tbeT:t1 <ty = th :E[th‘?tl]

Moreover, if
Vi,thbeT: 1 <t = th < E[th |fft1]

then Yis called a super-martingale, and if
Vi, theT: t1 <ty = th > E[th |3’Ftl]
then Y is called a sub-martingale.

Definition 1.5 (Stopping Time). Let (Q, &, I, P) be afiltered probability space and t € Q x T be arandom variable. Then
Tis called a stopping time if
ViteT:{t<tt={t(w) <tlw e Q}eF

Remark. The definition above can be also be interpreted as an adapted process, i.e.,T € Q x T is called a stopping time if
the stochastic process X = (X; : t € T) defined by

1 t<7
Xt::
0 t=>7

is adapted to the filtration F = (F; : t € T).



Remark. Stochastic approximation looks like Euler’s method
1
X1 = X+ L fx)

with step size % Informally, we might expect stochastic approximation to behave like the o.d.e. x{ = f(x). Moreover, we
might expect that not only does stochastic approximation find a zero of f, but is should (almost surely) find a stable zero of
f.

Theorem 1.6. The maximum and minimum of two stopping times is also a stopping time.

Proof. LetT, o be stopping times then

{min{t, o} <j} ={t <jlu{o <jl e F
{max{t, o} <jl={t<jtn{o <jl € F

O

Theorem 1.7. Let (X, ) be a Markov chain with transition probability p and let f(x,n) be a function of the state x and the
time n such that

fx,n) =) plxy) flyn+1)
]

then (M) = f(Xn, ) is a martingale. In particular, if

then h(Xy,) is a martingale.

Proof. By the Markov property and the assumption on f,

Eff(Xnsun+1D[Fal = Y p(Xn, V) F(Y,n+1) = f(Xn,m)
YeTFn

hence X;, is martingale. O

Example 1.8 (Gambler’s ruin). Consider a gambler who starts with an initial fortune of $k and then on each successive
gamble either wins $1 or loses $1 independent of the past with probabilities p and ¢ = 1 — p. The gambler’s objective is to
reach a total fortune of $N, without first getting ruined (running out of money).

1. Calculate by brute force, the probability of ruin given the initial state 0 < k < N.

2. Compare the above with the martingale version.

1 1—
Vi<k<n—1l:pk=p- pr+1+t(1—p)pka =>pk+1=6pk— ppk—l
= Pr1— P (lp Py ) p
k —Px =\ ZPkx— k— — Pk
+1 D " 1
1 l1-p
(p )p p PE
1-p
= —(px —Px-1)
o 1

2
= (l;p> (Px—1 —Pk—2)

If p = 5 then *=F = 1 therefore



When p # 1 then

PN =P1 1_L»
P
1—1-p
— ‘pl = P N
1_(&1)
P
therefore
L_(LI K
%)
Pk = N
1_(ki>
o)
It follows that the probability of ruin is
k
) 1-x P 7
=19, ()
1= ooy P# 7
P

For the second part, consider (Un ~Uq,p:n € N) andletF = (Fo:neN) =o({U; |1 <i<n})andS,, bethe total
amount of dollars gained so far at timestep n € Njy. Define

So=k  Sp=) U

Claim. (S, :n € Ny) is a martingale.

Proof.
E[Sti11Fn] =E[Sn + Uni1 [Tl
=Sn +E[Un4]
.

Lett =inf{n € N:S,, € {0, n}}then

E[S<] =E[So] =k
=0-P(St=0)+N-P(St =N)
=N-px

therefore p, = . It follows that the probability of ruinis 1 — .

Let (Un : n € N)iid. suchthatP(U,, =1) =pandP(U, =1)=1—p =:q.SetF = (F,:n e N) =c({U; |1 <i < n}.
Sn

Claim. (%) is a martingale

Proof.

E In

<q>5m1
P

Il
=
VR

Il
7 N N

< |la Tla



It thus follows that

therefore .
(4
o)
=0
and the probability of ruin is .
BESO)
= (3

Theorem 1.9 (Optional Stopping). Let T be a stopping time and (M, : 1 € Ny) be a martingale adapted to (F, : n € Np)
such that one of the following three conditions holds:

1. Tisa.s. bounded
2. Eltl <ocoand3dc € RT : E[[Mi41 — M| T < ca.s. ontheevent{t > t}, forallt € N.
3. 3c €RT: [Mpinge, )| < cas. forallt €N

Then M. is a.s. well defined and

E[M-] = E[M,]
Proof.
min{t—1,t—1}
Mmin{t,T} =M, + Z (Merl - Ms)
s=0
yields
1 00
Mumin(t,}] < M=IMol + ) M1 — Mg = Mol + D M1 — Mgl 1(zay
s=0 s=0
Hence by the monotone convergence theorem,
EM] = ElXoll + ) E[[Mgy1— Mgl 1{zog)]
s=0

If (1) holds then the series above only has a finite number of non-zero terms, hence M is integrable. If (2) holds, then

EM] =E[Xoll + ) E|E[Ms 1 — Ml [F] - Lzag
s=0

<clirogyas by (2)

< E[Xol] + CZIP’(T >s)
s=0

= E[[Xo[l + cE[1] < 00

and if (3) holds then M = c. Therefore if any of the three conditions hold, then the stopped process is dominated by an
integrable M, and converges a.s. to M.r, the dominated convergence theorem implies that

EM.] = t“_T.OE[Mmin{t,T}]
By the martingale property of the stopped process,

E[Mmin{t,T}] = E[MO]

5



hence
E[M] = E[M,]

O

Remark. Under the third condition, P({t = oo}) may be positive. On this event M. is defined as the a.s. pointwise limit of
M, ast — oo.

Corollary 1.10. Similarly, if (M, : n € Ny) is a submartingale and one of the conditions of the previous theorem above holds,
then it follows directly that
EM-] > E[M,]

and if the process is a supermartingale then
E[M.] < E[M,]

Example 1.11. We aim to use optional stopping to compute the expected amount of time Gambler’s ruin runs for starting
at $K. Let (U : n € N)i.i.d. suchthat Uy, ~ U1 1), F = (Fn :n € N) = o{U; |1 <1< n})and S, be the total amount
of dollars gained so far at timestep n € Ny. Define

So =k Sn = Zui

Assume that p = q and consider (S —n:n € N) then

EB%H—%n+U’$J:EU&V+UWﬂf—%n+U’$J
=E[S% +2SnUns1 + X5, —n—1|Fy]
=S2 +2S,E[Uy 4] —n
=52 —n
Hence (S2 —n:n € N) isamartingale. Let T = inf{n € N: $;, € {0, n}}then

E[S2 —1] =E[S§ — 0] =K?
=E[S2] — El1]

:N%k)—Em
n

= Nk — E[1]

Therefore E[T] = k(N—k). Assumethatp # q. Let (U, : n € N)i.i.d. suchthatP(U,, = 1) =pandP(U, =1) =1—p =
q.SetF = (F, :neN) =c({U;|1 <1< n})andconsider (S, —n(p — q) : n € N) then

ElSn+1— M+1)(p—q)|Fn] =E[Sn 4+ Uni1— (n+1)(p—q) | Fnl
=Sn+EUnpl—(n+1)(p—q)
=Shn+p—q—(n+1)(p—q)
= Sn_n(p_q)

Hence (S, —n(p — q) : n € N) is martingale.

E[St—T(p—q)l =E[So —0(p — q)] = E[Se] = k
=E[St] —E[Tl(p - q)
=N -px —E[Tl(p—q)

therefore




Definition 1.12 (Predictable). A stochastic process is predictable if Xq is fixed and X, is F;,—1 measurable.
Remark. This is a strictly stronger condition than being adapted to a filtration.

Theorem 1.13 (Doob’s Decomposition Theorem). Let (X,, : 1 € Np) be a process in L* adapted to (T : n € Ny). Then it
can be uniquely decomposed as X;, = My + An where (M, : n € Ng) is a martingale and (A, : n € Ng) is predictable
such that Ag := 0. Furthermore,

mn
An:ZE[Xk_kaﬂgk 1 Z Xy [ Fr—a] — X—a
k=1 k=1

and (A, : . € Np) is called the compensator of (X;, : n € Np).

Proof. Existence: Let (A, : n € Ny) as aboveandVn € Ny :

n
Mp =Xo+ ) Xk —EXi|Fi 4l
k=1

First note that the sums for n = 0 are empty, and defined to be zero. Moreover, note that A adds up the expected incre-
ments of X, and M adds the part for every Xy that is not known one time step before. By definition, A, 11 and M, are F,
measurable because the process X is adapted. Moreover, E[|A,|] < co and E[[M,|] < oo since the process X is integrable.
Furthermore, the decomposition X;; = M, + A, holds for alln € Ny. Finally,

EMn11lFn]l = EXny1 — AnpalFal
= EXnpalFn]l —Anga
= EXnalFn] = EXn1Fal + Xn — An
=Xn —An
=M,

Hence (M, : 1 € Np) is a martingale.

Uniqueness: Let X = M’ + A’ be an additional decomposition, then Y :== M — M’ = A’ — A is a martingale. Thus
VneN: E[Yn |3‘~n,ﬂ =Yn_1

hence Y is also predictable, thus
YneN:E[Yn|Fn_1]l =Yn

Since Yy = A{—Ag = 0,then Y, = 0almostsurely, foralln € N. Therefore the decompositionis almost surely unique. [

Corollary 1.14. An adapted process X in L' is a sub-martingale if and only if it has a Doop decomposition into a martingale
M and an integrable predictable A that is almost surely non-decreasing. Similarly, X is a super-martingale if and only if A is
almost surely non-increasing.

Proof. If Xiis a sub-martingale then

Xisasub-martingale < E[Xy |Fi_1] > Xy_1
= Z X [Fx—1] =Xk—1) >0
<= Aisalmost surely non-decreasing

The equivalence for super-martingales is proved similarly. O

Definition 1.15. For a martingale (M, : n € N) in L2, the bracket process ([M,] : n € Np) is defined as the compensator
of (M4 :n € Np),i.e

n

Mol =E[MZ] + Y E[ME M} | Fy]
k=1
n

—E[M3] + Y E[(Mk—Mi1)? | T
k=1
7



Definition 1.16. (M, : n € N) isbounded in LP if

sup [[Xnll, < oo
neN

Definition 1.17. Let (X, : n € N) be a supermartingale. Fix a < b, define T = 0 and let
Dk =infn > Tox : Xny < a} Toxgz = infin > Toryg 1 X < B}
forall k € N. The number of upcrossings is then defined as
u(a,b) = sup{k € N| oy < oo}

Remark. In other words, the number of upcrossings is the number of times the supermartingale goes from below a to
above b. Due to stochasticity, there may be some accidents, i.e., the presence of upcrossings, but since a supermartingale
is expected to decrease, these upcrossings have a cost and it can be proved that the number of upcrossings is almost surely
finite. The fact that the supermartingale is bounded in L! also prevents the sample paths from drifting off to minus infinity;
therefore, almost all the sample paths must converge. We now turn this heuristic argument into a proof, starting with the
upcrossing inequality.

Lemma 1.18 (Upcrossing Inequality). In the context of the above,
1 _
Vk e N:P(u(a,b) > k) ngE[(Xoo_a) 1{u(a,b)=k}]

Remark. X;, denotes the negative part of X;,, i.e., X;, = —min{Xy,,0}. X{" is defined analogously.
Proof. Since the process (X;; — a: n € N) is also a supermartingale, it suffices to show the result holds when a = 0. Let
(01,02) = (Tak+1, Tak+2), then
{u(a,b) >k} ={03 < o0} C {07 < 00} N{Xq, = b}
= P(u(0,b) > k) =E[1{4(00)>x}]

=

< 7E[Xc21{u(0,b)>k}]

< ZE[XE,Lwop)>k)

I—'O"\l—‘O“

[XUZ 1{01<00}]

<

Since (X, : n € N) isasupermartingale and X5, < 0ontheevent{o; < oo}, it follows from the optional stopping theorem
that

E[X&, Lo, <00)] = E[Xo, {0y <00)] = E[X0,1{0;<00]
< E[Xo,1{o,<o0}]
<0

Hence
1
P(u(0,b) > k) < <3 E[Xg,1{0,<00}]

1 _

< E]E X521{61<00,X62<0}}
1
EE[X021{51<00 0= 00}]
1
E E[X% 1w (00)=k}]

Theorem 1.19 (Martingale Convergence Theorem). Let (X,, : n € N) be a supermartingale bounded in 1%, i.e.,

sup E[IX,]] < c0
nen

then

n—o0

Xn — Xoo < 0

el!



Proof. Setn € N and denote by u, (a,b) the number of upcrossings that occur by time n. Applying the upcrossing in-
equality to the process stopped at time n, we obtain

Elun(a,b)] = Z P(un(a,b) > k)
keN
1 - 1 )
Shoa %E[(Xn — ) L (ap)=t] = g E[(Xn —a)7]

From the monotone convergence theorem, it follows that

Elu(a,b)] = lim E[us(a,b)]

n—oo
< lim E[(Xn—a)”]
— d n—o
1
< sup{E[(Xn, +[a])] In € N}
b—a

< 00

hence P(u(a,b) < co) = 1forall a < b. Since Q is countable, we also have

P<lim inf X, < limsup Xn> = I[”({limiann <a<b<limsupXy
n—oo

n—oo n—oo n—oo

wwea))

=P{u(a,b) =0|a,beQ:a<b})

which proves almost sure convergence

Xn — X
a.s.

where
E[Xsll < sup E[[Xn|l < oo
neN
O
Lemma 1.20. Let (M, : n € Ny) be a martingale in 12, and lets < t < u < v then
E[(Mt - Ms)(Mv - Mu)] =0
Proof. Since M = E[M, |F.] and M — M € F, then
E[(Mt - Ms)(Mv - Mu)] = E[E[(Mt - Ms)(Mv - Mu) |3~u]]
=K (Mt - Ms) (]E[Mv |5tu] - Mu)
=0
=0
O

Theorem 1.21. An L2 martingale (M,,) is bounded in 1.2 if and only if

0
E[(Mk - Mk,l)z] < o0
k=1

In this case, My, =2 M, € 12
a.s.

Proof. Due to the orthogonal increments as above, all cross terms of the square below have zero mean, and thus the fol-
lowing holds:

E[MY] =E
k=1

n 2
<M0 +) (M- Mk1)> ]

—E[M3]+ Y ]E[(Mk - Mk_l)z} 2o gME] 4 Y [(Mk - Mk_l)z}
k=1 k=1

9



Hence My, is bounded in L? ifand only if > ° ; E [(Mk — Mk_l)z} < 00. Moreover, since M, is bounded in L? it follows
that it is also bounded in L. Thus by the martingale convergence theorem in L1,

My —2 My, € L
n—,oo

To see the [.2 convergence, use Fatou’s lemma as

JE[(MOO _ Mn)z} - E[ lim (Myosr — Mn)z}

T—00

< lim ianE[(Mn+r - Mn)z}

T—00
n+r
—limi o 2
=liminf »  (Mi—My1)
k=n+1

- i E[(Mk— Mk_l)z} noe g
k=n+1

due to finiteness of the infinite sum. O

Corollary 1.22. For a martingale (M, : n € N) in L2, consider [M]. Since ([IM,] : n € N) is a.s. non-decreasing, [Mqo] :=

liLn [M ] exists a.s. and may be infinite. On the event, {[M ] < oo}, we have that
n o0

a.s.
My —— My < ©
n—oo

Proof. Letk > 0and
Tk = inf{n € Np ‘ [M]n > k}

Note that since [M] is predictable then Ty is a stopping time. Thus
[Mmin{n,Tk}] = [M}min{n,'rk}
is bounded by k so
2
E [(Mmin{nﬂk}) } <k

hence (Mmin{n,Tk} me No) is bounded in L2, thus it bounded in L, and therefore it converges almost surely asn — oo
in L. In particular, on
{(M], <k} C {tx = oo}

we have
a.s. a.s.
Mmin{n,Tk} > Mn + Moo < 00
n—,oo n—oo
el?

Therefore M, exists almost surely on

O

Definition 1.23 (Stochastic Approximation). Let (X, : n € N) be a stochastic process in the euclidean space R™ adapted
to a filtration (F,, : n € N). Suppose that X, satisfies

Xt = Xn = ~(F(Xp) + Ens1 + R
where
« F:R™ - R™
¢ El&ny1lIn] =0

« and the remainder terms ¥, > R, =% 0 and satisfy > >, ‘R—Tll'

< oo almost surely.
then such a process is known as a stochastic approximation process.

Remark. Such processes are commonly used to approximate the root of an unknown function in the setting where evalua-
tion queries may be made but the answers are noisy.

10



2 Galton-Watson Branching Processes

These notes are compiled from [16], [11], [19], [9] and [2].

Percolation on a tree breaks up the tree into random subtrees. Historically, the first random trees to be considered were a
model of genealogical (family) trees. Since such trees will be an important source of examples and an important toolin later
work, we too will consider their basic theory before turning to percolation. They are also beautiful processes in themselves.

Galton-Watson branching processes are most often defined as Markov chains (Z,, : n € Ny), where Z,, represents the size
of the n'" generation of a family, but we will be interested as well in the underlying family trees. Given numbers py. € [0, 1]
with 3 -, Pk = 1, the process is defined as follows. We start with one particle Zo = 1, unless specified otherwise. It has
k children with probability pi. Then each of these children (should there be any) also has children with the same progeny
(or “offspring”) distribution (py : k € Ng), independently of the others and of its parent. This continues forever or until

there are no more children. To be formal, let L be a random variable with P(L = k) = py, and let (Lgn) m,i€ N) be
independent copies of L. The generation sizes of the branching i process are then defined inductively by

Zn
Lni1 = Z L£n+l)
i=1

The probability generating function (p.g.f.) of L is defined as
f(s) = E[SL] = Z Prs®

keNy

Note that unless specified otherwise f is defined on [0, 1]. Note that we interpret 0° = 1 such that f(0) = P(L = 0) = p,.

We call the event{3n € Ny : Z,, = 0} the extinction, which of course is the same as the event { Z,, ——= 0 }. We will often
omit the superscripts on L when not needed. The family (or genealogical) tree associated to a branching process is obtained
simply by having one vertex for each particle ever produced and joining two by an edge if one is the parent of the other. We
will give a formal definition later (in section 3) of trees and the associated probability measures on them. The first basic
result on Galton-Watson processes is that on the event of non-extinction, the population size explodes, except in the trivial
case thatp; =1,

Proposition 2.1. On the event of non-extinction, Z,, 7% %o provided thatp; = 1.
a.s.

Proof. We want to see that 0 is the only non-transient state of the Markov chain (Z,, : n € Ny). If py = 0, itis clear, whereas
if po > 0, then from any state k > 1, eventually returning to k requires not immediately becoming extinct, whence it has
probability < 1 —p§ < 1. O

What is q := P(extinction)? To find out, we use the following property of the p.g.f.

Proposition 2.2.

Vs e [O,l] ZE[sZn] — (fO"'Of)(S) — f(n)(s)
Totmes

Proof. )
Zn—1
E[s*"] =E E[szil Li} ‘znl}

I anl
—E|E H st Zn g
i=1

-anl

=FE H Elexp(L;)]
i=1

[E [s'] Z]

[f(s)%]

=E
=E

where the random variables L; = LE“) are independent of each other and of Z,, _; and have the same distribution as L.
Iterate this equation n times. O

11



Remark. Note that within this proof is the identity
]E[SZ“ | Zo;n,ﬂ = f(s)%n1
Corollary 2.3 (Extinction Probability). The extinction probability is q = lim_ f(m)(0).
Proof. Since extinction is the increasing union of the events{in € Ny : Z,, = 0}, it follows that

q= lim P(Z, =0)= lim f(™)(0)

n—oo n—oo

We finally discover the most used result in the field and value of q,

Proposition 2.4 (Extinction Criterion [16] (Proposition 5.4)). Provided p; # 1, we have
e q=1 < f'(1) < 1,and
« qisthe smallest root of f(s) = s € [0, 1], the only other possible root being 1.

Remark. When we differentiate f at 1, we mean the left-hand derivative. Note that

f(1)=Elll=m= )Y kpy
k € Np

is the mean number of offspring. We call m simply the mean of the branching process.
By the proposition above, a branching process is called subcritical if m < 1, critical if m = 1, and supercriticial otherwise.

How quickly does Z,, =>% oo on the event of non-extinction? The most naive guess would be that it grows approxi-
mately like m™. This is essentially correct. Our first result is that a martingale appears when we divide Z,, by m™.

Proposition 2.5. /f m is finite then (% me No> is a martingale.

Proof.

1 & 1 & z

n
= T IE[LHZH]:Wz ™
1= 1=

E [ Zn+l Zn

mn+1

Zn} =E

1 &
mn+l Z Li
i=1

O

Remark. Actually, we have not verified that we are computing conditional expectations of integrable random variables.
One way to avoid calculating (in a similar manner) the unconditional expectation first is to note that all random variables
are non-negative. Another way is to use the fact that Z,, takes only countably many values, so that we may work with
expectations conditioned on events, rather than on a random variable.

Since the martingale above is non-negative, it has a finite limit a.s. denoted W. Thus, when W > 0 the generation sizes Z,,
grow as expected, i.e., like m™ up to a random factor. Otherwise, they grow more slowly. Our attention is thus focused on
the following two questions

1. WhenisW > 0?

2. When W = 0 and the process does not become extinct, what is the rate at which Z;, 7% x0?

To answer these questions, we first note a general zero-one property of Galton-Watson branching processes. Call a property
of trees inherited if every finite tree has this property and if whenever a tree has this property, so do all the descendant trees
of the children of the root.

Proposition 2.6. Every inherited property has conditional probability either 0 or 1 given non-extinction.

Proof. Let A be the set of trees possessing a given inherited property. For a tree T with k children from the root, denote
T, ..., T asthe descendant trees of these children. Then

P(A) = E[P(T € A|Z1)] < E[P(T(l), L, TE eA ‘ zl)}
by definition of inheritance. Since TV, ..., T(Z1) arei.i.d. given Z1, the last quantity in the display is equal to
E[P(A)*] = f(P(A))

Thus, P(A) < f(P(A)). On the other hand, P(A) > q, since every finite tree is in A. Hence P(A) € {q, 1}, from from which
the desired conclusion follows. O
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Corollary 2.7. Suppose mis finite, then W = 0 or W > 0 a.s. on non-extinction. In other words, P(W = 0) € {q, 1}.

Proof. The property that W = 0is clearly inherited, whence this is an immediate consequence of the previous proposition.
O

In answer to the preceding two questions, we have the following two theorems.

Theorem 2.8 ([11] (Kesten-Stigum Theorem, 1966)). The following are equivalent provided 1 < m < oo
1. PW=0)=q
2. EW] =1
3. E[Llog" L] < o0

Remark. Since (3) requires barely more than the existence of a mean, generation sizes typically do grow as expected. How-
ever, when (3) fails the means m™ overestimate the rate of growth. Yet there is still an essentially deterministic rate of
growth, as shown by Seneta (1968) [19] and Heyde (1970) [9], which is only slightly less than m™.

Theorem 2.9 (Seneta-Heyde Theorem). If1 < m < cothenVn € Ny dc, € Rsuch that

1. lim % exists a.s. in [0, co0)
n—oo ~M

2. IP’( lim 5:0):q

n—oo n

c
3 = =m
Cn

Proof. We will find another martingale to do our work. Choose so € (q,1) and set s, 1 :=f (s ) forn > 0. Thens,, 1 1.
By proposition 4.2, we have that (szn me No) is a martingale. Being positive and bounded, it converges a.s. and in L

toalimitY € [0, 1] such that E[Y] = ]E[sozﬂ = sg. Now we can re-formulate these exponentials. Set ¢, = —log%n then

sn = exp (—%), sothat lim % exists a.s. in [0, 00). By ’Hopital’s Rule and the fact that lim f/(s) = m,
n n—oo n sl

_ !
limM = lim Fls)s =m
st1 —logs st S

Considering this limit along the sequence (s, : n € Np) we get (3). It follows form (3) that the property that f—: =0is

inherited, whence by proposition 4.5 and the fact that E[Y] = sq < 1, we deduce (ii). Likewise, the property that f—: <
is inherited and has probability 1 since E[Y] > q, which implies (1). O

Remark. The proof of the Seneta-Heyde theorem gives a prescription for calculating the constants ¢, but does not im-
mediately provide estimates for them. Another approach gives a different prescription that leads sometimes to an explicit
estimate (see Asmussen and Hering (1983) [2], pages 45 to 49).

We will often want to consider random trees produced by a Galton-Watson branching process. Up to now, we have avoided
that by giving theorems just about the random variables Z,, (except for proposition 4.5, but that was used so far only for
studying the limiting behavior of Z,;). One approach to formalize tree-valued random variables is as follows. A rooted
labeled tree T is a nonempty collection of finite sequences of positive integers such thatif (i, ..., in) € Tthen

1. Vk € [0,n], also the initial segment (14, ..., ix) € T, here the case k = 0 is interpreted as the empty sequence, and

2. Vj € [1,in] the sequence (i1, ..., in—1,j) € T.
The root of the tree is the empty sequence, (. Thusif (i3, ..., in) is the iﬂ‘ child of the i,,_; of ... of the iih child of the
root. If x = (iy, ..., in) € T then we define T* := {(j1, ..., ji) | (i1, .-+ in, j1; - - -5 jk) € T} to be the descendant tree of

the vertex x in T. The height of a tree is the supremum of the lengths of the sequences in the tree. If Tisatreeandn € N,
denote the truncation of T to its first n levels as T(™) == {(iy, ..., ix) € T|k < n}. This s a tree of height of at most n. A
tree is called locally finite if its truncation to every finite level is finite. Let T be the space of rooted labeled locally finite
trees. Finally, we define a metric on 7 by setting

d(T, T) — (1 + sup{n € No ’T(“) — Fn) })_l

13



3 Stochastic Processes on Trees

These notes are compiled from [12], unless specified otherwise.

3.1 Motivation: Broadcasting on Trees

Let T, = (VN, En) be a binary tree of depth N, rooted at 0. Note that V x,y € V,, there exists a unique self-avoiding path
X =Xo ~ X1 ~ -+ ~ Xn =y of neighboring vertices x3, ..., xn € V,whereVa,b € Vy :a~b <= (a,b) € En.
The path lengthn =: d(x, y) defines the tree metric. Define the finite-volume state of the model to be Qn = {—1, 1}‘\/"“.
Together with the product sigma algebra (which is simply the power set on our finite set) this defines our probability space.
Denote by 0 € Q,, a configuration. We define a probability measure p on Qy in two steps. First, the distribution of the
spin at the origin is chosen to be a symmetric Bernoulli, i.e.,

oo =1) = p(og=—1) ==

Next, we pass on information from the root to the outside of the tree by putting for all pairs of neighboring verticesv — w,
meaning v is the parent of w, i.e., v is closer to the root than w,

1
wow =-1loy=1)=plow=1|oy=-1)=¢e € 0,5

where ¢ is an error parameter, and the full probability distribution is obtained by applying this rule from the root to the
outside of the tree. In this way, we have the following probability distribution on our finite-volume state space.

Definition 3.1. The probability measure defined by

[T oo et

vV, W:iv—ow

H Po,, om

vV, W:iv—ow

1—c¢ €
P:
( 13 1—£>

is called the symmetric channel on the binary tree.

with

Remark. Thisis a specific example of a tree-indexed Markov chain.

We can imagine to replace P by another transition matrix to obtain a different distribution, and we can generalize the local

state space. Note that ¢ = % <= the 0,’s are independent. Using simple calculations with +-1-valued variables we can

put our probability measure in the exponential form

]-U =0
o)=> J @—eleow . cloviow

VvV, W:iv—w

1
=78 exp(ﬁ Z 0'va>

Vv, Wiv—ow

with B := 2 log == called the inverse temperature, or equivalently & = Wlﬁ)ﬂ’ and
ANEE exp(fs > mw>
[ESNOIN] vV, Wiv~w

is a normalizing constant, called the partition function. We have recovered here the finite-volume Gibbs measure for the
Ising model on a tree (with open boundary conditions). We would like to understand this measure. In which way is possibly
information persevered over long distances? Such distances will set the tone for subsequent investigations. Forv € Vy, [v|
is defined to be the distance to the root. For [w| = N define

Fn =0 = (0goyw = —1)

This is a meaningful quantity for all N, so we may take a limit.

14



Proposition 3.2.

N—o0
Fn ——

N[ =

i.e., an observation of a single spin at the boundary at distance N does not allow us to deduce anything about the state at the
root when N tends to infinity.

Proof. The problem is reduced to the study of a Markov chain along the path which connects the root 0 to the vertex w.
Such a problem is elementary and can be treated by diagonalization. With the transition matrix

P:<l—e € >
€ 1—c¢

FN)= Y Pig,Poo - Poy st

01, ON—1

we get

P has eigenvalues 1 and 1 — 2¢, with eigenvectors (1,1) " and (1, —1) " respectively. Hence

Ton_ (1 O
0 PO_(O 1—2¢

with

which yields

O

Remark. In general one dimensional models have no long range order, unless the interactions are long-range. Markov
chains on finite state spaces loose their memory exponentially fast.

A more interesting question now is the following, and this is a typical tree question. When does the information at all of
the boundary sites allow us to deduce the state at the origin? The chances are much better now, as there are exponentially
many sites in N, and the boundary sites constitute a non-vanishing fraction of all sites of a tree of depth N. Define

0Ty ={ve V]| =N}

for the boundary of the tree of depth N. Consider the conditional probability that the variable at the origin is 1, if we con-
dition on any configuration at distance N from the origin, that is

nin(E) = u(o(0) =1 oa1y = &)

Claim (Question 1). Is it always true that a conditioning of the boundary spins to take their maximal value has no predictive
power for the spin at the origin, for large volumes? That is, do we have
1

N
N (loTy) — 57

Claim (Question 2). Is it true that

N—co
nin(loTy) —

N[ -

for typical realizations of the boundary spins &? For which value of ¢?

Remark. What do we mean by typicality? More precisely, let us consider the variance of the random variable 7ty obtained
feeding it random boundary spins & distributed according to u. Then the question above reformulated reads then: When

do we have
1 2
(=-3)]
2

V(M) N2, g Noe g
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Theorem 3.3. Let T be aregulartree where every vertex has precisely d children then Question 1 holds ifand only d(tanh 3) <
L

Theorem3.4. Let T be aregulartree where every vertex has precisely d children then Question 2 holds ifand only d(tanh 3 )2 <
1

Remark. Note that 3 is the second largest eigenvalue of the transition matrix. The above is in accordance with the intuition
that the value of the parameter 3 (which can be considered as a coupling strength) needs to be bigger to ensure propagation
of a typical boundary condition. The questions above have been formulated in a pedestrian way, in the sense that we made
statements in terms of limits of finite-volume quantities. We did not need any measure theory. However, the appropriate
setting to discuss them is the formalism of infinite-volume Gibbs measures to which will come now.

3.2 Gibbsian theory on countable vertex sets

3.2.1 Gibbsian specifications

Let V be a countably infinite set, and let Qg be a Polish space with sigma algebra Fy. We call Qg the local state space, the
simplest non-trivial example we previously discussed is Q = {—1, 1}. V could appear as the vertex set of some graph, e.g.,
V = 7% with d € N. For any sub-volume A C V (possibly infinite) define

Qp =0 = {(wx)yen VX €AWy € Q}
When A =V, denote Q = Q.. The measurable structure on Q 4 is given by the product sigma algebra

B = Q) Fo = Fg'
ieN

Forany x € V, the projection onto the x'" coordinate is denoted by
0x: Q0 — Qp wrH wy

The restriction of a configuration in the infinite volume, w € Q, to sub-volume A C V, can be given by using the projection
on:Q — QA withoa(w) = wa. Similarly, if A C A C V, we will use the same notation o for the projection from QOA

to Qf\. The concatenation of two configurations w € Q4 and p € Q5" is denoted as wp € Q2 and is defined by having
the properties oA (wp) = w and oa\ A (wp) = p. Denote A € Vis Ais a finite subset of V. For any sub-volume A € V
define the sigma-algebra of cylinders with base in A as

C(A) = 021(BA)
For any (possibly infinite) A C V, consider the algebra of cylinders with base in A, i.e.,

ea:=J ew

ACA

Foreach A C V, the sigma algebra Fa, of all events occurring in A, is then by definition generated by C(A), i.e.,
Ta =0(Ca)

When A = V, we simply denote & = Fv/, and we have by the previous definition that F is the smallest sigma-algebra on Q
containing the cylinder events, i.e.,

F=o(Cv) = Qo
iev
A spin model is then simply a probability measure on the product space (Q, F). We call Qg the local state space and Q) the

configuration space of the spin model. In the following sections, we will work towards the introduction of a spin model in
the infinite volume.

Definition 3.5. Let A € V. A probability kernel from F 5 to Fis a map
A FxQ—[0,1]
such that

o A (- | w) is a probability measure on (Q, F) forany w € Q.
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o A (A | ) is Fac measurable forany A € .

Moreover, if
VAEFAVw e Q :ma(A|w) =1a(w)

then 7t is called proper.

A probability kernel pulls functions back and pushes measures forward in the following sense: If i is a probability measure
on the measurable space (Q, Fac) and 7t is a probability kernel from F xc to F then

VA e TF:ump(A) = JTE/\(A | w)p(dw)
defines a probability measure on (Q, F). Also, if f : QO — R is F measurable then the function tAf : Q — R given by
Ve Qima(f| @) = | malde | w)t(e)
is measurable with respect to Fac. The composition of kernels o and 7t is defined as
VAeTFVweQ :mama(A|w) = JWA(A | w)ma(dp | w)
and is itself a kernel from Fac to F.

Assume that we have a proper probability kernel Ty : Fac — F, then the probability measure A (- | w) is supported
ontheset QY = o1t (w) foranyw € Qas

A(QR | w) =1g¢(w) =1

since Q% € Fac. Therefore one caninterpret the configuration w € Q asthe boundary condition of the measure 7ta (- | w).
In the following all kernels 7tA to be considered will be proper and therefore they will be entirely determined by all the
numbers

TAMAWAe | W) =TTA(MA | WAC)

As it turns out, it will be necessary to use an infinite family of probability kernels, {7tn | A € V}to describe Gibbs measures
in the infinite volume directly. The key concept in that regard is that of a (local) specification.

Definition 3.6 (Specification). A specification is a family of proper probability kernelsy = {yA : Fac — F| A € V}which
satisfies the consistency relation, i.e.,

VALAEV: ANCA = vYAYA =7YA
Ameasure n € M;(Q) is said to be compatible (or specified by) vy if
YVAEV:u=uya
The set of measures which are compatible with vy is denoted by G(v).

A first natural question that arises with regard to this definition is if there is a way to construct specifications. Before we
answer this question, consider the following lemma.

Lemma 3.7. Suppose that ta is a proper probability kernel from Fac to F.

1. We have that
TA(ANB|[-) =mA(A]-)1g(")

forall A € Fandall B € F pc.

2. Letp e M1(Q) then
up =ma <= WA | Fac) ZmaA(A )

forall A € 7.
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Proof. (1) First, assume that w ¢ B then
TA(ANB) < mA(B | w) =1g(w) =0

Now suppose w € B then
TA(ANB) =7A(A | w) = A (ANBC [ w) =TA(A | w)

(2) Ifit holds then for all A € V and forall A € F, we have

WA A) = [TA(A] @lialdw) = | WA | Fae) (@i dw) = wlA)
Now suppose that uta = pthen

WANB) = pmA(ANB) = jm(A NB | w)p(dw) = jB TA(A | w)(dw)

forall A € Fand forall B € Fxc. By conditional probability it follows that

W(ANB) = | WA IS0 (w)uldw)
B
forall B € Fac. And by the almost surely uniqueness of the conditional expectation we see that

A TFA)() =mA(A )
u-as. forallA € F. O

Remark. The second part of the lemma tells us that for a given specification (ya : A € V) the measures i € G(y) are
characterized by having a regular conditional distribution provided by y A, when conditioning with respect to Fxc. The
most important class of specifications are the so-called Gibbsian specifications which we will introduce in the following
definition.

Definition 3.8. Let ® = {® A}, <\ be afamily of real-valued functions on the configuration space Q. We call @ an inter-
action potential if it has the following properties:

1. The functions ® 5 are ¥, measurable forany A € V.

2. Forall A @ Vand w € Q the series
HR(w)= Y  @x(w)

exists.
We call H® the Hamiltonian in the finite sub-volume A associated to the potential ®.

Remark. By existence, we mean that for any increasing sequence of volumes A,, which converges to V, we have that

lim Y  @Oa(w)

ntoo
ACAn
ANAAD

exists and does not depend on the volume sequence.

Since the sum above contains possibly infinitely many terms there is no guarantee that it converges. However, for an im-
portant class of interaction potentials this is not an issue. Let dg denote the graph distance on V, which is the number of
edges in the shortest path connecting two vertices. We define the diameter of a finite set A by

diam(A) = sup dg(x, y)
X, YEN

Let
(@) =inf{R>0|VA &V:diam(A) >R = D, =0}

If r(®) is finite, the interaction potential @ is said to be of finite range and clearly the Hamiltonian HY is well defined for
any finite sub-volume A in this case.
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In the following we will assume that the local state space is equipped with a so-called a prior measure A € M;(Qo) and
denote forany A € V the product measure on (Qf', ') by A*. The (conditional) partition function is then defined as

2% (w) = Jexp(—H?(cAwm))M(ch)

A potential @ is said to be A-admissible if the partition function Z® (w) is a finite number in the open interval R, for all
A€ Vandallw € Q.

Proposition 3.9 ([12] (Proposition 2.1.5)). Suppose that ® is an A-admissible interaction potential. Then the family of prob-
ability kernels
ch:{y?:?/\c—ﬂTl/\@V}

defined by

1

YRA|w) = —5— JeXp(—H?i(CAwAC))lA(CAwAC)AA(dC/\)
Z/\ (w)

constitutes a specification and it is called the Gibbs specification for ®. A probability measure i € (yq)) is called an infinite-

volume Gibbs measure (or simply a Gibbs measure) associated to the potential ®.

To verify the specification properties note that the measurability properties are evident, while the consistency is obtained
by a rearrangement of sums, see [8] (Proposition 2.5). The measures y® (- | w) € M;(Q) are also called finite- volume
Gibbs measures under boundary condition w. The way we have defined them they actually are measures on the infinite
volume. However, recall that they are supported on the set Q% which consists only of configurations that are equal to w
outside the finite volume A.

3.2.2 Extremal Gibbs measures

One basic observation is that as the DLR equation is linear, §(y) is a convex set: if iy, ..., un € G(v) then so does any con-
vex combination of them. This makes the extremal elements of this set, which we denote by ex G(v), especially interesting.
The following questions arise naturally:

1. What properties, if any, distinguish the elements of ex §(y) from the non-extremal ones?

2. What is the physical interpretation of these extremal points of §(y)?

Before we answer these questions we will give a condition under which the set of extremal Gibbs measures is non-empty.
Let Cp (Q) be the set of bounded real-valued functions on Q that are continuous w.r.t. the product topology obtained from
the topology on the Polish local state space ). A particular class of specifications is given in the following definition.

Definition 3.10. A specificationy = (YA )¢y is said to be Feller-continuous if forall A € V, f € Cu(Q) impliesyaf €
Cp(Q).

An important example of Feller-continuous specifications is provided by the Gibbsian specifications y® where the interac-
tion potential @ is continuous and uniformly convergent (and A-admissible) [20]. An interaction is by definition uniformly
convergent if forevery A € V the sumin (2.1.2) converges uniformly in w. Note that this is always the case if the interaction
is of finite range which will be the case for all models considered in these notes.

Let (An),, ¢y be any sequence of finite subsets of V. We say that (Ay,),, ¢y exhausts V' if
VveVIANeNn>N — ve A,

Proposition 3.11. [20] (Proposition 2.22) Suppose 'y is a Feller-continuous specification and let (A+,),, ¢ be any sequence
of finite subsets of V that exhausts V. If (vn),, ¢ v, @ sequence of measures in M (Q), converges weakly to some w € My (Q)
then u € G(vy).

Note that if Qg is compact, sois Q = Q) w.rt. the product topology. Also, Q is Polish since it is the countable product of
Polish spaces. Hence M; (Q) is weakly compact. Therefore, in the case of a Feller-continuous specification every sequence
(VnYA,, ) has a convergence subsequence, and hence §(v) is not empty. In general this might not be true; the question
of whether or not |G(y)| = 0 is a non-trivial one. There indeed exist physically reasonable models for which there are no
infinite-volume Gibbs measures. Examples are the massless discrete Gaussian free field on the lattice Z4 in dimensions
d < 2 and the solid-on-solid in d = 1 [8]. In both cases, the local state space equals the set of all integers.

One nice property of Feller-continuous specifications is that they allow the identification of Gibbs measures as weak limits,
at least the extremals. To be more specific, we have the following statement [20] (Proposition 2.23):

19



Proposition 3.12. Let Qq be a compact metric space and let (y A : A @ V) be a Feller-continuous specification. Furthermore,
let u € ex §(y). Then for p-a.s. w,

YA lw) 2220

in the weak limit for any sequence of finite sub-volumes (A, : n € N) that exhausts V.

Let us assume a Feller-continuous specification is given. Then the previous two propositions show the connection between
the DLR-approach to the Gibbs theory in infinite-volume and the classical approach using the thermodynamic limit of finite-
volume Gibbs measures under boundary condition (see Chapter 3 of [7] for a detailed exhibition of this ansatz). Recall that
any weak limit of finite-volume Gibbs measures is in fact an infinite-volume Gibbs measure. Conversely, the proposition
above states that if we have an extremal Gibbs measure p and sample any typical configuration from p and use it as a
boundary condition, in the infinite-volume limit we will recover p itself. The following theorem follows immediately from
the proposition, and gives a condition for which there is a unique Gibbs measure.

Theorem 3.13 ([12] (Theorem 2.2.4)). Let Qg be a compact metric space and let (y A : /A € V) be a Feller-continuous speci-
fication. Suppose that for all sequences of finite sub-volumes (A, : 1 € N) exhausting V, and every w € Q, all the possible
weak limits of y o, (- | w) are identical. There there exists exactly one Gibbs measure.

Recall that for any A € V, we defined FAc as the o-algebra which consists of all the events that only depend on the spins
outside the finite set A. Now the tail o-algebra (or tail field) T is defined as the o-algebra which only depends on the spins
outside any finite region A, i.e.,

T= () Fac

AEV

The extremal elements of G(y) are characterized by the following properties [20] (Proposition 2.20):
Proposition 3.14. Let u € G(y) then the following are equivalent.
« The measure wis an extremal element of G(y).

« The measure Wis trivial on 7, i.e.,
VA eT:uA) e{o,1}

« The measure W has short-range correlations, i.e., for each A € F we have

/l\lm/ sup{u(ANB) —u(A)u(B) [B € Fac}=0
A€V

Physical systems can in general have one or more possible macrostates, depending on the values of some internal free pa-
rameters of the system. For example water can be in a gaseous, liquid or solid macrostate depending on the temperature
and pressure. While the microscopic quantities change rapidly, the macroscopic quantities remain constant. To turn this
into a mathematical exact statement we define the macroscopic quantities or macroscopic observables as the functions on
Q that are measurable w.r.t the tail field 7, i.e., the function that do not depend on spins in any finite volume A € V. The
physical relevance of the preceding theory presented in this chapter lies in the assumption that the statistical mechanical
information of the physical system can be obtained from a suitable specification y, that is, the space of measures G(y) de-
scribes the macrostates of the system. Proposition 2.2.5 tells us that these macrostates are given by the extremal elements

of §(v).

What is then the interpretation of the non-extremal elements of G(y)? Suppose that the local state space (Qq, Fy) is Polish.
Then every non-extremal measure u € §(v) in an (integral) convex combination of extremal ones. This decomposition is
even unique, that is, §(y) is a simplex [8] (Theorem 7.26).

This means that a non-extremal Gibbs measure corresponds simply to the preparation of randomly chosen extremal Gibbs
measures. The probabilities for this choice are given by the coefficients of the convex combination. This extra randomness
can be interpreted as the uncertainty in the experiment regarding the true nature of the systems macrostate (for a more
detailed discussion, see Chapter 6 of [7]).

Therefore the non-extremal Gibbs measures do not lead to new physics: Everything that we can observe under such a mea-
sure is typical for one of the extremal ones that appear in its (unique) decomposition. Hence the extremal Gibbs measures
are the physically important ones, which is why they are also called the pure states. This is the reason why we say that a
physical system exhibits a phase transition when there exist multiple extremal Gibbs measures for the model.
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Finally, we want to point out that the extremal Gibbs measures are suitable to describe the different phases of the sys-
tem as it is possible to distinguish those measures by looking at macroscopic observables only. This is important since we
should be able to tell macrostates apart by looking at macroscopic measurements:

Theorem 3.15 ([8] (Theorem 7.7)). Let w1, 1y be two distinct extremal Gibbs measures w.r.t a specification (ya : A € V).
Then there exists some tail-measurable event A € T such that u1(A) = 1and puy(A) = 0, that is, W, and y, are mutually
singular.

3.2.3 Uniqueness

Please refer to [12] (section 2.3), on a criterion for the uniqueness of Gibbs measures on any graph.

3.3 Gibbs measures on trees

We specialize the index set to be the vertex set of a countably infinite tree. We discuss several Markov properties. Thereis the
notion of a (spatially) Markov specification which means that the finite-volume Gibbs measures depend on their boundary
condition only via a boundary layer of thickness one. This notion is meaningful on any graph. Similarly, an infinite-volume
measure is called a (spatially) Markov field if its finite-volume conditional probabilities depend on the boundary condition
only via the boundary layer of thickness one.

To be distinguished from the above notion, there is the notion of a tree- indexed Markov chain. This is meaningful only
on trees. It relies on the definition of past and future vertices relative to a given oriented edge. While each tree-indexed
Markov chain is a (spatially) Markov field, the converse statement is ensured only for extremal Gibbs measures. Indeed,
the non-trivial part is that any extremal Gibbs measure for a Markov specification is a tree-indexed Markov chain. We will
explain in detail why this is true, using conditioning arguments involving future-tail triviality.

Then we come to describe the one-to-one correspondence between boundary laws and tree-indexed Markov chains. Bound-
ary laws are families of positive measures on the local state space, indexed by the set of oriented edges which satisfy a
consistency equation (tree-recursion). There is also a one-to-one correspondence between boundary laws and transition
matrices of the tree-indexed Markov chain, given the specification. We conclude with a discussion of all homogeneous
boundary laws on the Cayley tree for concrete examples of the Ising model and the Potts model in zero magnetic field.

3.3.1 Construction of Gibbs measures via boundary laws

One of the most important classes of stochastic processes are Markov chains. A Markov chain in its most elementary form
is a sequence of random variables indexed by Ny (which is usually interpreted as time) which has the property that future
events are independent of the past given the information about its present state, i.e.,

VneNo Vxngt, ..o X0 € Qo t W Xng1 =Xng1 [ Xn =%Xn, oo, Xo =%0) = W Xnt1 = Xnt1 | Xn =%xn)

There is a natural way to generalize this definition to the situation where the stochastic process is no longer indexed by Ny
but by the vertices V of a tree. To formulate this we need some more notation. For any vertexw € V the set of the directed
edges pointing away from w is given by

E, ={(x,y) € Eld(w,y) =d(w,x) + 1}

This is an orientation of the set of edges induced by the vertex w. Furthermore we define the past of any oriented edge
(x, y) € Eby
(—o0, xy) ={w € V[ (x,y) € Ew}

This is the set of sites w from which the oriented edge (x,y) is pointing away. The definition of the future of an oriented
edge is analogous. Note that the tree property, i.e., the absence of loops, is clearly needed to give a meaningful definition
of the past and future of an oriented edge. In the following we will always restrict ourselves to the case where the local state
space Q) is finite. This simplifies the analysis but still allows the occurrence of phase transitions on trees.

Definition 3.16. Let Q be the local state space and Q = QY. Ameasure u € M;(Q) is called a tree-index Markov chain if

H(Gy = Wy ’9(—oo,xy)) = “(% = Wy ’%x))
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u-a.s. forall (x,y) € Eand any wy € Qq. Any stochastic matrix P on Qg with
w(oj =y | Iy = Pij(05,y))

p-a.s. forally € Qg is then called a transition matrix from i to j for p.. Moreover, a Markov chain is said to be completely
homogeneous with transition matrix P if

w(o; =y | Ty = Ploy,y))
p-a.s. fory € Qpand (i,j) € E.

Remark. Everytree-indexed Markov chain pwith transition matrices (Pij ((L,j) € E) and marginal distribution o at vertex
k € V has the following representation

wioa = Q) = o (k) = H Pij (Ci, )
(i,j)€E
jeA

for all finite connectedsets A € V, ¢ € Q(‘J/ and k € A. The above can be proved by induction on the number of vertices in
A. If wis completely homogeneous it follows from the equation above that w is invariant under the group I(E), the group
of graph automorphisms of V.

Besides the one-sided Markov property there is also the notion of a spatial Markov property:

Definition 3.17. A a specificationy for Qg and V is said to be a Markov specification if y A (oA = (| -) is Faa-measurable
forallce Q) and A € V.

Note that 0A = {i € V| d(i, A) = 1}is the outer boundary layer of thickness one. If y is a Markov specification, then every
u € G(vy) is a Markov field, i.e., u satisfies the spatial Markov property

woa = C¢|Fac) = pnlon =l Fan)

w-a.s. forall € Qy and A € V. Note that every Gibbsian specification which is defined by a nearest-neighbor potential is
Markov.

Theorem 3.18. Every tree-index Markov chain is a Markov field.

Proof. Assume that uis a Markov chain. For A € V let A € V be some finite connected set such that A U dA C A. The
explicit form of the finite volume marginals, applied in the bigger volume A, shows that

nloa = Cwn)u(m = Zwﬁ) = u(crA = an) wloa = Cwi)
forallg, e QY, w e QN 1,7 € QOA\(AUM). Summing over { and f{, we obtain

wloa = Cwnlu(oan = w) = p(oaa = wn)u(oaven = Cw)
If u(oa\A = wn) > 0, we have

w(oa =l oan =wn) = p(oa = (logn = w)

which means that
w(on = 2| Fan) 2 uloaloon = w)

Since Fac is generated by the union of all Fa\ 5, we conclude that

w(og|Fae) 2 plog|Fan)
Hence w is a Markov field. O

Theorem 3.19. Lety be a Markov specification, then each i € ex G(7y) is a tree-indexed Markov chain.
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Proof. Setan oriented edge (i,j) € E and let A(n) be the ball of radiusnaround j and A(n) = A(n) N (ij, co) be the future
in this ball relative to the oriented edge. As 1t is assumed to be extremal, we know that p is trivial on the tail-o-algebra
T =(Nnen Ta(n)e (see proposition 2.2.5), Hence w s also trivial on the smaller o-algebra

) Fijeo\ A
neN

The above is the future tail o-algebra relative to the oriented edge. This future-tail triviality implies that

T = ﬂ Flilu((ij,00)\A(n)) K —as.
neN

Indeed, the o-algebra on the left is clearly contained in that on the right. Conversely, if f : QO — R is bounded and measur-
able with respect to the latter o-algebra then f(x O'V\{i}) is measurable w.rt. (), ¢y F(4j,00) \ A(n) @and hence

f(x ov\ (i) = Jf(x wy (i) r(dw) p—as.

Therefore f is also measurable w.r.t. Fi;. As (EF{i}U ((ij,00)\A(n)) i M E N) is a decreasing sequence of o-algebras we can
apply the backward martingale convergence theorem, which yield

(o5 =y | T e am)) ~ oo 105 =y [ Fpy)
By the tower property of conditional expectation, the term under the limit on the L.h.s. equals
(o5 =Y | Tu (.00  Amn) = 1105 =Y | Tam)e) [ Fyu (w000 \ Am))
Since pis a Gibbs measure, we have inside the conditional expectation on the r.h.s.
(o5 =y [Fami) = vam (o5 =y|)

Note that {1} U ((ij,00) \ A(n)) D dA(n). Hence, by the Markov specification property for 1L we may pull this out of the
conditional expectation and arrive at the p-a.s. equality

m(o5 =Y | T30 (000 \ Am)) = Yam) (05 =Y )

— 1(05 =Y | Fiyu((im) \ Am)) —— lim Yam (05 =y|")

neN

where the second equality follows from the DLR-equation and where the last equation follows again from the backward
martingale theorem. Hence,
N ?A(n)c>

neN

w(oj=y|Ty) = H(Gi =y

and by the inclusion

) Famre 2 Fiijoo) 2 Ty
neN

it follows by the tower property that
(05 =Y | Fije0) = 105 =y | Fpay)
Therefore pis a Markov chain. ]

Let @ be some nearest-neighbor interaction potential which may contain also single-site terms. Recall that the correspond-
ing Gibbsian specification (the specification kernel) y® is then given by

YA(oA = walw) = Za(w) Pexp(—Ha(w)) = Za(w) exp| = ) Dplwe)
b:bNALD
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where the sums runs over all non-oriented edges b touching the finite volume A. When we define transfer operators (or
transfer matrices) by

Qp(wp) = exp (—CDb(wb) — ot Dy (wi) — |aj|71®{j}(“’i))

whereb ={i,j} € Eand wy, € Q(‘)’, we can rewrite the specification kernel as

Y2loa =walw) = Za(w) [ Qoulws)
b:bNA£D

Note that by definition the transfer matrices are symmetric, i.e.,

Qij (X;U) = jS(y)x)

forall{i,j} € Eand x,y € Q.

In the following we will work towards a representation of tree-indexed Gibbs measures via the notion of so-called boundary
laws [4], [&], [22].

Definition 3.20. A family of vectors {li]- ‘ (1,j) € E, L5 € (0, oo)QO} is called a boundary law for the transfer operators
{Qu |b € E}ifforeach (i,j) € E there exists a constant c{; > 0 such that the consistency relation

Lij = cy H Z Qui(wi, wi)li(wy)

ke di\{j} wx € Qo
holds for every win € Q.

Boundary laws are maps from the oriented edges (k, i) to the positive measures on the single-site spin space at the site k.

For any boundary law, the family {(Xij i ] (1,j) € E} for any fixed choice of strictly positive numbers «; is trivially also
a boundary law.

We will now give the main theorem of this section, which shows the equivalence of boundary laws and tree-indexed Markov
chains, which are Gibbs measures for the given set of transfer operators.

Theorem 3.21. Consider a Markov specificationy® of the form

Yhloa =walw)=Za(w)™ ] Qolwe)
b:bNAZD

and let{Qy, | b € E} be its associated family of transfer matrices.

1. Each boundary law {lij ] (1,j) € E} for a given family of transfer matrices defines a unique tree-indexed Markov chain
w € G(y) via the equation

n(oauon = Wauan) = Z4" H Lyya (wy) H Qv (wp)
YyEIA b:bNAZD

where A\ @ V is a finite connected set, w A A € Q{)‘Uﬁ/\ and Z 5 is a suitable normalizing constant. y A is the unique
nearest neighbor of y which lies inside A.

2. Conversely, every tree-indexed Markov chain w € G(y) admits a representation of the form above in (1) in terms of a
boundary law. This representation is unique in the sense that every boundary law is unique up to a positive factor.

Proof. (1) In the first step we will use Kolmogorov’s extension theorem to show that the expressions on the r.h.s. describe
the marginals of a unique measure u € M(Q). This holds if the expressions are consistent, i.e.,

Sz I wwalwd JT Qulws)=Z3! JT aealwd [T Qolws)

wy € QY keodA b:bNA#£D keoA b:bNA#£0D
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whenever A, A € V are connected sets with A C A, V = (AUDJA) \ (AUDA) and wauan € QYN (note that in
this proof, we deviate from the previous use of the symbol V to denote the infinite vertex set of the tree). By induction, it is
enough to check the above when A = A = {i}forany i € 9A. In this case, we have V = 01\ {ix } and we find that

> Za I kalw) [T Qulws)

wy € QY keoA b:bNA#£D
=z,' [ tkalw) [T Qolwe) x Y < IT til@i)Quilwy, wi))
ke oA\{i} b:bNA#D wy EQY \keV

where
> < 11 lki(wk)Qki(wk,wi)> =TI D Wilw)Quilwk,wi)
wyeQy \keV keV \wx€Qq
Thus by the boundary law property,
> 2 [T walwn) T Qb(wb)ZZZlCiiA IT balw) I Qulws)

wy € QY keoA b:bNA#D keEIA b:bNA#D

Summingover wa yaa Showsthat Za ciip = ZA. This establishes the consistency. In the next step, we will show that every
measure constructed in this way is a tree-indexed Markov chain. Let (1,j) € Eand A € (—o0, ij) be any finite connected
set in the past of this edge with j € dA. Furthermore, letx,y € Q¢ and wAuan)\ (5} € QSAU MG Substituting the
finite-volume representation formula in terms of the boundary law, we obtain

(o5 =yl oavan i = Pavarna) _ Liy)Qjily, wi)
m(oj =x|oauon)\ 1 = Wavaangy)  HilX)Qjilx, wi)

Summingovery € Qg yields

B B B L1 (%) Qji(x, wi)
w05 = x[o(auan)\ 1) = WAvaA () = 2 yen, bivQjily, wi)
yeQo ’

The expression on the r.h.s. of the above depends on w via w; only. Taking a limit of a sequence of finite sets A;; 1 Vyields

a.s.
(o5 =x|F—oij)) = nloy =x|Ty)
and therefore  is indeed a Markov chain. In the third step, we show that . is a Gibbs measure. Let A € V be any finite
subset of the infinite-volume vertex set V and take any two configurations ¢, w € Q suchthat (y\ A = wy\ A. LetA €V
be any connected set such that A C A, then

n(on =Ca { O(AUBAINA = W(AUIAI\A) ~ wloauoaa = Cauoa)

n(on =wa [o(avoa)\A = W(avoa)\A)  H(OAUIA = WAaUA)
Qub(Cv)

b:bNA£D Qo (ws)

_ H Qv (Cp)

b:bNA£D Qv (wy)

_ YAloa = A w)

YAloA = wa |w)

Finally we can sum over {5 € Q(‘,/ and take the limit A 1 V. This way we get 1 € G(v).

(2) Now we assume that some Markov chain p € §(vy) is given. On the one hand, we can condition from the inside to
the outside using the Markov property. On the other hand we can also condition from the outside to the inside using the
Gibbs property. For any (i,j) € E we define transition probabilities in the usual way by Pi;(x,y) = n(o5 =y | o; =x). Let
A € V by any finite connected set, ( € QO and a € Qg be some fixed reference state. Then

woauan = Cavan) = LA u(BIA) u(C[B) / u(A|B)

where
A ={on =a} B={oon =Con} C={oa =CA}
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By the Markov property it follows that

WBIA) = H Pk (a, Ck)
KEIA

On the other hand, we get from the Gibbs property that

w(CIB) _ (€l _ [To:vnn0Qu(lo)
r(AIB)  wAlQ)  Tlp.bcaQula,a)[Tkeon Qrarla, Ck)

Hence

Hloauan = Cauan) = uloa =a) IT Prarl e, &) IT Qo

[Tv.ocaQula a)k a/\QkAk( Ck)b:bﬂ/\#@

Therefore the finite-volume representation of the marginals as in the original equation in part (1) of the theorem holds with

A Hb:bgAQb(a’a)
and the candidate for a boundary law
Pji(a,x)
Lis(x) = =22~ 222
10 = Qpufa

forall (i,j) € Eand x € Qq. Ifwe set A = A U {i}withi € 0A we can see the defining equation of the boundary by the
consistency of u, if we consider the steps of the proof for part (1) in the opposite direction. To prove the uniqueness of the
boundary law we assume that i admits a second representation for the form as in part (1) of the theorem with a boundary

law {Tij

w; = x forsomej € diand wy = aforallk € iU (9i\ {j}). We obtain

(i,j) € E} and normalizing constants Z, > 0. Apply part (1) to the singleton A = {i} and a configuration w with

é i) H lik(a)
VAR keai\{ﬂlik(a)
and hence T = 1 up to a positive pre-factor (in general depending on the directed edge). This completes the proof of the
theorem. O

Remark. 1f 1 = 1is a solution to the boundary law equation we find that this representation is the marginal distribution
distribution of a Markov chain u™¢ € §(vy), called the free Gibbs measure For a boundary law 1 # 1, we get a Gibbs
measure that is different from this free solution. As every extremal Gibbs measure is a Markov chain theorem 2.7 gives us
that |S(y)| = 1if and only if there exists a unique solution to the boundary law equation.

3.3.2 Completely homogeneous tree-indexed Markov chains on Cayley trees: the Ising and Potts models

In the following we will take a closer look at completely homogeneous Markov chains p € G(y) on Cayley trees. A Cayley
tree of order k € N, denoted by CT(k), is an infinite tree where each vertex has k + 1 nearest neighbors. The same object
is equivalently called a k + 1-regular tree. In the case k = 2, one commonly speaks of a binary tree. A Markov specification
v on CT (k) is said to be completely homogeneous with transfer matrix Q if y can be expressed as this representation with
Qp = Qforallb € E. Recall thatin the proof of part (2) of theorem 2.7, we have not only shown that every 1 € G(y) admits

a representation in the form of part (1) of theorem 2.7, but also that the boundary law is given by 1;; = g’ll((a ) (up to an
(1,j)-dependent constant).
Therefore 1 is completely homogeneous if and only if l;; = 1 (up to edge-dependent multiplicative constants) for all

(1,j) € Eandsomel € (0, 00)%.
As every boundary law is only unique up to a factor we may normalize at a reference state a € )y. We say that a boundary

law {11]} ¢ isnormalized at a if lij(a) = 1forall (i,j) € E. If L corresponds to a completely homogeneous Markov

chain it has to meet y

)= > Q

yeQ
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The Ising model in zero magnetic field

In the Ising model the local state space is Qq = {—1, 1}. We have some interaction strength ] > 0, which is fixed and a
nearest-neighbor interaction potential ® such that

Dy (Wi, wj) = —J wi w;
The corresponding Markov specification vy is completely homogeneous and the transfer matrix Q is given by
Q(_a _) = Q(+) +) = exp(]) Q(_) +) = Q(+a _) = exp(_J)

According to our previous discussion there is a one-to-one correspondence be- tween the completely homogeneous Markov
chains u € §(y) and the positive solutions s > 0 of

(Q(—,+) + SQ(+,+)>k _ <sexp(1) - exp(—])>k
Q(——) +sQ(+,-) exp(]) + s exp(—])

Above, we normalize at a = —1 and hence may look for boundary laws of the form 1 = (1, s). Introducing a new variable
t= % log s, the equation above is equivalent to

k  cosh(] +1t)

t= 5 log 7cosh(] -y =: fy(t)
The r.h.s. of the above is an odd function in t which is concave for t > 0 and convex for t < 0. Hence the equation has only
the trivial solution s = 1 if and only if f].'(o) = ktanh(]) < 1. Ifff(o) > 1 then we find two additional solutions +s. to the
trivial one. Hence, there is a phase transition in this case as every solution s corresponds to a completely homogeneous
Markov chain us € G(y). We only know that there is one completely homogeneous Markov chain p € G(vy) if ff(o) =
ktanh(J) < 1. It can be shown that there actually is only one Gibbs measure overall in this case, which means that | =
atanh(1/k)is the sharp threshold for phrase transition in this model [8] (Theorem 12.31). This provides a proof of theorem
2.1.

The Potts model

Inthe Potts model the local state spaceis givenby Q¢ = {1, ..., q} ~ Z4 and the nearest-neighbor potentialis @ ; (wi, w]-) =
B 1{wi:wj}, which gives us for the transfer matrix,

Q(wi, wj) = exp(ﬁ 1{w1=w]~}) — 91{‘”1:‘“1}

with ® = exp(f). The homogeneous boundary law equation is

and henceforalls € {1, ..., q—1}

Forzs := 11((3)) € (0, 0o), the above yields

— k
L <zs(9—l) +Y a7z +1>
=

—1
0+ Zg:l Zg

The solutions to this (q — 1)-dimensional fixed-point equation are in a one-to-one correspondence with the completely
tree-indexed Markov chains 1 € G(y).

Proposition 3.22. For any solution z = (zi, ..., zq—1) of the equation above, there exists aset M C {1, ..., q — 1} and
some z* > 0 such that
{z* seM
zZs =

1 s¢M
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Proof. Assume that we have a solution of the boundary law equation. Define the set M to be the set of indices for which
the entry of the boundary is different from 1. We will show the boundary law entries will have to be the same for all indices
in M. Indeed, take 0 # 1 and assume w.l.0.g. that [M| = m with M ={1, ..., m}. Define x5 == zi/k then

(0 —1)xk + (Z]-“le}<+q—m)
Zj";lX}<+(q—m—l)+6

Xs =

wherez; = 1fors ¢ Mandzs # 1ifs € M. Whenwe setR := Z}lpc}‘—kq—mweget

_ (B—1)xk+R

k — _
ST TRT1 — (x§ —x)(0—1) = (xs —1)R

= xs(xE24xEP 4+ +1)(0-1) =R

The polynomial on the L.h.s. has positive coefficients and is monotone increasing in x5, hence injective. Therefore x; = x;
foralls,s {1, ..., m} O

Corollary 3.23. Any completely homogeneous tree-indexed Markov chain i € G(y) corresponds to a solution of

z(9+m—l)+q—m>k

z=fmlz) = < mz+q-—m—1+0

forsomem e {1, ..., q— 1}

Proof. (Sketch) We focus on the binary case. For x = /z, we have

X_x2(6+m—1)+q—m
 mx2+q-—m+0

Divide out the root x = 1 and solve the resulting quadratic equation. Set6;, =14+ 2/m(q —m)foralll < m < q — 1,
and note that 0., = 04_m. Wehavethat0; <0, <--- < GLq/ZJ_l < BLq/ZJ < g + 1 and the boundary law solutions are
given by

0—1+ \/(6—1)2—4m(q—m)
2m
which exists for 8 > 0,,,. O

X12(m,0) =

4 Neural Tangent Kernel

The notes from section 5.1 to 5.4 are compiled from [21], unless specified otherwise.

Neural networks are well known to be over-parameterized and can often easily fit data with near-zero training loss with
decent generalization performance on a test dataset. Although all these parameters are initialized at random, the optimiza-
tion process can consistently lead to similarly good outcomes. And this is true even when the number of model parameters
exceeds the number of training data points.

4.1 Background

4.1.1 Kernel & Kernel Method

Consider a dataset X = {x; € RP |1 < i < n}. Akernelis a positive-semidefinite symmetric function of two data points,
XK : X x X — R. It describes how sensitive the prediction for one data sample is to the prediction for the other; or in other
words, how similar two data points are.

Depending on the problem structure, some kernels can be decomposed into the inner product of the features of the two
data points:

K(x, %) = (d(x), d(X))

where ¢ : RP — RP is a feature map (note that p is not necessarily less than p).
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Kernel methods are a type of non-parametric, instance-based machine learning algorithms. For example, consider this
dataset,
X xY={(xi,yi) eRP x {=L1}1<i<n}

then a kernelized binary classifier typically computes the label for a new input x € RP by a weighted sum of similarities,

n
g = sgn <Z Wi Yi K(Xi, X))
i=1
where {w; |1 < i < n}are weights determined by the learning algorithm.

4.1.2 Gaussian Processes

A Gaussian process (GP) is a non-parametric method by modeling a multivariate Gaussian probability distribution over a
collection of random variables. We assume a prior over functions and then updates the posterior over functions based on
what data points are observed.

Given a dataset, we assume that the data points follow a joint multivariate Gaussian distribution, defined by a mean ,
and a covariance matrix X, such that £;; = JC(xi, xj), where X is known as a covariance function. The core idea is that if
two data points are deemed similar by the kernel, the function outputs should be close, too. Making predictions with a GP
for unknown data points is equivalent to drawing samples from this distribution, via a conditional distribution of unknown
data points given observed ones.

4.1.3 Notation

Consider a fully-connected neural network with parameter 0, f(-|0) : R™ — R"™L. Layers are indexed from 0 (input)
to L (output), each containing ng, ..., np neurons, including the input of size ny and the output of size ny. There are
P= ZlL;Ol(m + 1)ny; parameters in total and thus we have 6 € RP.

Define the training dataset is definedas D =X x Y ={(xi, yi) |1 <i < nh
Now consider the forward pass in every layer. Forall0 < 1 < L — 1, each layer 1 defines an affine transformation A (U

with a weight matrix W) € RM*"1 and a bias term b{!) € R™t+1, as well as a pointwise non-linearity function o, which
is Lipschitz continuous.

A0 — ¢
~ 1 T
A1) (x) = WU AW L gp) e R pre-activations
Jm
AL (x) = c(A““)(x)) c R+ post-activations

Note that the NTK parameterization applies a rescale weight %{ on the transformation to avoid divergence with infinite-
width networks. The constant scalar 3 > 0 controls how much effort the bias terms have.

All the network parameters are initialized as i.i.d standard Gaussians in the following analysis.

4.2 Basics

The neural tangent kernel (NTK) [10], is a kernel to explain the evolution of neural networks during training via gradient
descent. It leads to great insights into why neural networks with enough width can consistently converge to a global min-
imum when trained to minimize an empirical loss. Below, we will do a deep dive into the motivation and definition of the
NTK, as well as the proof of a deterministic convergence at different initializations of neural networks with infinite width by
characterizing the NTK in such a setting.

Let’s start with the intuition behind NTK..

The empirical loss function .Z : R — R* to minimize during training is defined as follows, using a per-sample cost
function £ : R™ x R™t — R™T,
1 n
Z0) = Zf(f(xile), Yi)
i=1
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and according to the chain rule, the gradient of the loss is

1 _ o(f(x10), yi)
Vo.2(0) —;;M‘W

Pxnp 1
np X

When tracking how the network parameter 6 evolves over time, each gradient descent update introduces a smallincremen-
tal change of an infinitesimal step size. Since the update step is small enough, it can be approximately viewed as a derivative

Again, by the chain rule, the network output evolves as

of(x[0) af(xle)@
ot 90 ot

oL(f(x110), yi)
of(x;[0)

1 n
=—=) Vof(x|0) Vof(x|0)
i=1

The NTK is thus defined as
K:RP xRP 5 R K(x, %]0) = Vof(x]|0) Vof(%]0)

where each entry in the Gram matrix induced from the dataset is

P
Kmn(x, X10) = Z

p=1

Of i (x]0) D, (%10)
06, 06,

Note that the feature map is given by ¢(x) = Vg f(x]0),

4.3 Infinite Width Networks

To understand why the effect of one gradient descent is so similar for different initializations of network parameters, several
pioneering theoretical work starts with infinite width networks. We will consider how the NTK guarantees that infinite width
networks can converge to a global minimum when trained to minimize an empirical loss.

4.3.1 Connection with Gaussian Processes

Deep neural networks have deep connection with gaussian processes [17]. The output functions of an L-layer network,
fi(x]0)fori=1, ..., ng arei.i.d. centered Gaussian processes of covariance ¥ (L) defined recursively as

We proceed by induction [14]:

(1) Let’s start with L = 1, when there is no non-linearity function and the input is only processed by a simple affine trans-

formation
_ 1

W(OJTX+ Bb(o)
Vo

f(x]0) = A (x)

whereVli<m<n;

Mo
5 (1) 1 (0) (0)
A =— E W, xi b
m (X) \/]TO — 1mxl + ﬁ m

Since the weights and biases are initialized i.i.d., all the output dimensions of this network 7\&111) (x), ..., Z\E&) (x) are also
i.i.d. Given different inputs, the mt" network outputs /7\%11) () have a joint multivariate Gaussian distribution, equivalent to
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a Gaussian process with covariance function (with mean p,, = w, = 0 and variance 0%, = 0'%) =1).

s (x, %) = E[/i%)(x)/”\%) (i)}

1 & (0) (0) 1 & (0) o (0)
E <n0 Z vviTnXi + Bbm TO Z ‘Vi,rnxi + Bbm

Ny TNyo
Bub 2
= WZZXIJ ,—Zwlm X1+X1)+o—bﬁ
Tlo i=1j=1
1
= —x'%+ p2
Mo

(2) We first assume the proposition holds for L =1, an l-layer network, and thus /7\1(111) (+) is a Gaussian process with covari-
ance £V and { ‘ 1< 1} arei.id.

Then we need to prove the proposition also holds for L = 1 + 1. We compute the outputs by

f(x]0) = A+ (x) = \/]T.TW(UTO'(A(U(X)) + bV
1

whereV1 < m < nyyg
Al Zwm (AV0) + gbi

We can infer that the expectation of the sum of contributions of the previous hidden layers is zero:

E[Wo(AVw)] =E[WL|E[o(AVx)] = weE[o(AV ()] =0

E[(Wﬂc(/ﬂg”(x)))z} = E[(Wﬂ)z]E[G(Ag”(x))z] =021V (x,x) = £V (x,x)

Since {AEU ’ 1<IK m} arei.i.d., according to the CLT, when the hidden layer gets infinitely wide, i.e.,n; — o0, it follows
that /T\%ﬁﬂ) (x) is Gaussian distributed with variance p? + V(AE )( )) Note that A (1+1) ( | R Agﬁ) (x) are stilli.i.d.

/N\%H) () is equivalent to a Gaussian process with covariance function,
T+ (x %) = ]E[/“\E}j” (x) - AL&*”(&)}
= Ti(r(f\im(x))TGO\fl](i)) + B2
When ny — oo, according to the CLT,

s (x, %) — E
(X, X)~N

(o1 To(f(R))]| + B2

(0.A)

The form of Gaussian processes in the above process is referred to as the Neural Network Gaussian Process (NNGP) [14]

4.3.2 Deterministic Neural Tangent Kernel

Finally we are now prepared enough to look into the most critical proposition from the NTK paper:

WhenV1 <1< L:n — oo (i.e., network with infinite width), the NTK converges to be

1. deterministic at initialization, meaning that the kernel is irrelevant to the initialization values and only determined
by the model architecture, and

2. stays constant during training.

The proof relies on mathematical induction as well:
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(1) First, note that K(®) = 0. When L = 1, we can get the representation of the NTK directly. It is deterministic and does not
depend on the network initialization. There is no hidden layer, so there is nothing to take to the infinite width.

~ 1
f(x|0) =A(x ziw(o)x_,_ b0
(x18) = Ax) = B
~ T . T
% W(x, ¢|0) = (OFEIO)) 0f(x|0)  (DF(%]6)Y " 0f(x|6)
oW (0) oW (0) ob® ob(©)

= iXT}"H- p2
No

=rW(x, %)

(2) When L = 1, we assume that an 1-layer network with p parameters,é = (W(o)’ WD po) b“*l)) . Rf’,

has a NTK converging to a deterministic limit whenng, ..., ni_; — .
KW(x, %10) = VAL (x)T VaAL (%) — K (x, %)

Note that CK(%) has no dependency on 6.

Now let’s consider the case where L = 1 + 1. Compared to an l-layer network, an (1 4 1)-layer network has additional
weight matrix W1 and bias b(Y), and thus the total parameters contain 6 = (é, wb, b(”). The output of this (1L + 1)-

layer network is
1

i

And we know its derivatives with respect to a different set of parameters. Denote A (V) = A (1) (x) for brevity in the following.

#(x10) = At (x| 0) = —WIV "o (AU (x)) + pbY

1 ~ T
Vwoflx|8) = —=o(AV) e R>™

v
Vi f(x[6) =B
1 <
V5f(x|0) = VoAV ) WO
m
5 (1)) 2AY (5 (1)) 9AL]
) o(AY) %, S(AR) T )
— ERPXHH—I
VIt . W N )
G(A(U) oA 6(}\(1)) OAn
1) a6; ™) 86;

The NTK for this (1 4 1)-layer network can be defined accordingly
K (x, %0)
=Vef(x]0) Vof(X]0)
=V f(&10) T Vg f(x|0) + Vi f(%18) T Vi f(x]0) + Vi f(%10) T Vg f(x]6)

x (1 5 (1) m oA A (x % (1 % (1) n B oA AL (%)
G(Ai )(X))G(Ag )(X)) ZE:I alép(X) alép(x) G(A; )(X)>O'<A£11) (X)) Zg=l a1é (x) ~1px
LlwmT
m s) - (3) =P 0dAN X 0AY (%) s (3()) =P 0AL(x) 0AL) (%)
G(Am)G(Al Zp=1 26, 28, U<A“I)G( “l) Zp:l 26, 26,



It follows by the above that V1 < m,n < nyy3,

i = A (o )e(0) o £ w0 o

When n; — oo, by the previous section, the parts in blue and green converges to £(1*1) while the red part converges to

n n
>3 WiWs (A0 (AN 50)x Y,

i=1j=1

Later, Arora et al. (2019) [1] provided a proof with a weaker limit, that does not require all the hidden layers to be infinitely
wide, but only requires the minimum width to be sufficiently large.

4.3.3 Linearized Models

From the previous section, according to the derivative chain rule, we have known that the gradient update on the output
of an infinite width network is as follows. For brevity, we omit the inputs in the following analysis

of(0)

5 =" Vof(0)" Vof(0) ViZ

=-n%X(0) Vf.f(i) —NKeo V¢Z

(x) : for infinite width networks. To track the evolution of 6 over time, let’s consider it as a function of a time step t. With
Taylor expansion, the network learning dynamics can be simplified as

f(0(t)) ~ f'"(0(t)) = £(6(0)) + Vef(6(0)) (8(t) — 8(0))
(%)
(%) : formally, Vof(x| e)|9:e(0). Such formation is commonly referred to as the linearized model, given 6(0), £(6(0)) and
Vof(0(0)) are constants (it is simply a linear approximation of f centered at 8(0)). Assuming that the incremental time step
t is small and the parameter is updated by gradient descent,

6(t) —0(0) =1 Vo Z(8) = 1 Vef(8) V.7
fin(0(t)) — £(8(0)) = —m Vof(8(0)) " Vef(X]0(0)) VL
A(f(B(t) _

- —K(0(0)) Vil L 1K V2

(%) : for infinite width networks. Eventually we get the same learning dynamics, which implies that a neural network with

infinite width can be considerably simplified as governed by the above linearized model [15].

In a simple case when the empirical loss is an MSE loss, V¢ .Z(0) = f(X|0) — Y, the dynamics of the network becomes a
simple linear ODE and it can be solved in a closed form

M) e (110) )
Let g(0) = f(0) — Y then
290) K g(0) = () = Cexpl(-n %Kt

When t = 0, we have C = f(6(0)) — Y and therefore

f(8) = (f(6(0)) —Y) exp(-m Koo t) + Y = f(6(0)) exp(—Koo t) + (I — exp(-m Koo 1))Y

4.3.4 Lazy Training

When a neural network is heavily over-parameterized, the model is able to learn with the training loss quickly converging
to zero, but the network parameters hardly change. Lazy training refers to this phenomenon.
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Let 8(0) be the initial network parameters and 0(T) be the final network parameters when the loss has been minimized
to zero. The change in parameter space can be approximated with a first-order Taylor expansion,

g =f(08(T)) = £(6(0)) + Ve f(8(0))(0(T) —6(0))

thus
_ g —f(e()]
[Vef(6(0))]]

Still following the first-order Taylor expansion, we can track the change in the differential of f,

AQ = 0(T) —0(0)

Vof(0(T)) ~ Vof(8(0)) + V3(0(0))A0

) ) 119 = £(8(0)]|
= Vof(8(0)) + VF(8(0) 5 a0y
Thus
Vv2£(6(0))

A(Vof) = Vof(8(T)) — Vof(8(0)) = ||§ — f(x]|0(0))| —21———
(Vo) = Vof(0(T)) ~ Vofl0(0)] = 1§ — x| 0(0)) | = 2

Lenaic Chizat, Edouard Oyallon and Francis Bach, proved that for a two-layer neural network, E[k(09)] — 0 when the
number of hidden neurons tends to infinity [3], that is the network transitions into the lazy regime.

4.4 Project

4.4.1 Model Definition

1 1
f:RY SR f(x :—WTG<WTx+ b>+ b
( ) \/TT. 2 \/a 1 B 1 B 2
where

« W; € R¥™ and w, € R™ are the weights, applied with a rescale weight to avoid divergence with infinite-width
networks. They are initialized as standard Gaussians.

« b; € R™and b, € R are the bias terms, and the constant scalar > 0 controls much effect the bias terms have.

« ois apointwise non-linear function which is Lipschitz continuous and twice differentiable.

4.4.2 Inputs

Let U € O(d), the group of d x d orthogonal matrices. The matrix U is sampled from the group using the Haar measure,
which ensures a uniform distribution over O(d). Define X as a diagonal matrix, where its diagonal elements o; are linearly
spaced between 0.01 and 1, i.e.,
0.99-(i—1)

d—1

Define K = UZUT, which by construction is a symmetric positive definite matrix. Then each inputx ~ N(0, K).

V1i<i<d:o; =001+

4.4.3 Targets
Let Wi ~ N(0, I4xn) and w3y ~ N(0, I,). Then the target of x is defined as

1 1+ (1 T)
=—w, ol =W,x| +¢
Yy \/T—l2<\/al

where ¢ is Gaussian noise with standard deviationy.
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4.4.4 NTK

Recall that the (empirical) neural tangent kernel is defined as

0e€0O
where © = {Wy, b;, w,, by} in our model. Let
2= —Wlx+pb
h = o(z)
1
Z) WW;—h + BbZ
§ = o(z)
then
of
3, P
of 1y
aWZ \/ﬁ
of 1
Tb1 = ﬁwz ©o'(z1) - B
W, \/T—sz ®o'(z1)-x
where ® denotes the Hadamard product.
4.4.5 SGD updates
Consider the MSE loss,
A 1.
LG, y) =G -y)’
then
.Y N
aT)z ={0-y-B
0.Z 1
= ({i—1u)- —h
o, (G—vy) n
0. R 1 ,
aibl—(y—y)'ﬁwz(ﬁﬁ (z1) - B
ag o N l ’ T
oW, = (9 y)'ﬁWzQG (z1) - x

4.4.6 Experiments

At each timestep, we generate a dataset as above and run SGD with constant learning rate 0.001. We fix the input dimension
as 10, the number of hidden neuron as 100, the noise standard deviation as 0.5, the number of samples as 1000, the bias hy-
perparameter as 0.01 and the number of timesteps as 500. We also set the vectors we evaluate the NTK at, and subsequently
generate a Gram matrix, as the canonical basis.
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Figure 1: Evolution of the spectrum of the Gram matrix
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Figure 2: Evolution of the largest eigenvalue of the Gram matrix
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Figure 4: Evolution of the MSE loss over time

4.4.7 Expectation of the Weight Updates

For simplicity, we now consider this network:

f:RY SR x> o((6, X))

500

i
i

where 0 is initialized as a standard multivariate Gaussian, scaled by %1‘ Note that at each timestep t € N, we generate
a dataset Dy = Xt X Y¢, where the inputs are generated as previously and the targets analogously. Set 8* as a standard
multivariate Gaussian, scaled by ﬁ, then for each input x € X, define its targety € Yy as

= (0", x) + ¢

where ¢ is Gaussian noise with standard deviation y. We now consider the SGD weight update.

Ok+1 =0k +nVeZL(x, y, 6x)

= E[@x+1/6x] = 0x +nEg [Vo.Z(x, y, Ok)]

=0k +nEg [Ve <;(<9k, X) —U)2>]
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Note that )
Vo (31000 11— u)") = (0 ) —ylx

Hence 1
Ve <2(<9k; x) — ((0%, x) + 5))2) = ({0, x) — (0%, x) —e)x = ((6x — 07, x) —&)x

Since ¢ isindependent of x and has zero mean, it follows that

o {ve (;uek, ) —y)2>] — Eol(0x — 67, ) x]

Let AD = 0y, — 0™ then
Eol(AB, x) x] = xx " AO

Where xx | is the covariance matrix of x, which we’ll denote as . Therefore
E[0x,1/0x] =0 +1Z A0

It follows that averaged at timestep t,
Otr1 =0t +MXAD

where AD = ét — 0%
Below are visualizations which illustrates the above.

Actual vs. Expected Weights Over Time

Weight Value
o

Time Step

Figure 5: Actual vs. Prediction Weights over Time
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