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ABSTRACT

The theory of Riemann surfaces, first developed by Bernhard Riemann to study algebraic functions, now lies in
the confluence of complex analysis, differential geometry, and algebraic geometry. This expository paper aims to
introduce this theory, with the goal classifying all compact Riemann surfaces of genus 0 and 1. To do so, we first
develop the basics of covering space theory, which defines the degree of proper holomorphic maps, and then study
the sheaf of holomorphic maps on a Riemann surface and their associated cohomology theory. Together, they form
the core technical tools of the paper and allow us to connect the function theory of Riemann surfaces to their
complex structure. Lastly, we give a glimpse into the non-compact case, namely the Uniformization Theorem,
which gives us a tri-fold classification of all Riemann surfaces.
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Chapter 0

Introduction

0.1 Overview and Main Results

Complex analysis is undoubtedly one of the foundational cornerstones of modern mathematics. To enrich it with topology, we restrict
the class of 2-dimensional topological spaces (i.e. surfaces) of study to those with a local neighborhood around every point that looks
like a deformed patch of C, but whose global behaviour can be quite different. The choice in which a surface is made to look locally like
C is called a complex structure, and, in general, there are many such choices. A surface, equipped with a particular choice of complex
structure, is called a Riemann surface.

As a motivating example, take the torus T2. Around every point p € T2, we can find a small enough neighborhood U of p that
deforms reversibly onto an open subset of C. The figure below shows two ways of doing so.

Using ¢~! to ‘pull’ the coordinate lines back to U, we see that the angles that they make is different from the angles made by using
'~ 1 instead. The rigidity of holomorphic maps from complex analysis suggests that those coordinates ought to be different, and indeed
they are. Thus we see that the same surface, T2, can be equipped with many different complex structures, making them different
complex tori.

In general, we call the set of all complex structures on a surface X the moduli space’ of X, and the main goal of this paper is
to compute it for the sphere S2 and the torus T2. The results, proven in Theorems 4.1 and 4.8 respectively, are as follows.

e Surprisingly, the moduli space of S? is a point. In other words, the sphere admits a unique complex structure. This fact, which
is part of the Uniformization Theorem, is one of the starting points in the theory of compact Riemann surfaces.

e The fact that T2 can be constructed topologically as a quotient C/T" by an integer lattice I' gives us a relatively straightforward
proof that the moduli space of T2 is H/PSL2(Z). Here, H C C is the upper-half plane of C and PSLa(Z) = SL2(Z)/{%I} is the
modular group, which acts on H via M&bius transformations. We show that all complex tori can be written as X .= C/(Z & 77Z)
for some 7 € H, and two tori X and X, are biholomorphic iff 7 and 7’ lie in the same orbit of the action.

0.2 Organization and Prerequisites

We give a brief overview of the organization of this paper.

e Chapter 1 begins with some definitions and constructions relating to Riemann surfaces and introduces the main examples of
interest to this paper: the Riemann sphere and complex tori. We then study the basic behaviours of maps between Riemann
surfaces, with a focus on meromorphic functions and their associated holomorphic maps.

e Chapter 2 studies the covering space theory of Riemann surfaces. The degree of a proper holomorphic map is defined, which is
proven to be the cardinality of any fiber, counted with multiplicity. We finish with a proof of the existence of liftings, which will
be used to compute the moduli space of T2.

e Chapter 3 builds up the basics of sheaf theory and their associated cohomology. The theory of (complex) differential forms and
integration is then introduced to study the sheaf of holomorphic functions on the Riemann sphere, where we prove the existence
of certain global meromorphic functions on a compact Riemann surface X.

e Chapter 4 ties everything together and uses the tools developed to compute the moduli space of genus 0 and 1 surfaces (S? and
T?). We also give a brief discussion and proof sketch of the Uniformization Theorem, which gives a tri-fold classification of all
Riemann surfaces.

As for prerequisites, some familiarity with topology and complex analysis is required, and we also assume that the reader is comfortable
with some linear algebra and basic group theory. A more detailed list of prerequisites, along with references, will be given at the start
of each chapter.

1 This paper is only concerned with the underlying set of points, without regard to any geometric structure. This turns out to be interesting enough in
its own right, but the reader should be aware that the study of geometric structures on moduli spaces is vast. We refer the interested reader to [Tan91],
[Mar12], and [Hub06].



Chapter 1

Riemann Surfaces

We begin with some basic definitions and constructions relating to Riemann surfaces that will be used throughout this paper. This
chapter requires some background in topology and complex analysis, all of which can be found in classical texts such as [Mun00] and
[Lan98]. For an introduction to topology focused on (real) manifolds, see [Leel0] or [Tul0].

1.1 Charts and Atlases

We first formalize what we mean for a topological space to ‘locally look like a patch of C’. In this section, let X be a connected
second-countable Hausdorft space.

Definition 1.1. A complex chart of X is a pair (U, p) where ¢ : U — V' is a homeomorphism from an open subset U C X onto
an open subset V.C C. Two charts (U1, 1) and (Uz,p2) are said to be compatible if either Uy N Uz = &, or the map

w2007 o1 (U1 NU2) = 02 (U1 NT2),

called the transition map, is biholomorphic. A complex atlas on X is a collection 2 = {(Uiv‘Pi)}ieI of pairwise compatible
complex charts that cover X.

Remark. Charts provide local coordinates for every point in X in such a way that the transition maps ¢; o <p;1 respect the analytic
structure of C. Within the same atlas 2, those charts give us different coordinate representations for points in U; N U}, and since no
chart is distinguished from the others, we can only define notions using local coordinates if they are invariant under the transition
map.

U;NU. j

LN
wi(UiNU;) ———— ¢;(U; N Uj)
pjop;
It is a classical result in complex analysis that the inverse of a holomorphic map is also holomorphic, so ¢; o cp;l is biholomorphic

iff p; 0 @;1 is, which is convenient when checking that a collection of charts form an atlas. Lastly, we remark that it is sometimes
convenient to write (U, z) for (U, ¢), which can be decomposed into z = x + iy by taking the real and imaginary parts of ¢. ¢

Definition 1.2. Two complex atlases A and B on X are said to be equivalent if every chart of 2 is compatible with every chart
in B.

Remark. By Zorn’s Lemma, every atlas 2 of a manifold X is contained in a unique maximal atlas on X (see, for instance, [Leel2,
Proposition 1.17]). Moreover, two atlases are equivalent iff they are contained in the same maximal atlas, which justifies the following
definition. ¢

Definition 1.3. A complex structure on X is a mazimal atlas 2 on X, or, equivalently, an equivalence class of complex atlases
on X. The pair (X,2) is then called a Riemann surface.

Remark. Every Riemann surface can be regarded as a (connected) 2-dimensional real manifold by ‘forgetting’ its complex structure.
Since orientations are invariant under biholomorphisms, and in particular under transition maps, the local orientation of C pulls-back
via charts to a local orientation at each point p € X. Since charts cover X, these local orientations induce a global orientation on
X. Thus all Riemann surfaces are orientable, so, by the Classification of Surfaces, the closed Riemann surfaces are classified by their
genus. Note, however, that this is a topological classification, and does not give any information about the complex structure on X. 4

Example 1.4. Some elementary examples of Riemann surfaces.

e The complex plane C, equipped with its standard topology, can be given a complex structure 2 by choosing the atlas containing
a single chart (C,idc). We may, however, also give C a different complex structure 2’ by choosing the chart map ¢ : z — Z
instead. Indeed, 2 # 2’ since the map ¢ o id(E1 = ¢ is not holomorphic and hence the atlases {(C,idc)} and {(C, ¢)} are not
equivalent. This example generalizes to any domain D C C.

e Let D C C be a domain and consider any holomorphic function f : D — C. Then the graph I'y := {(z, f (2)) : z € D}, equipped
with the subspace topology inherited from C2, can be given a complex structure by choosing the chart map = : Iy = D:
(2, f (2)) = 2. More generally, the set X of roots of an irreducible' polynomial f € C [z, w] where every root has at least one
non-vanishing partial derivative, called a smooth affine plane curve, is a Riemann surface. Indeed, if 0f/0w is non-zero at
p = (z0,wo), then the Implicit Function Theorem furnishes a holomorphic function g (z) defined on a neighborhood of zp such
that X = I'y on some neighborhood U > p. Then, as above, the projection 7, : U — C is a homeomorphism onto its image,
giving us the desired chart map. ¢

1The irreducibility of the polynomial ensures that its set of roots is connected. Its proof requires some algebraic geometry, which we take for granted.



1.1.1 The Riemann Sphere C

A particularly important Riemann surface is the Riemann sphere (@, which admits several constructions. Here, we equip standard
constructions of topological spheres with three complex structures, which a priori need not be biholomorphic (in the sense of Definition
1.13), but in fact are; see Example 1.14 for a proof. In fact, any Riemann surface that is topologically the sphere is the Riemann
sphere, which we prove in Theorem 4.1.

Example 1.5 (One-point Compactification of C). Let co be a symbol not belonging to C and set Coo := CU {oo}. We declare a set
U C Co to be open if either U C C is open or U = K¢ U {co} for some compact subset K C C. This makes Co, equipped with the
collection 7 of all such open sets, a second-countable Hausdorff space. Indeed, the fact that 7 is a topology on C follows from De
Morgan’s Laws and the Heine-Borel Theorem; it is Hausdorff since any p € C can be separated from oo by neighborhoods B (p,r) and
7 _\C . . . .

B (p,r) U {00}, respectively; and it is second-countable since we may append, to any countable basis for the standard topology of C,
the countable collection {B (0, r)C u {oo}}T co+- To give Coo a complex structure, we employ two charts

U; = Cx\ {0} =C p1:U1 > C:z— 2z  (p1:=1idc)
1/z ifzeC*
Uz :=Cx\ {0} = C* U {oco} p2:Us =+ C:z+—
0 else.

Clearly ¢7 is a homeomorphism. Since @2 is invertible with <p2_1(z) :=1/z for all z € C* and @2_1(0) = 00, and

. 0 . S Y |
Jim p2(2) = 0= p2(c0) and lim ;7 (2) = 00 = 95 (0),
we see that o2 is a homeomorphism too. Furthermore, ¢2 o <p1_1 : C* — C* : z— 1/z is holomorphic, so the atlas {(U1, ¢1), (U2, 2)}
defines a complex structure on Ce. ¢

Example 1.6 (Stereographic Projection). Consider the unit sphere S2 C R? as a topological subspace of R3, which makes it a
second-countable Hausdorff space. Letting (x,y,w) be the standard coordinates of R? and identifying the plane w = 0 as C, we employ
the charts

Ur = 52\ {(0,0,1)) o1 UL = C: (@ yw) i T
— w

2 r— iy

Uy == $2\ {(0,0,—1)} p2:U2 = C: (z,y,w) — :
14w

Clearly 1 and @2 are continuous, and it can be verified that they are invertible with continuous inverses

_ 2Rez 2Imz |z -1 _ 2Rez —2Imz 1—|z|?
‘Pll(z)::< and gpzl(z):: .

|22+ 17 |22+ 1 2> + 1 |22+ 17 |22+ 17 |22 +1
Observe that Uy N Uz = S2\ {(0,0,%1)} and ¢2 o <p1_1 : C* — C* : z — 1/z, which is holomorphic, so the atlas {(U1, ¢1), (Uz2,92)}
defines a complex structure on C. ¢

Example 1.7 (Complex Projective Line). Consider the equivalence relation ~ on C2 \ {(0,0)} defined by (z1,w1) ~ (22,w2) iff
(21,w1) = A(22,w2) for some A € C*. Set P! := (C2\ {(0,0)}) / ~ and equip it with the quotient topology. Since ~ is an open

equivalence relation? whose graph is closed in ((C2 \ {(0,0)} )2, we see that P! is a second-countable Hausdorff space. Denoting the
equivalence class of (z,w) by [z : w], we employ the charts

Up =P\ {[0:w] : weC} p1:U1 = C:[z:w] —w/z
Uy =P\ {[z:0]: z€ C} p2: Uz = C:[z:w] — z/w.

Clearly 2 and @2 are continuous, and it is easily verified that they are invertible with continuous inverses

4,01_1(2) =[1: 2] and <p2_1(z) =lz:1].
Furthermore, @2 0 ]+ : C* — C* : 2+ 1/z is holomorphic, so the atlas {(U1, ¢1), (Uz,p2)} defines a complex structure on P'. ¢
1.1.2 Complex Tori
Recall that a torus is any manifold homeomorphic to T2 := S x S, which admit representations as quotients C/T' by lattices

I' := Zw1 @ Zwsz for any linearly independent vectors wi,ws € C over R. By definition, there is only one torus up to homeomorphism,
but it turns out that we can equip it with many different complex structures. They arise from quotienting C by different lattices, and
we shall derive a criterion on the lattices I't := Zw1 @ Zws and T's := Zn1 @ Zns for the tori C/T'1 and C/T'2 to be biholomorphic.

Example 1.8 (Complex Tori). Let wi,w2 € C be linearly independent over R and consider the lattice I' := Zw1 & Zws. Identifying
S1 with the unit circle in C, the quotient C/T is a torus in the topological sense since the map
@:C/T = 8t x st mapping [2] — (e27ri>‘1 , 62”i>‘2)

where z = A\jwi + Agws for unique A1, A2 € R, is a homeomorphism. Indeed, ¢ is well-defined since for any A jwi + Aowa ~ piwi + paws
in C, we have (A1 — p1) w1 + (A2 — p2) w2 € I' and so A\; — p; € Z for ¢ = 1,2. The fact that it is a homeomorphism is clear. This
makes C/T" a second-countable Hausdorff space, which we now endow with the following complex structure?.

Since I' is discrete, there exists some € > 0 such that ¢ < |w|/2 for every non-zero w € I'. Fix any such e, which ensures that

2See [Tul0, Section 7.5] for details on the quotient topology and open equivalence relations.
3This exposition follows [Mir95, Section I1.2].



no two points in any open ball with radius € can be equivalent. Indeed, take any z € C and w1, w2 € B(z,e) = V. For w; ~ wa, we
need some n, m € 7Z such that w; — wgs = nw; + mws. But

lwy —wz| < |z —wi] + |z —w2| < 2e < |nwi + mws|

for any n,m € Z, so this is impossible. Fixing any such ¢ gives us a family {Vz}zec of open sets in C for which the projections
7r|VZ : Vo — 7 (V%) are homeomorphisms. Letting U, := 7 (V%) and ¢, : U, — V. be the inverse of 7T|Vz’ we obtain complex charts
(Uz, p2) for all z € C. We claim that the collection 2 = {(Uz, z)}, ¢ form an atlas, for which it suffices to take (U1, 1), (U2, p2) € ™

and show that the transition map 7 := 2 o gofl 1 01(U) = ¢2(U), where U := U1 N Uy, is holomorphic. Observe that the diagram

Vi =¢1(U) —— »2(U) = V2

commutes, so 7|y, o T = m|y, on ¢1(U). Then 7 (T'(2)) = () for every z € ¢1(U), so T'(2) ~ z and hence £(z) =T (2) —z € I.
This holds for all z € ¢1(U), so we obtain a continuous function £ : ¢1(U) — I' : z — T (z) — z. Note that I' C C is equipped with
the subspace topology, but since it is discrete, every L C T' is open. In particular, fix 20 € ¢1(U) and set vo := T (20) — 20. With
L = {0}, continuity of ¢ shows that £~1(L) is open. Thus £ (B (20,31)) C {70} for some &1 > 0, so £ (w) = o for all w € B (20, 61).
Thus T (2) = z + 7o for all z in a local neighborhood around zg, so T is locally biholomorphic. Repeating this for all zg € ¢1(U), we
see that T is holomorphic on ¢1(U).

1.2 Maps on Riemann Surfaces
We extend the notions of holomorphic and meromorphic functions from complex analysis to Riemann surfaces. We also define

holomorphic maps between Riemann surfaces, which formalizes what we mean for two Riemann surfaces to be ‘the same’. Lastly, we
study the connection between meromorphic functions f : X — C and their associated holomorphic maps F : X — C.

1.2.1 Holomorphic Functions and Maps

Definition 1.9. Let X be a Riemann surface and let W C X be open. For a fited p € W, a function f: W — C is said to be
holomorphic at p if there exists a chart (U, ) of X containing p such that fo @~ :p(U) — C is holomorphic at o (p). If f is
holomorphic at every point of W, then f is said to be holomorphic on W.

Remark. It must be checked that ‘being holomorphic’ does not depend on the choice of chart. This is indeed the case, for if (V)
is another chart containing p, then the diagram

p(UNV) Fop~?

N

vnv L3¢ (1.1)

<
Y UNV) foyp~!
1

commutes. Thus fop~! = (fop 1) o (poyp~1!), and since the transition map ¢ o ¢p~1 is holomorphic, we see that f o1 is
holomorphic at ¢ (p) iff f o4 ~1 is holomorphic at 1 (p), as desired.
Example 1.10. Some elementary examples of holomorphic functions.

e If X = C with the standard chart (C,idc), then any holomorphic function f : W — C from an open set W C C is holomorphic
in the classical sense.

e Any chart map ¢ : U — C of a Riemann surface is (tautologically) holomorphic in the above sense.

e If f,g: W — C are both holomorphic at some p € W, then so are f £ ¢, f g, and Af for any A € C. This makes the set ¢ (W)
of all holomorphic functions f : W — C into a C-algebra. Lastly, if g (p) # 0, then f/g is also holomorphic at p. ¢

Definition 1.11. Let X and Y be Riemann surfaces and let W C X be open. For a fized p € W, a mapping FF: W — Y is
said to be holomorphic at p if there exists a chart (U,¢) of X containing p and a chart (V,v) of Y containing F (p) such that
woFop lio(U)— (V) is holomorphic at @ (p). If F is holomorphic at every point of W, then F is holomorphic on W.

Remark. For Y := C regarded as a Riemann surface, this definition agrees with the above. Again, we must check that ‘being
holomorphic’ is well-defined, but it follows from the commutativity of the diagram below and a similar argument as above.

p1oFopy "
_ 3
p1(Ur ﬂUg) Y1 (V1 nVa)
S
p2opT " UinUs 5 VinVe  |gaopy?
w2(U1 NU2) Y2(V1NVa)
_
Ya0Fop; !
We make the convention that lower-case letters f,g,h,... are functions from a Riemann surface into C, while upper-case letters
F,G,H,... are maps between Riemann surfaces. ¢



Example 1.12. For a Riemann surface X, the identity idx is a holomorphic map. Furthermore, for all Riemann surfaces X, Y, and
Z, and all holomorphic maps F': X — Y and G : Y — Z, the composite Go F' : X — Z is also a holomorphic map. Note that if
F: X — Y is an invertible holomorphic map, then its inverse F~! : Y — X is also holomorphic. Indeed, if (U, ¢) and (V, %)) are charts
around p and F (p), respectively, making 1 o F o »~! holomorphic (in the classical sense) at ¢ (p), then its inverse ¢ o F~Loyp~1 is
also holomorphic (in the classical sense) at 1 (p). Thus F~! is holomorphic at F (p), as desired, and justifies the following definition.4

Definition 1.13. Let X and Y be Riemann surfaces. A biholomorphism between X and Y is an invertible holomorphic map
F: X —Y. Two Riemann surfaces X and 'Y are said to be biholomorphic if there exists a biholomorphism F : X — Y.

Example 1.14 (Biholomorphisms between Riemann spheres). Let Coo, S2, and P! denote the three constructions for the Riemann
sphere C presented in Examples 1.5, 1.6, and 1.7, respectively. We claim that the maps

T4y .
5 1 ) 9 ifw#1
F:58 5P :(z,y,w) = [l —w:x+ 1y and G:5 5 Co: (z,y,w) > 1—w
00 else

are biholomorphisms, which shows that all three constructions are biholomorphic. Indeed F' is holomorphic since with the charts
T+ 1y
1—w

Vi=P"\ {[0:w]:weC} ¢1VH(C3[Z3U’]’—>%7

2 _ 2 _
(woFogofl)(z):dJ P 2§ez 7 2£mz ’|z\2 1 — 17|z\2 1: 22z
2] 4+1 |z]"+1 |2|*+1 l[z2]“4+1 |z]°+1

for all z € ¢ (U) = C, which is clearly holomorphic. Furthermore, it can be checked that F is invertible with a well-defined inverse

U:=5%\{(0,0,1)} p:U—C:(z,y,w) —

we see that

)=w([1:Z])=z

(2Re (zm) ,21m (zw), |2 — |u]?)

27 + [wl®

P (s ) = ,
so F' is a biholomorphism. For G, we take the same chart (U, ¢) as above and choose V := Co \ {00} = C and ¢ := id¢. A similar
calculation then shows that (¢yo Go¢™1)(2) = z for all z € ¢ (U) = C, and that G is invertible with inverse G~1(2) = ¢~1() if
2z € C and G~ (o) = (0,0,1). ¢

Proposition 1.15. Any holomorphic function f : X — C on a compact Riemann surface X is constant.

Proof. Since f is holomorphic, the function |f]| : X — R defined by |f|(x) := |f ()| is continuous on X. But X is compact, so |f|
achieves its maximum at some point p € X. Choosing a connected chart (U, ¢) centered at p, we see that foe : U — C is holomorphic.
Then |fog| : U — R has a local maximum at 0, so, since U is connected, f o ¢ is constant by the Maximum Principle. Then f is
locally constant around p, so, since X is connected, f is constant on X. |

1.2.2 Singularities of Functions

Throughout this section, let X be a Riemann surface, let p € X, and let f : W — C be defined and holomorphic on a punctured
neighborhood W of p. As above, we can study the behaviour of f at p from its chart representation f o 1.

Definition 1.16. Let f : W — C be a holomorphic function on a punctured neighborhood of p. We say that f has a removable
singularity (resp. pole, essential singularity) at p if there exists a chart (U, ) of X containing p such that fop~1: ¢ (U) — C
has a removable singularity (resp. pole, essential singularity) at ¢ (p).

Proof. (Well-definedness). The commutativity of the diagram in Equation (1.1) shows that those notions are chart independent; the
composition of f o ¢~! having a singularity at p with a transition map that is holomorphic at p yields a function with the same type
of singularity at p. |

Remark. Functions having an essential singularity at p are very ill-behaved. Indeed, this occurs iff |f (z)| has a non-zero oscillation
near p. Other singularities behave much better:
e A removable singularity occurs iff | f (z)| is bounded in a neighborhood of p, and can be ‘filled in’ by defining f (p) := limgzp f ().
This extends, by Riemann’s Removable Singularities Theorem, to a holomorphic function f: W U {p} — C.
e A pole occurs iff |f (z)] — co as ¢ — p, which can also be ‘filled in’ by defining the map

00 ife=p
f(z) else

that extends the codomain of f to the Riemann sphere? C; since |f (z)| = oo as & — p, we see that F' is continuous. To show
that F' is holomorphic, let (U, ) and (V, ) be charts around z and F (z), respectively. Since f is holomorphic on U \ {p}, we
see that 1) o F o p~1 is holomorphic on ¢ (U) \ ¢ (p). Observe that ¢ (p) is a removable singularity of ¢ o F o ¢!, which can be
extended as above to make 1) o F' o »~! holomorphic on ¢ (U).

F:W—C mapping xb—>{

Thus we see that every such function f : W — C having pole at p can be holomorphically extended to a map F: W — C. Conversely,
every holomorphic map F : W — C (that is not identically infinity) can be regarded as a function f : W\ F~1 (c0) — C that is
holomorphic everywhere except where F' (z) = oo, in which case it has a pole. This motivates the following definition. ¢

4Here, we consider € = Cqp.



Definition 1.17. A function f : W — C is said to be meromorphic at p if it does not have an essential singularity at p; that
s, if it is either holomorphic, has a removable singularity, or has a pole at p. If f is meromorphic at every point of W, then f
is meromorphic on W.

Remark. The previous remark can now be rephrased by saying that the set of all meromorphic functions f : W — C are in one-to-one
correspondence with the set of all holomorphic maps F : W — C (which are not identically infinity). That is, meromorphic functions
are the holomorphic maps to the Riemann sphere. ¢

Example 1.18. As in Example 1.10, if f,g : W — C are both meromorphic at p, then so are f + g and f - g. Furthermore, g is not
identically 0, then so is f/g. This makes the set .# (W) of all meromorphic functions f : W — C into a field. ¢

Proposition 1.19. Every meromorphic function on C is a rational function.

Proof. Let f : C — C be meromorphic. Since C is compact, the discreteness of poles imply that f has finitely-many poles. Without
loss of generality, assume that co is not a pole of f (since we may consider 1/f instead). Now, for each pole A\; € C of f, consider its
principal part

-1
hi(2) =Y eij (2 = X)’
j=—m;

for some m; > 1. Then the function g := f — 3, h; is holomorphic function on C, and since C is compact, it is constant by Proposition
1.15. Thus f = g+ >_, hs, which is a rational function. ]

Definition 1.20. Let f : W — C be meromorphic at p and consider its Laurent series fo(2) = (fop™1) (2) =3, ci (2 — 20)"
under a chart (U, p) of X with zo == ¢ (p). The order of [ at p is

ordy(f) =min{n €Z: 0 # (z — 20)" fo(2) € O (W)}.

Remark. Note that f, being meromorphic, ensures that its Laurent series has finitely-many negative terms, so the definition makes
sense. If f is not meromorphic, we take ord,(f) := co. ¢

Proof. (Well-definedness). Let z be the local coordinates given by (U, ¢) and suppose that (V%)) is another chart with wg = v (p)
giving another local coordinate w. Then the transition function 7' := @ o1~ is holomorphic, so it admits a power series representation

z:T(w):Zan(wfwo)n:zo+Zan(w7w0)".

n>0 n>1

Since T (wo) # 0, we see that a; # 0. Suppose now that the Laurent series of f at p in the coordinate z is c_n, (2 — 20) " "° + higher
order terms, so that the order of f at p computed by employing z is ng. Then the Laurent series of f at p in the coordinate w is

—no
n .
C_ng Z an (W — wo) + higher order terms,
n>1
whose lowest order term is c_noal_n‘j (w —wp)~"°. Observe that b_p, = c_noal_"O # 0, so the order of f at p computed via w is
also ng. | |

Remark. The arithmetic of ord, is straightforward. Indeed, if f,g: W — C are meromorphic at p, then

e ordy(fg) = ordp(f) + ordp(g)-
e ordy(f/g) = ordy(f) —ordy(g), if g # 0.
e ordp(f £ g) > min {ordy(f),ordp(g)}- ¢

The order ord, (f) can be used to classify the behaviour of f at p. Indeed, it is readily verified that f is holomorphic at p iff ord,(f) < 0,
in which case f (p) = 0 iff ord,(f) < 0. Similarly, f has a pole at p iff ord, (f) > 0, so f has neither a zero nor a pole at p iff ord, (f) = 0.
This motivates the following definition.

Definition 1.21. Let f : W — C be meromorphic at p. We say that f has a pole of order n at p if ordy(f) =n > 0, and a
zero of order n_at p if ordp(f) =n < 0.

Example 1.22. Let f : C — C be meromorphic, so f (2) = p(2)/q(z) for some p,q € C|z]. Then f is holomorphic at all points z € C
such that ¢ (z) # 0, and has a pole otherwise. Also, f (co0) € C if degp = deg ¢, vanishes if degp < deg g, and has a pole otherwise. In
any case, f is meromorphic on C. To compute ord.(f) at all z € C, we split p and ¢ into linear factors to write f uniquely as
f) =c][GE—-2r)*
where ¢ # 0 and each J; is distinct. Fix i. Setting g;(2) == (2 — A;)®/ for all j, we see that ordy,(9;) = —a; and ordy, (g;) = 0 for all
1 # j. Thus
ordy, (f) = _ordy, (g;) = —au.
J

Moreover, if o; > 0 (resp. a; < 0), then g; has a pole (resp. zero) of order |o;| at co. It follows then that ordes(g;) = a;, so

ordes (f) = Zordoo(gi) = Zai.

Lastly, it is clear that ord.(f) = 0 for all z # \;, co. ¢
Remark. Thus if f is a meromorphic function on (f:, then > ord.(f) = 0. In fact, this holds for all compact Riemann surfaces,
which we prove in Proposition 1.26 with the tools from Chapter 2. ¢



1.2.3 Local Normal Form and the Multiplicity

Holomorphic maps have some remarkable ‘local’ properties, one of which, called the Local Normal Form, is presented here. Roughly
speaking, every holomorphic map F' : X — Y looks locally like a power map z — 2™ for some unique m > 1. Summing this local
invariant over the fiber F~1(q) for any q € Y gives us the degree of F, a global invariant independent of ¢, which we prove in Section
2.1 using tools from covering spaces.

Theorem 1.23 (Local Normal Form). Let X and Y be Riemann surfaces and let F' : X — Y be a non-constant holomorphic
map. Then, for every p € X, there exists a unique m > 1 such that for any chart (Uz, p2) of Y centered at F (p), there exists
a chart (Ui, 1) of X centered at p such that p3 0 F o gol_l 1z 2™ for all z € 1 (Ur).

Proof. Let (Uz, p2) be a chart of Y centered at F' (p) and consider any chart (V, ) of X centered at p. Then the function h = 2 oFoy~1
is holomorphic, so it admits a power series representation h (w) = > 72 c;w* for all w € 9 (V). Note that h (0) = 2 (F (p)) =0, so
co = 0. Let m > 1 be the smallest integer such that ¢,, # 0, so

h(w) = Z cw' = w™ Z Ciemw® = w™g (w).
i>m >0

Then g is holomorphic at 0 with g (0) = ¢m # 0, so there is a function r holomorphic on some neighborhood W of 0 such that
(r (w))™ = g (w) for all w € W. Thus h (w) = (wr (w))™, so set n (w) := wr (w) for all w € W. Note that ' (0) = r(0) # 0, so n is
invertible on some neighborhood W’ C W of 0. Set Uy =+ ~! (W’) and ¢1 == no. Then (U1, 1) is a chart of X centered at p such

that
(v2oFopi!)(2) = (vzoFov ™ on™) () =h(n™ () = [n(n~" (2))]" = ="

for all z € ¢1 (U1). To show uniqueness, it suffices to show that such an m is chart-independent. But this is clear, for if a different
chart U} is chosen such that F acts as z — 2™ for some neighborhood U] of p, then 2™ = 2™ on ¢1 (U1) N ¢} (U]) forcesn=m. M

Definition 1.24. With the above notation, the unique m > 1 such that there are local coordinates around p and F (p) where F
acts like z — 2™ 1is called the multiplicity of F at p, denoted mult,(F).

Remark. Consider the power function f (z) = 2™ where m = mult,(F). Then, for all 2 € C*, we see that f~1(z) has exactly m
elements given by the m distinct m*® roots of 2™. Thus the map f causes C to ‘cover itself m times’, and those coverings meet at the
fixed point 0. But f~1(0) = {0} has only 1 element, which prevents f to be a m-sheeted covering of C. To remedy this, we count 0
with multiplicity; see Chapter 2 for a more formal discussion. Since F is locally represented by f, and (U1, ¢1) is centered at p, we see
that m counts the multiplicity at which neighbors of p are mapped to F (p). ¢

Remark. This theorem also give easy proofs of some elementary properties of holomorphic maps, which we collect here; see [For81,
Section 1.2] for details. Throughout, F': X — Y is a non-constant holomorphic map between Riemann surfaces X and Y.

e F'is an open map.
e If F'is injective, then it is biholomorphic onto its image.
e If Y = C, then |F| does not attain its maximum.
e If X is compact, then F is surjective and Y is compact.
Together, the last two claims give an alternative proof for Proposition 1.15. ¢

Remark. We give a simple way of computing mult, (F') that does not involve casting F' into Local Normal Form, or even having to
find local coordinates centered at p and F (p). Indeed, let (U1, 1) and (Usz, p2) be charts around p and F (p), say with 2o = ¢1 (p)
and wo = @2 (F (p)). Letting f :== pa0F o <pf1, we see that f (z9) = wo and hence its power series representation has the form

fF(2)=f(20)+ > ci(z—2)"
i>m

for some m > 1 with ¢y, # 0. Then, since z — zp and w —wg = f (2) — f (20) are local coordinates centered at p and F (p), respectively,
we see from the above proof that mult,(F) = m. Thus to compute mult,(F'), it suffices to case F into local coordinates (U1, 1)
around p and (Ua, ¢2) around F' (p) and find the lowest non-zero power of the Taylor series of f := @20 F o @;1. ¢

Proposition 1.25. Let f be a meromorphic function on a Riemann surface X and let F : X — C be its associated holomorphic
map. Fizp € X.

e Ifp is a not a pole of f, then mult,(F) = —ord,(f — f (p)).
e Ifp is a pole of f, then multy(F) = ordy(f).

Proof. Suppose that p is not a pole of f, so f(p) = F (p) € C. Since the set of all poles of a meromorphic function forms a discrete
set, let p € U C X be small enough so that f|;; is holomorphic. Let (U, ¢) be a chart of X and consider the chart (C, %) of C around
F (p) defined by ¢ (2) := 2z — F (p). Then f — f (p) = ¢ o F on U, so

(f=F@)y=—-Ff®)op ' =toFop™!
on ¢ (U). Expanding in power series around zo := ¢ (p) € ¢ (U), we see that

(WoFop ™) (2)=(f = fP),(2) = Y ci(z—20)"

i>m



for some m € N with c¢m # 0. Note that (f — f (p)),,(20) = (f — f (p)) (p) = 0, so m > 0 and hence mult,(F) = m. But m is also the
smallest integer such that

0# (z2—20) " (f = f(P),(2) € O(U),

so ord,(f — f (p)) = —m. Suppose now that p is a pole of f, so F (p) = co. Since lim,_,, 1/f (2) = 0, we may let p € U C X be small
enough so that the function f : U — C defined by

~ 0 ifx=p
f(z) =
1/f (z) else
is holomorphic. Let (U, ¢) be a chart of X and consider the chart (C\{O} L) of € defined by ¢ (z) == 1/z for all z € C* and ¥ (c0) = 0.
Then f =1 o F on U, so ﬁ, =fop l=yoFoplone (U). By the same argument as above, we see that mult, (F) = — ordp(f~).
Now ordy (f) = —ordp(f), so the result follows. |

Remark. Let F': X — Y be a non-constant holomorphic map from a compact Riemann surfaces X to a Riemann surface Y. Define
the degree of F' to be deg F' = ZpEF_l(q) mult, (F) for any g € Y, which we prove in Theorem 2.10 to be independent of g. Using
this invariant, we give an application of the previous result, which extends the computation in Example 1.22 to all compact Riemann
surfaces X. ¢

Proposition 1.26. If f is a non-constant meromorphic function on a compact Riemann surface X, then Zp ord,(f) = 0.

Proof. Let FF: X — C be its associated holomorphic map and consider the points {x;} and {y;} of X mapping to 0 and oo, respectively.
By Theorem 2.10, the degree of F' is an invariant, so

deg F' = Z mult,, (F) = Z multy ; (F).
7 J

(3

Note that {z;} and {y;} are precisely the zeros and poles of f, and any other point p € X has zero order. By Proposition 1.25, we see
that ords, (f) = mults, (F') and ordy; (f) = — multy; (F'), so

D Sordp(f) =D ordy, (f) + D ordy; (f) = > multy, (F) = > multy, (F) =0,
P i J % J

as desired. |



Chapter 2

Covering Spaces

We develop the basics of covering space theory. More specifically, Section 2.1 develops the notion of the degree to derive a criterion for
a compact Riemann surface X to be biholomorphic to the Riemann sphere C, and Section 2.2 studies the liftings of mappings along
covering maps. Those tools will be used in Sections 4.1.1 and 4.2 to compute the moduli spaces of S? and T2, respectively. Section
2.2 requires some background on homotopies of paths, for which we refer the reader to [Hat02, Chapter 1].

2.1 Covering Maps and the Degree

We devote this section to develop the tools necessary to define the degree of a proper holomorphic map, which, intuitively, is the
number of sheets in which it covers its image. However, there are points in the image which are not covered ‘evenly’, so they must be
counted with multiplicity.

2.1.1 Proper and Covering Maps

We first gather some basic results on the theory of covering spaces from topology. Throughout this section, let £ and X be locally-
compact topological spaces. This assumption ensures that proper maps are closed.

Definition 2.1. A map 7 : E — X is said to be proper if the preimage of every compact set is compact.

Proposition 2.2. For a proper map 7 : E — X, every p € X and every neighborhood V' of ©=1(p) admits a neighborhood U
of p such that n=1(U) C V.

Proof. Since E'\ 'V is closed and 7 is proper, we see that 7 (E\ V) is closed too. Clearly p ¢ # (E\V) = W,soU := X\ W is a
neighborhood of p. Then 7~1(U) C V, since for all 7 (¢) € U, we see that 7 (¢) ¢ 7 (E\ V) andso ( € E\ V. |

Definition 2.3. A map m : E — X s said to be a covering map if every point p € X admits a neighborhood U such that
m~(U) = HjEJ V;, where V; are disjoint open sets in E, each homeomorphic to U via 7r|Vj. In this case, we say that U is

evenly-covered by {V;} and that E is a covering space of X.

Example 2.4. Let m > 2 be a natural number and consider the power map f : C* — C* mapping z — 2z"". We claim that f is a
covering map, so take b € C* and let a € C* be any one of its m*™™ roots. Since f is a local homeomorphism, there exist neighborhoods
Vo of a and U of b such that f\vo : Vo — U is a homeomorphism. We claim that

m—1

7o) = I o',

§=0

where w is an m*™ root of unity. Indeed, for all f(c) € U, there exists some a’ € Vy such that f(a’) = f(c). Then ¢ = wia’ for
some 0 < j < m—1, s0 ¢ € wVy. Conversely, if ¢ € wiVp for some 0 < j < m — 1, then ¢ = wia’ for some a’ € Vy and hence
f(e)=f(wia’) = f(a’) € U. Now, since f~1(b) is discrete, the sets V; := w/Vj can be made small enough so that they are pairwise
disjoint. Then each f|V7» : V; = U is a homeomorphism, as desired. ¢

Example 2.5. For any lattice I' C C, the projection 7 : C — C/T" is a covering map. Indeed, take z+I' € C/T" and let w € C be such
that 7 (w) = z + T. Since 7 is a local homeomorphism?, there exist neighborhoods V' of w and U of z + I such that wly:V=Uisa
homeomorphism. We claim that
) =] a+V).
Aer
Indeed, for all 7 (z) € U, there exists some w’ € V such that 7w (z) = 7 (w’). Then z+ ' = w' + 7T, so z = w’ + X for some X € T.
Conversely, if z € A+ V for some A € I, then 2 = w’ + X for some w’ € V and hence 7 (z) = 7 (w’ + A) = 7 (w) € U. Now, the sets
Vy := A+ V are all disjoint and each 7T|VA : V) = U is a homeomorphism, as desired. ¢

Proposition 2.6. Let 7 : E — X be a covering map. If X is connected, then the fibers m=1(p) at each p € X are equinumerous.

Proof. Consider the equivalence relation ~ on X defined by p ~ p’ iff the fibers over p and p’ are equinumerous. We claim that the
equivalence classes are all open, and since they partition X, the connectedness of X then shows that there is only one equivalence
class. Indeed, take p € X and let U 3 p be evenly-covered by {V;}. For any p’ € U, the set 7~1(p’) NV; is a singleton for all j € J, so
|7r’1(p’)| = |J|. In particular, since p € U, we have p ~ p’, as desired. |

1 This follows directly from our construction of complex tori in Example 1.8, where for every w € C, a small enough neighborhood V' was found so that
7|y is injective.



Proposition 2.7. Any proper local homeomorphism is a covering map.

Proof. Let w: E — X be a proper local homeomorphism and take p € X. We claim that 7r’1(p) is finite.

e For each ¢ € 7~ !(p), there exist neighborhoods W¢ of ¢ and U of p such that 7T|W< : We — U is a homeomorphism. Then the
sets W, must be disjoint, for if (' € W N W,/ for some ¢’ # ¢, then W‘WC ¢)=p= 7r|W< (¢’), contradicting that 7T|W< is a
homeomorphism. Thus 7~ (p) must be finite, lest the cover {WC} admits no finite subcover.

Thus 7= (p) = {(1,...,(n} for some ¢; € E. Letting W, = W, as above, we see that []_, W is a neighborhood of 7~ (p). By
Proposition 2.2, there is a neighborhood U of p such that 7 ~1(U) C [}—, Wy, so Y (U) = [}, V; where the sets V; == W Na~Y(U)
are all disjoint and each 7r|Vj : V; = U is a homeomorphism. |

2.1.2 Ramification Points and the Degree

Throughout this section, let F': Y — X be a (non-constant) proper holomorphic map between Riemann surfaces X and Y. We extend
Proposition 2.6 to F', which is ‘almost’ a covering map, and define the degree of F'.

Definition 2.8. A point q € Y is said to be a ramification/branch point of F if F|,, is not injective for any neighborhood
V' of q, in which case F (q) € X is said to be a critical point of F. If F has no ramification points, then F is said to be an
unbranched holomorphic map.

Remark. It is immediate that F' is unbranched iff it is a local homeomorphism. Indeed, if F' is unbranched, then for every q € Y
there exists a neighborhood V' of ¢ such that F|y, is injective. By the Open Mapping Theorem, F' is open and hence F|;, maps V
homeomorphically to the open set F' (V). Conversely, if F' is a local homeomorphism, then for every ¢ € Y there exists a neighborhood
V of q that is mapped homeomorphically onto an open set in X. Thus F|y, is injective, so F is unbranched at g.

In particular, this shows that every covering map is unbranched. Conversely, Proposition 2.7 shows that every unbranched proper
map is a covering map, so all fibers are equinumerous. On the other hand, if F' is branched, then it is a covering map over X with all
ramification points removed. Including the ramification points, however, the fibers of F' are not necessarily equinumerous anymore,
but the next best thing happens and we only need to count the fibers with multiplicity. First, we need a lemma. ¢

Lemma 2.9. For allq €Y, the map F : Y — X has a ramification point at ¢ iff multy(F) > 2.

Proof. By Theorem 1.23, there exist charts (V, 1) centered at q and (U, ) centered at F (q) such that f :== ¢ o F ot~ is the power
map z — z™ where m := multq(F). Since ¢ and ¢ are, in particular, injections, we see that F is locally injective at g iff f is locally
injective at 0. But this occurs precisely when m = multy(F') < 2, so the result follows. | |

Definition/Theorem 2.10. The degree of F is the cardinality of any fiber F~1(p) for p € X, counted with multiplicity. That
is, deg F' :== ZqEF_l(p) multy (F) is independent of p € X.

Proof. For non-critical points p € X, Lemma 2.9 shows that multy(F) = 1 for any ¢ € F~(p). Then deg F = !Fﬁl(p)|, and since
Proposition 2.7 shows that F' is a covering map when all ramification points are removed, it is, by Proposition 2.6, constant over all
non-critical points.

Otherwise, let p be a critical point of F. Since F~1(p) is compact, it is finite by Discreteness of Preimages, say F~1(p) = {q1,...,qn}
for g; € Y. Fix 1 < j < n and set m; = multg; (F). We claim that there exist neighborhoods V; of ¢; and U; of p such that
|F’1(r) n V]‘ = my for all r € U; \ {p}. Indeed, by Theorem 1.23, there exist charts (Vj, ;) of Y centered at q; and (Uj, p;) of X
centered p such that F' acts as the power function f (z) := 2™ on 1;(V;). Since the set of ramification points of F' is discrete, we may
choose U; small enough so that every r € U; \ {p} is unramified. Take r € U; \ {p} and set w := ¢;(r") # 0. Then |f~1(w)| = m;, so

we have
[P V] = [y (P71 0)] = [ (F7 (o7 @) )| = 177 )] = my.

Now, since Vj is a neighborhood of q;, we see that Ffl(Uj) C V; by restricting U; in accordance with Proposition 2.2, if necessary.
Then, with U := N}, U;, we see that F~1(U) C [, V; where the sets V; are all disjoint. Take any r € U \ {p}. Then r € U; \ {p}
for all 1 <i<mn, so

n n n n
|[F=in)| = |F Vil = U E' ) nv) [ =Y [F ) nvi| =D ma.
i=1 =1 =1 =1
But r is not a critical point of F, so deg F' = |F~1(r)| = 37, m; and the result follows. |

Example 2.11. We extend Example 2.4 by considering the same power map z — 2™ for m > 2, this time as a map f : C — C. Away
from 0, the map f is a proper local homeomorphism as before, so the cardinality of any fiber is m. At 0, we see that multo(f) =m > 2,
so f has a ramification point at 0. Counting multiplicities, the cardinality of f~1(0) is m, so deg f = m.

Corollary 2.11.1. IfY is compact, then a holomorphic map F : Y — X is a biholomorphism iff deg F' = 1.

Proof. Since Y is compact, we see that F' is proper surjection. Observe that F' is an injective iff it has no critical points, and by
Lemma 2.9, this occurs iff multy(F) =1 for all g € Y.

e (=) If F is an injection, then !f_l(q)‘ =1 for all g € Y. Thus deg F = 1.
e (<): Since multy(F) > 1 for all ¢ € Y, the above theorem forces multy(F) = 1. |

10



Corollary 2.11.2. If X is compact and there exists a meromorphic function f : X — C with a single simple pole, then X = C.

Proof. Let f: X — C be a meromorphic function with only a simple pole at p and consider its associated holomorphic map F' : X — C.
By Proposition 1.25, we see that mult,(F) = ord,(f) = 1 and hence p is unramified. Since p is the only pole of f, we see that
deg F' = |F~1(0c0)| = 1. Thus F is a biholomorphism, as desired. |

Remark. This criterion finally reduces to problem of showing that the moduli space of S? is a point to showing that every Riemann
surface X that is topologically the sphere admits a meromorphic function f : X — C with a single simple pole. We dedicate Chapter
3 to find such a meromorphic function. ¢

2.2 Liftings along Covering Maps

Using the Homotopy Lifting Property of covering maps, we prove that every map F': Y — X from a simply-connected space Y admits
a lift F': Y — E along a covering map 7 : E — X. Unless otherwise stated, X, Y, and E are all topological spaces and all maps are
continuous.

Definition 2.12. Let 7 : E — X and F : Y — X be maps. A lift of F (along 7) is a map F:Y — E such that to F = F;
that is, such that the diagram below commutes.
>
F

Remark. If X, Y, and F are all Riemann surfaces and 7 : £ — X is an unbranched holomorphic map, then any lift F:Y > Eofa
holomorphic F': Y — X is also holomorphic. Indeed, 7 admits a local inverse X, which is holomorphic, so F' is locally a composition
of a holomorphic map F with Xx. ¢

:XHTD]

Y

2.2.1 Liftings of Paths and Homotopies

Proposition 2.13 (Homotopy Lifting Property). If 7 : E — X is a covering map, then for any homotopy F : Y X [0,1] — X
and any fized map fo : Y x {0} — E lifting the restriction of F' on'Y X {0}, there exists a unique homotopy F : Y X [0,1] — FE
lifting F' that restricts to fo on'Y x {0}. In other words, the following diagram commutes.

Y x {0} -5 E
P

F
0 P ™

Y x 0,1 £ Xx

Proof. Since 7 is a covering map, there exists an open cover {Us} of X, each evenly-covered by {Vaﬁ} Fix g0 € Y. For each
(qo0,t:) €Y x [0,1], let U; C X be an open set containing F (qo, t;). Contmulty of F then furnishes an open set N; X (a;,b;) 3 (qo, ;)
such that F (N; x (a;,b;)) C U; € X. The collection {N X (a;,bi)} covers {qo} x [0, 1], so by compactness one obtains an open set
N :=NN; containing go and a partition 0 = to <t; <--- <in =1 of - [0,1] such that each F'(N X [t;, ti41]) € U; is evenly-covered.

We define F : N x [0,t;] — E by induction on i; for i = 0, we let F := fo so that F restricts to fo on N x {0}.

Suppose a lift F:Nx [0,¢; ] — E has been constructed for some ¢ > 0. Then, since F (qo,t;) € U;, there exists a unlque open
set V; C 7~ 1(U;) containing F (qo,t ) that maps homeomorphically onto Us;. Replacmg N x {t;} by its intersection with F- LV, if
necessary, we may assume that F' (N x {t;}) C V;. Since 7 is invertible on V;, extend F so that

Vi

N x [tiyti+l] T}

S

commutes. Our modification of N x {¢;} ensures that the restriction of Fto N x {t;} coincides with this extension, so the functions
inductively glue to give a lift ' of F on N x [0,1]. We now argue that such a lifting is unique when Y is a point?; abusing notation,
we drop Y from the notation and write F : [0,1] — X, etc., instead.

e Suppose that F’: [0,1] — E is another lift of F such that F (0) = F’(0) = fo(0). As above, we may obtain a partition
0=to <t1 <--+,tn =1 of [0,1] such that each F' ([to,t;+1]) C U; is evenly-covered. Proceeding by induction, suppose that
F = F' on [0,t;]. Since [t;,t;41] is connected, F ([t;,t;11]) is connected too and thus lies in a single open set V; C 7~ 1(U;)
containing F (t;) that maps homeomorphically onto U;. Similarly for F'([ti,tix1]), but since F (t;) = F’(t;), they lie in the same
open set V. Since 1o F = 7o F’ on [ti,ti+1] and 7 is injective on V;, we see that F=F'on [ti,tit1], as desired.

Thus, when restricted to {q} x [0, 1] for each ¢ € N, the lift F:Nx [0,1] — E of F is unique. In general, this shows that if the same
construction is repeated for some other ¢ € Y to obtain a lift F/: N’ x [0,1] — E of F, and if N N N’ # @, the lifts F and F’ must
agree on (N N N’) x [0,1]. Thus F is well-defined on Y x [0, 1], and is continuous since it is continuous on each N x [0, 1]. u

2Here, we are not necessary assuming that Y = {qo}.



Corollary 2.13.1. Every covering map lifts paths and homotopies. More precisely:

e For each path vy : [0,1] — X starting at some point p € X and each (o € 7~ 1(p), there exists a unique path 5 : [0,1] — E
starting at Co lifting .

e For each homotopy ¢ : [0,1] — X of paths and each lift Yo : I — E of yo, there exists a unique homotopy 3¢ : I — E of
paths starting at Yo lifting .

Proof. In the notation of the preceding proposition, let Y be a singleton and [0, 1], respectively. Note that the resulting homotopy
J¢ is a homotopy of paths® since as t varies, the endpoints 7:(0) and ¢(1) are paths in E that lift the constant paths at 7:¢(0) and
~¢(1), respectively. By uniqueness of liftings of paths, we see that 7;(0) and 7;(1) are constant paths at the lifts of 7;(0) and ~¢(1),
respectively, as desired. | |

2.2.2 Liftings of Mappings

We return to the problem of the liftings of mappings. The tools that we have developed actually proves a stronger statement? than is
needed in this paper, but for sake of brevity we only present a special case. Throughout, let 7 : E — X be a covering map.

Lemma 2.14. IfY is connected, then any two lifts ﬁl, F:Y > E of F: Y — X agreeing at one point in'Y agrees everywhere.

Proof. Let S := {q € Y| Fi(q) = Fx(q)}, which we claim to be both open and closed. For a fixed g €Y, let U be a neighborhood
of F'(g) that is evenly-covered by open sets V; C E. Let V1 and V3 be sheets above U containing Fi(q) and Fz(q) respectively. By
continuity of Fy and Fg, there exists a neighborhood V' of g such that F; (V)CV; fori=1,2.

e If g€ S, then V :=V; = V. Then, since po P = po Fy and p is injective on V', we see that Fy = F, on V. This shows that S

is open.
e Otherwise, Vj # V5 and hence they are disjoint. Then, since FZ(V) C V; for i = 1,2, we see that F} (¢') # ﬁz(q/) for all ¢/ € V.
This shows that Y\ S is open, whence S is closed too. |

Proposition 2.15. Fiz qo € Y and let (o € 7~ (F (q0)). If Y is simply-connected and locally path-connected, then every map
F:Y — X admits a unique lift F : Y — E such that F (q0) =

Proof. By the lemma, such a lift is unique if it exists. To construct a lift, let q€ Y and let v be a path from gg to g. Then F,, := Foy
is a path starting at F (qo), which, by Corollary 2.13.1, admits a unique lift F starting at {p. Define F (q) = FE % (1). Assuming that
F is well-defined and continuous, we have that (7 o F) (q) = 7(Fy (1)) = F (v (1)) = F (), so F lifts F. It remains to show that F (q)

is well-defined for all ¢ € Y, and that the map F is continuous.
o (Well-definedness). Let § be another path from qo to ¢q. By simply-connectedness of Y, the paths v and § are homotopic, so Fy
and Fy are homotopic too. Again by Corollary 2.13.1, this homotopy lifts to a homotopy of paths from IEY to ﬁg starting at (o,

so they have the same endpoint. 5
%”m)
Co

Fs
lw

F’Y
q F(q)
QO% — F(®

é

ol

e (Continuity). Let ¢ € Y, p :== F (q), ¢ = ﬁ(q)7 and let Vi be a neighborhood of {. For an evenly-covered neighborhood U
of p, let V denote the sheet above U containing ¢. Set V := V5 N V¢, so 7 is a homeomorphism when restricted to V. Thus
(V) is open, so by continuity F~1 (7 (V) is open too. By local path-connectedness of Y, this set contains a path-connected
neighborhood W of q. We claim that F (W) C V, so take w € W and let o be a path from ¢ to w contained in W. Then Fy is
a path in F (W) C 7 (V) starting at p, which lifts to a path FoinV starting at . But since the end point of ﬁw constructed
above is ( = F (), the concatenation of ﬁ.y « Fy is well-defined and is a path starting at {p. This path lifts F o (v * o), and since
~ * o is a path from go to w, we see that F (w) is the end point of }?«, « F,,. But this end point is ﬁv(l), which lies in V. |

Example 2.16. Let ¢ : C/T' — C/I be a holomorphic map between complex tori. By Example 2.5, the projection = : C — C/I" is
an unbranched holomorphic map, and since C is simply-connected (and locally path-connected), the map ¢ o : C — C/I" admits a
unique holomorphic lift @ : C — C along the projection n’: C — C/I" that fixes 0.

c— ¢
g |~
c/T < /1
If ¢ is a biholomorphism, then lifting ¢! too gives us a unique biholomorphism & : C — C. A classical result from complex analysis

then forces ¢ (z) = az + B for some a, 8 € C with o # 0. This result tightly constrains the behaviour of biholomorphisms between
complex tori, which we leverage in the proof of Theorem 4.8. ¢

3As opposed to a free homotopy.
4See [Hat02, Proposition 1.33], which actually characterizes when such a lift exists.
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Chapter 3

Cech Cohomology

Using the language of sheaves and cohomology, we prove the existence of certain global meromorphic functions on a compact Riemann
surface X. Section 3.1 introduces the language, 3.2 studies the sheaf & of differentiable functions on X, which includes differentiation
and integration of forms, and 3.3 studies its associated cohomology. The latter sections require some background in linear algebra and
the theory of smooth manifolds, for which we refer the reader to [Leel2].

3.1 Sheaves and their Cohomology

Unless otherwise stated, let X be a topological space with 7 its system of open sets. Our exposition on sheaves and their cohomology
roughly follows [For81, Sections 6 & 12| and [Mir95, Chapter IX].

3.1.1 Presheaves, Sheaves, and Stalks

Definition 3.1. A presheaf of Abelian groups on X is a pair (F,p) consisting of

e a family F :={ZF (U)} of Abelian groups & (U) for every U € T,
e a family p == {pg} of group homomorphisms p‘(i : F(U) —» Z (V) for every U,V € T with V C U,

such that pg =idgw) and pK, o pg = p% for every U, V,W € T with W CV CU.

Remark. We may analogously define a presheaf of sets, rings, vector spaces, C-algebras, etc, by requiring that .# (U) and p are
objects and maps of the appropriate ‘category’. ¢

Remark. Presheaves give us a way of tracking data associated with open sets of a topological space in such a way that makes
restricting to a smaller open set V' C U well-behaved. Consider, for instance, a Riemann surface X and the presheaf of all holomorphic
functions ¢ on X.

e To every open set U C X we consider the C-algebra & (U) of all holomorphic functions f : U — C. For any open V C U, we
define pg(f) = fly,. The properties then state that restricting to the domain does nothing and that restricting once to V' and
then to W C V yields the same function as restricting to W directly, which are obviously true.

Similarly, we have the presheaf of all meromorphic functions .# on X. Other examples include the presheaf &* and .#™* of multiplicative
Abelian groups defined respectively by holomorphic functions f : U — C* and meromorphic functions on U that do not vanish identically
on any connected component of U. However, those examples are much more than presheaves since global information about elements
in .Z (X) can be obtained locally by ‘restricting’ to locally U. The notion of a sheaf makes this precise. ¢

Definition 3.2. A presheaf # on X is said to be a sheaf if for every open set U C X and every family {U;};c; of open subsets
that cover U, the following two properties hold:

o (Identity): For every f,g € F (U), if pgi (f) = pgi (g) for every i € I, then f =g.
o (Gluing): For every family {fi};c; with fi € F (U;), if Pgint () = pg:mUj (fj) for all i,j € I, then there is some
f €% (U) such that pgi(f) = fi for everyi € I.

Example 3.3. It is immediate that &, 0*, .#, and .#* are all sheaves on X. Indeed, if we have a family {f;} that agree on all
pairwise common domains, then there exists a globally defined function f whose restrictions are f;’s. We only need to show that this
globally defined function is of the ‘right type’, but this can be checked easily. ¢

Example 3.4. We give an example of a presheaf that is not a sheaf. Let X be a normed R-vector space. For all U € T, let #(U)
be the R-vector space of all bounded functions f : U — R, which gives us a presheaf % on X. The problem arises when we consider
glueing'!. For instance, let U; == {p € X : ||p|| < i} and observe that {Ui};er+ covers X. Consider the family {idUi}, which clearly
agrees on pairwise intersections an glues up to the identity idx. But idx is not bounded, so & is not a sheaf. ¢

Example 3.5. We give two examples of sheaves relating to divisors on a Riemann surface X; that is, functions D : X — Z whose
supports {p € X : D (p) # 0} are discrete’ subsets of X.

e Let D be a divisor on X. For every U € T, let ¢ [D] (U) denote the Abelian group of all meromorphic functions f : X — C
such that ord,(f) < D (p) for all p € X. The usual restriction homomorphisms make ¢ [D] is a sheaf of Abelian groups. This
construction generalizes both ¢ and .#. Intuitively, the use of divisors here allow us to ‘bound’ the orders of the poles of f at
specific points p, thereby restricting how badly-behaved it can be.

e For every U € T, let 2 (U) denote the group of all divisors on U. This makes 2 into a sheaf since for every family {D;}, the
function D : X — Z that glues them together is also discretely-supported. ¢

1In other words, boundedness is a global property. To check if a function is bounded, it does not suffice to check it on an arbitrary neighborhood.
2Note that if X is compact, then D : X — Z is a divisor iff it has finite support, so the set of divisors of X is the free Abelian group of X.
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Definition 3.6. Let (#,p) and (¥,0) be two sheaves of Abelian groups on X. A morphism of sheaves n: F — 4 is a family
{nutyer of group homomorphisms ny : F (U) — 4 (U) such that for every U € T and every open set V. .C U, the following
diagram commutes.

ZF(U) 2 ¢ (U)

W% Jo¥

F (V) s (V)

Example 3.7. Some examples relating to divisors of a Riemann surface X.

e For divisors D1 and D3 of a Riemann surface X, we write D1 < D3 if D1(p) < D2(p) for all p € X. This induces an inclusion
morphism v : 0 [D1] — O [D2] defined by vy (f) == f for all U € T and f € ¢ [D1] (U), which makes sense since if D; < D2 and
the poles of f are bounded by Dj, then they are also clearly bounded by D>. This inclusion also respect restrictions, so it is
indeed a morphism of sheaves. In particular, we have the inclusions ¢ < ¢ [D] < .# for any divisor D of X.

e For all U € T, we associate to each f € .#*(U) the function div f : U — Z : p +— ordp(f), which is a divisor by discreteness of
zeros and poles. This induces a morphism of sheaves div : #* — & since for all U € T and all open sets V C U, the restriction
of the divisor of any f € .#*(U) coincides with the divisor of the restriction fly,. ¢

Definition 3.8. Let .# be a presheaf of Abelian groups on X and fiz p € X. The stalk of F at p is the Abelian group

Fp = Z (U)
= (@),

where ~p is the equivalence relation® on the disjoint union, defined, for all f € F (U) and g € F (V), by f ~p g iff there exists
an open set W € T withp € W CUNV such that p‘% (f) = p% (g). For f € # (U), its equivalence class [f]p 1s called the germ
of f at p.

Example 3.9. Let D be a divisor on a Riemann surface X and consider the stalk &,[D]. Fix a chart centered at p. Since every
meromorphic function f admits a Laurent series, we see that the function germ [f]p is represented by a Laurent series Zfim c;z" for
some ig > —D (p). Conversely, the germ of a Laurent series )
of convergence represents a meromorphic function germ [f] p> SO this defines a bijection between ¢,[D] and the set of all such Laurent

series. This isomorphism depends on the chosen chart map, so it is not canonical. ¢

;ﬁio c;zt with ig > —D (p) and whose principal part has positive radius

Remark. The sheaf axioms guarantee that if .# is a sheaf of Abelian groups on X and U € T, then an element f € .# (U) is zero iff
all germs [f],, for p € U vanish. Indeed, let 0 € .# (U) denote the zero element, so f ~p 0 for all p € U furnishes a family {Wp} of

open sets W), C U containing p such that pgvp(f) = plv{,p(O). This family covers U, so f = 0 by the first sheaf axiom. ¢

3.1.2 Cech Cohomology Groups

We define the first Cech cohomology group H?! (X, #) of a sheaf .7 of Abelian groups on X by first defining it on an open cover 2 of
X, which refines via a direct limit, and then prove the Leray Criterion to calculate such groups. Throughout this section, let .# be a
sheaf of Abelian groups on X and let 2 := {U;} be an open covering of X.

Definition 3.10. For all n € N, the nt" cochain group of F (w.r.t. ) is the direct product

cr@F)= [ FWUipn---nU,).

(305-++1in)

Remark. For n = 0, the group C°(2,.7) contains tuples (f;) where each f; is defined on Uj. For n =1, the group C1(2,.7) contains
tuples (f;;) where each f;; is defined on U; NUj;. Intuitively, (f;) induces an element (g;;) € CL(A, Z) by setting gij = fj — fi, which
‘chains’ (f;) on U; N U; by measuring their difference. The following definition formalizes this intuition. ¢

Definition 3.11. For all n € N, the n'" coboundary operator is the map 6™ : C™(A, F) — C*tL(A, .F) mapping (fig,...,in) to
the cochain (gio,---,in+1) defined by*

n+1
_ k
Jig,eving1 T Z (=1)%p (fio,.”,fk,‘“,in“) 0
k=0

Define the n' cocycle group Z™ (A, F) = ker 6" and the n'" splitting cocycle group B™(2,.7) := im 6"~ !, whose quotient

A, F) = 2", F) /B, F)

is called the n'" cohomology group of F (w.r.t. o).

Remark. A calculation shows that B"(2,.%) C Z™(2,.%), so the quotient makes sense. In particular, 1 0 §™ = 0. ¢

3The relation ~yp is transitive since pK/ o pg = p% for all U, V, W € T such that W C V C U. This condition on p is known as a directed system,
which all admit a direct limit whose construction is formally similar to that of .#,. We refer the interested reader to [Lan10, Chapter III].

4The ‘hat’ notation represents a deletion. Also, p is the appropriate restriction mapping of % .
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Remark. For n = 0, we have §°(f;) = (fj — fi) for all (f;) € CO(2,.#). This gives us a glueing condition, that if (f;) € Z°(2, %),
then® p (f;) = p(f;) for all i, and hence the sheaf axioms furnish a unique f € .% (X) such that p (f) = f; for all . Thus

B, 7) =2, F) = F (X),

so HO(2,.%) is independent of the covering 2 and we may define the 0*" cohomology group of # as H(X, ) := .7 (X). ¢

Remark. For n = 1, we have §'(fi;) = (fjr — fir + fi;) for all (fi;) € CY(A,.F). Elements (f;;) € Z'(U, F) satisfy the cocycle
condition, which states f;r = fij + fjx on U; NU; N Uy, for all 4, j, k. In particular, it implies that f;; = 0 for all 7 and f;; = —f;; on
U; NUj for all 4, 5. Note that every splitting cocycle is a cocycle, but not every cocycle splits. In other words, H? (2, .#) measures how
1-cocycles fail to split. We now define the 15¢ cohomology group of .# by ‘refining’ the open cover 2. ¢

Definition 3.12. Let 2 := {U;};c; and B = {Vi}, i be open coverings of X. We say that B is finer than A, and write
B < 2, if there exists a refining map v : K — I such that Vi, C Uy for all k € K.

Remark. The refining map r induces a map 7 : Z(A,.F) — Z'(%B,.7) by sending (fi;) into (g;) defined by gi; = Jr(k),r(1) o0
Vi NV for all k,1 € K. Observe that if (%[(fij) =0, then f; 45 = fiyip + fiziz on Uy, NU;, NUs, for all 41,142,493 € I. In particular,
we have fr. (k) r(ks) = Fr(ky),r(ka) T Fr(ka),r(ks) O Vieg N Vi, NV, for all ki, ko, ks € K, so 6% (F(fi5)) = 0. Thus 7 sends splitting
cocycles into splitting cocycles, so we may descend 7 into the quotient, giving us a map

H(r): H'(,.7) » H(B,.7) mapping  [fi] = [7(fij)]- ¢

Proposition 3.13. In the above notation, the map H% = H (r) is independent of v and is injective.

Proof. Take (fi;) € Z'(2,.%) and suppose that r’ : K — I is another refining map. Inducing the map # similarly, let (gx;) = 7 (fi;) =
(fr(k),r(l)) and (g,) =7 (fij) = (frl(k),w(l)). Observe then that

Gkt — Gkt = Fri)r) = Fr/ () (1)
= Fr)r@ T Fr@ ) = Fr@), ) = Frr ), )
= fr@),r (k) — Jr@),r (1)
on Vi NV, for all k,l € K. Since r and r’ are refining maps, we see that V}, C Urky N Upr(xy for all k € K, so we may define
hy = fr(k),r (k) On the restriction to V4. Then (911 — g3y) = (hie — hy) = 8%(hy) on Vi NV, so (gi) — (ggj) € B'(B,.%). Thus their

equivalence classes coincide, as desired. Now, to show that FI% is injective, take (f;;) € ker I:I% Thus (fr(k),r(l)) = I:I% (fij) splits, so
there exist g € F (Vi) such that fr.(x)»q) = gr — g1 on Vi NV for all k,1 € K. Then

9k — 91 = frky,s + firq)y = fir@) — fire)

on U;NVNV, for all i € I and hence gi.+ f; r(k) = g1+ fi,r(1) on the same domain. Fixing i € I and glueing the family {gk + fi,r(k) }keK
defined on the cover {U; N Vi }, o of Us;, we obtain an element h; € # (U;) such that h; = gp + fir(ey on Ui NV, for all k € K.
Observe then that

fij = fire) = fir@) = hi — 9k —hj + g5 = hi — h;
on U; NU; NVj. Note that both f;; and h; — h; are defined on U; N Uj;, and since they coincide on the restriction to Vj, uniqueness
of the glueing gives us f;; = h; — hj on U; NU;. Thus (fi;) = 6°(h;), so (fi;) splits. |

Remark. If € <98 < 2 are open coverings of X, we have that I:Ig3 o I:I% = I:Igl This allows us to give a construction of H?! (X, %)
that is formally similar to that of stalks (see Definition 3.8 and its associated footnote). ¢

Definition 3.14. The 15 cohomology group of .F is the Abelian group

~

HY(X,7) = HY (2, F)
(L),

where ~ is the equivalence relation on the disjoint union, defined, for all € € H (U, F) and & € H (A ,.7), by & ~ & iff there
exists a refinement B < A, A’ such that HE(£) = H%/(f’).

Remark. Note that H'(X,.7) vanishes iff H(2,.%) = 0 for all open coverings 2 of X. The converse direction is trivial, and for the
forward, let 2 be an open covering of X. By Proposition 3.13, the canonical maps HY (A, #) — H'(B,.F) are injective for all open
coverings B =< 2. Descending into the quotient, the induced map H (2, .#) — H'(X,.F) is also injective, as desired. ¢

Proposition 3.15 (Leray). If 2= {U;};c; is an open covering of X such that HY(U;, %) vanishes for every i € I, then
HY(X,Z) = H* U, 7).

Such a covering A of X is called a Leray covering of X.

5Henceforth, we suppress the restriction maps p for ease of notation, but will always mention on which domain the relation is valid on.
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Proof. Let B = {Vk}keK be an open covering of X with 8 < 2, so there exists a refining map r : K — I. We claim that H% is an
isomorphism, from which the result follows by descending into the quotient. By Proposition 3.13, this map is injective, and to show
that it is surjective, we must show that every cocycle (fi;) € Z(%B,.Z) admits a cocycle (F;;) € Z1(2,.7) such that

(Frioy ) — (fr1) € BY(B, 7).

For each ¢ € I, consider the open cover U; N B = {U; ka}keK of U;. Since Hl(Ui,L?Z) = 0, we see that FIl(Ui Ny, #) = 0.
Restricting to U;, we see that (fx;) € Z1(U; N8, %) and hence there exist g;, € .# (U; N Vi) such that fy; = g — gy on Us NV NV
for all i € I and k,l € K. Using this result on two fixed i, j € I and equating, we see that g;ix — gix = gj1 —ga on U; NU; NV N V4.
This glues to an element F;; € % (U; NUj ) such that Fj; = g, — gix on U; NU; NV, for all k € K, and a computation shows that
(Fij) € Z' (™, F). Observe then that®

Fr(k),r(l) —fr = (gr(l),k: - gr(k),k) - (gr(l),k - gr(l),l) = 9r),l — 9r(k),k

on Vi N'Vj, so setting hy = grk),x € F (Vi) shows that (Fr(k)m(l)) — (fr1) splits in B. |

3.2 Differential Forms

Due to the Cauchy-Riemann equations, the theory of complex differential forms departs from that of real differential forms and has
a unique relationship with so-called holomorphic forms. Those objects thus play an central role in the structure on holomorphic
functions, so we devote this section to formalize some basic notions. Throughout this section, let W C X be an open subset of a
Riemann surface X and fix p € W.

3.2.1 The Complexified Cotangent Space

For an open set V C C, we let & (V') denote the C-algebra of all functions f : V' — C that are infinitely-differentiable with respect to
the real coordinates z and y, which we simple call differentiable. Using the partial derivative operators 8/0x and 9/0y on & (V), we

define the operators
0 1 ( 1o} e ) 0 1 ( 0 .0 )
— === —i— and — === +i—
0z 2 \ Oz dy 0z 2 \ Oz oy

on & (V), where Cauchy-Riemann equations now reads ¢ (V') = ker 9/9z. We now lift these notions to a Riemann surface X.

Definition 3.16. A function f : W — C is said to be differentiable at p if there is a chart (U,z) of X around p such that
foz=l:2(U) — C is differentiable at z (p). If f is differentiable at every point of W, then f is said to be differentiable on W.

Remark. As with holomorphic functions, differentiability is chart-independent. Let & (W) denote the C-algebra of all differentiable
functions on W, which, together with the usual restriction mappings, forms a sheaf &. We may, as in C, define the partial derivative
operators, but this time with respect to a chart (U, z) instead of x and y. More precisely, for a fixed chart (U, z), we define

0 0 -1
—:&U) = &) mapping fe M
0z 0z
by pulling back the regular partial derivative 9/9z on C. We similarly define the operators 9/0z, 9/0z, and 9/dy on & (U). ¢

Definition 3.17. Let m, C &, be the ideal of all differentiable function germs vanishing at p. The complezified " cotangent
space of X at p is the quotient space T pX = mp/mg. For a function f € & (W), we define its differential at p as

Proposition 3.18. Let (U,2) be a chart of X around p. Then {dpz,dpy} and {dpz,dpz} are both bases for T¢ X, and if
fe& (W), then
of

of of
dpf= —| d —| dpy= =| d
»f Bz‘p pT + ay’p pY B ‘p pZ +

dpz.
P

oz

Proof. We first show that {dpz,dpy} is a basis for T¢ X.

o Let [n] € T¢ X, so n = [f], € mp is a differentiable function germ for some f € & (W). Taylor’s Theorem in C then furnishes
A1, A2 € C such that
f=M@—z@)+rW-y@)+yg
where g € & (W) is such that [g]p € mg. This lifts to an equality of germs, so, taking the quotient modulo m%,

[n] = Midpx + Aa2dpy and thus {dpz,dpy} spans T pX- For linear independence, take A1, 2 € C. The linear dependence
A1dpx 4+ A2dpy = 0 implies that

we see that

At (z — 2 (p) + A2 (y — y (p)) € m2.

Taking the partials 8/9z and 9/0y shows that A1 = A2 = 0.

SHere, we instantiated the relation fi; = g;x — 941 With i == r (1).
7Alternatively, we can define it as the complezification of the (regular) cotangent space T;X as T(E(_pX = T;X ®p C, where ®p is the tensor product
of two real vector spaces; see Definition 3.24.
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Suppose now that f € & (W). By Taylor’s Theorem, we have

af of
F-f) =5 | @—z@)+ 5| W-—v@)+yg
z |, Oy,
where g € & (W) is such that [g] € mz, so lifting this to an equality of germs and taking the quotient modulo mg gives us
of af
dpf=—| d —| dpy.
pf 8w'p pT + oy l, pY

Finally, we show the corresponding result for {d,z,dpZ}. Indeed, since z = x + iy as functions in & (W), we have that 0z/0x = 1 and
0z/0y = i. Similarly, 8z/0x = 1 and 9z/dy = —i, so

dpz = dpz + idpy and dpz = dpz — idpy.

Thus {dpz,d,Zz} is linearly-independent, so it is a basis for T pX- For fe& (W), a computation now shows that
1(of 1(of _of

dpf==-| = dpz+ = | =— d,z = —

2 2 < p) p% 2 < or p> % Oz

ox
Proposition 3.19 (Canonical Decomposition). Let (U, z) be a chart of X around p. Then the subspaces

. of

1
dy

af
oz

dpZz.
P

_of
;oL
Oy

+
p

dpz +
P

P

T;X<1’O) := span {dpz} and T;X(O’l) = span {dpz}

are chart-independent and T¢ pX = T;X(LO) ® T;X(O’l).

Proof. Let (U’,2') is another chart of X around p with U NU’ # &. Since 2’ € ¢ (U NU’), the expansion

0z'
dpz + —
» 0z

0z’
dpz = =
o 0z

dpz
P

shows that 0z'/0z = 0, so span {dpz} = span {dpz'}. Similarly, 02’/8z = 0, so span {dpz} = span {dpz’}. The decomposition then
follows by construction. |

Remark. For all f € &(W), let O, f € TI’,‘X(LO) and 9, f € T;X(O*l) be the unique elements such that dpf = 8y f + 9p f. The above
proposition ensures that they are chart-independent. For computations, we descend via any chart (U, z) of X around p where we have

of = af _
8pf:$pdpz and 6pf:£pdpz. ¢

3.2.2 Differential 1-forms

Definition 3.20. A differential 1-form on W is a map w: W — UpEW ¢ pX such that w (p) € T¢ pX for every p € W.

Remark. With the induced operations from T¥ X, the set of all 1-forms on W becomes a C-vector space. In fact, it is a C-algebra,
for if f: W — C is a function, then the map fw defined by (fw) (p) = f (p) w (p) is also a 1-form on W. ¢

Example 3.21. For f € & (W), the maps df, 8f, and df defined pointwise are all 1-forms. Note that if (U, z) is a chart of X, then
every l-form w on W can be written as
w= fidz + fody = fidz + fidz

for some f1, f2, f{, f4 : U = C by varying w (p) = f1(p) dpz + f2(p) dpy = fi (p) dpz + f5(p) dpZ over all p € U. ¢

Definition 3.22. We define certain subspaces of 1-forms on W as follows.

o The subspace &) (W) of all differentiable 1-forms w on W such that, w.r.t. every chart (U,z) of X, w = fdz + gdz for
some f,g € &(UNW).

o The subspace &1:0) (W) of all type 1,0) 1-forms w on W such that, w.r.t. every chart (U,z) of X, w = fdz for some

fe&Unw).

o The subspace &N (W) of all type (0,1) 1-forms w on W such that, w.r.t. every chart (U,z) of X, w = fdz for some
fe&Unw).

e The subspace Q2 (W) of all holomorphic 1-forms w on W such that, w.r.t. every chart (U, z) of X, w = fdz for some
feoUnw).

Remark. More work needs to be done to define meromorphic 1-forms on W. In fact, we may analogously define the order of a pole
of a meromorphic 1-form; see [For81, Section 9.9]. ¢

Example 3.23. For f € & (W), the form df is a differentiable 1-form on W. Thus we have the map d : & (W) — ED (W), called
the exterior derivative on & (W). Similarly, df and Jf are types (1,0) and (0,1) 1-forms on W, respectively, and they induce the
Dolbeault operators on & (W). These derivatives, which are in fact morphisms of sheaves, are studied in the next section. ¢
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3.2.3 Differential 2-forms and Exterior Differentiation

Define the exterior power /\2 V of a C-vector space V as the quotient of the tensor product V®V by theideal a := (v ® v:v € V). For
completeness, we very briefly define the tensor product V' ® V; for an in-depth discussion, see [Alu09, Chapter 8.2] or [Con16].

Definition 3.24. Let V be a C-vector space and consider the free vector space j : V XV — F over V x V. Letting S denote
the span of
Jj(w, Avr +v2) — Aj (v,v1) — Aj (v,v2)  and  j(Avr +v2,v) — Aj (v,v1) — Aj (v, v2),

for all v,v1,v2 € V and A € C, we define the tensor product of V as the quotient space V Q V := F/S equipped with the map
® = moj, where w: F — F/S is the projection.

Remark. Let V be a C-vector space. For all v1,vs € V, define v1 Avg € /\2 V to be the equivalence class of v ® v modulo a. It is then
immediate from the definition of V ® V that (vi + v2) Avs = (v1 Av3) + (v2 Awsg) and (Avi) Ave = A (v1 Awz) for all vi,va,v3 €V
and A € C. Moreover,
0= (v1 +”L}2)/\ (v1 +'l)2) = (Ul /\v1)+(v1 /\v2)+ ('U2 /\’Ul) +(1}2 /\UQ) = (v1 /\1)2)—‘,- (1)2/\1}1)7

so v1 Avz = — (v2 Avr) for all v1,v2 € V. Finally, if {e;} is a basis for V, then {e; ® e;} is a basis for V ® V; see [Leel2, Proposition
12.8] for a proof. Combined with the above, we see that {e; Ae;};_; is a basis for A2V, ¢
Remark. We now specialize for when V' = T pX and consider the exterior power /\2 ¢ pX. Letting (U, z) be a chart of X around
p, we see that {dpz A dpy} and {dpz A dpZ} are both bases for A2 T¢ ,X. Thus dim A? T¢ ,X = 1. Also, observe that

dpz AdpZ = (dpx + tdpy) A (dpz — idpy) = —2i (dpx A dpy) - ¢

Definition 3.25. A differential 2-form on W is a map w : W — U,cw A2 T¢ , X such that w (p) € A2 T¢ ,X for everyp € W.
A 2-form w 1is said to be differentiable if, w.r.t. every chart (U, z) of X, we have w = fdz A dz for some f € &(UNW).

Remark. As with 1-forms, the set of all 2-forms on W forms a vector space under the induced operations from /\2 ¢ pX, Similarly,
it is also a C-algebra by defining the map fw by (fw) (p) == f (p) w (p) for every function f: W — C. ¢
Remark. In the above definition, dz A dZ is the 2-form on W defined by (dz A dZ) (p) := dpz A dpZ for every p € W. In general, if wy

an wy are 1-forms on W, we have the 2-form wi A wa defined by (w1 A wa) (p) = wi(p) A wa(p) for every p € W. The C-vector space
of all differentiable 2-forms on W is denoted &(2)(W). ¢

Definition/Proposition 3.26. Let w be a differentiable 1-form on W, which, under a chart (U,z) of X, has the form
w = fidz+ fadz for some f1, fa € & (UNW). Then the 2-form dw = df1 Adz+df2 AdZ is chart-independent and differentiable,
which defines the map d : &N (W) — &2 (W), called the exterior deriwative on &1 (W).

Remark. Similarly, define the 2-forms dw = 0f1 Adz + df2 A dz and Ow = 8f1 ANdz + 8f2 AdZ. The same proof shows that dw and
Ow are chart-independent, which define the operators 0 and 9, called the Dolbeault operators on £’<1>(W). ¢

Proof. For convenience, we write 21 = z and z2 = Z, so w = >_, fidz; and dw = 3_, df; Adz;. To show that dw € &) (W), let (V,w)
be a chart of X. Expanding df; and dz; in the basis {dw, dw}, we see that

2 2
af; ofi . 0z; 0z Of; 0z;  Of; azi) _ 2
dw = E d dw ) A dw+ —=2dw ) = E - dw A dw e & (W).
“ (aw = w) (8w = w) jzl(awam 0w ow ) NI ESTW)

j=1

To show well-definition, let (U’, 2’) be another chart of X and write w = >, f/dz}; again, write 2] := 2z’ and 2} := 2. Choose a chart
(V,w) of X. Expanding dz; and dz] in the basis {dw,dw} and equating, we obtain by the assumption ), fidz; = >, f/dz] that
0z!

2 0z; 2 0z; 2
SRS S pZ s
Z_Zlfl ow ~2=7i% and fi figw

i=1 i=1 i=1

RN

g

Applying /0w and 9/0w respectively and subtracting yields

i(af@_af@),i(aﬁ%_%%)
ow dw Owow) - ow Ow ow ow )

i=1 i=1

From our previous calculation of dw, the result follows. |

Definition 3.27. A differentiable 1-form w on W is closed if dw = 0, and is exact if w = df for some f € & (W).

Proposition 3.28. Every exact 1-form is closed, every holomorphic 1-form is closed, and every closed 1-form of type (1,0) is
holomorphic.

Proof. Let w be a 1-form on W. That every exact form is closed is precisely the statement that d2f = 0 for all f € & (W), which
follows from the computation® d2f = d (1-df) = dl Adf = 0. For the other claims, suppose that w = fdz for some f € & (W). Then

0 0 1o}
dw=df Adz = —fdz—i-—{dz /\dz:——{dz/\dE.
0z 0z 0z
Thus dw = 0 iff f/9z = 0, so every holomorphic 1-form is closed and every closed 1-form of type (1,0) is holomorphic. |

8The same computation also shows 82f = 52f =0.

18



3.2.4 Integration of 2-forms
Similarly to how we defined partial derivatives on a chart (U, z) of X by pulling back the partial derivative on C, we first discuss

integration of a 2-form w on an open set V' C C and then pull it back to Riemann surfaces.

Let w of a differentiable 2-form on an open subset V' C C with the standard chart = + iy, say with w = fdx A dy for some f € & (V).
If f vanishes outside a compact subset of V', define

/Vw:/vfdx/\dy::/vfd:cdy

where the right-hand side is the usual double integral on C, which simply ‘erases the wedges’. We now define the pullback of forms
under a holomorphic map, which gives us a coordinate-free description of the Change of Variables formula.

Definition 3.29. Let F: X — Y be a holomorphic map between Riemann surfaces and let V C Y be open. The pullback of F
is the map F*: & (V) —» & (F’l(V)) mapping f — fo F. More generally, define F* : é"(k)(V) — &k (F ) fork=1,2
mapping
fidz + fadz — (F*f1)d (F*2) + (F*f2) d (F*%)
fdzAdz — (F*f)d(F*2) Ad(F*Z).

Proposition 3.30. Let U,V C C be open and let o : U — V be biholomorphic. Then JV w = fU @*w for any differentiable
2-form w on V.

Proof. Writing w = fdxz A dy for some f € & (V), we have by the Change of Variables on C that

./Vw = /V fdedy = /U (f 0 ©) |det Dy| dz dy,

where Dy is the Jacobian of ¢. Decomposing ¢ = u + iv for some u,v € & (U) and using the Cauchy-Riemann equations, we see that

Do = 00 QU0 (Y (00
<P_8x8y Oy 0z~ \ Oz oy) —

The computation
prw =" (fdz Ady) = (¢* f)d(p"z) Ad(p"y) = (fop)duAdv
ou ov ov
= —d —d —d —d
(foop) ( z + oy y) (8 T+ ay )
= (f o) (det Dp)dx A dy

then gives us the desired result. u

We now lift the integration of 2-forms to Riemann surfaces. To avoid convergence issues, we only consider differentiable 2-forms w
that are compactly supported, where the support of w is Supp (w) := {p € X : w(p) # 0}. Then there exist exist finitely-many charts
(Ui, i) on X such that Supp (w) C J_; U;. This open cover {U;} of Supp (w) admits a partition of unity” {t;}, which are functions
such that Supp (¢;) C U; for all ¢ and 31" ; ¢; = id. Using this partition of unity, we define the integral of w on X.

Definition/Proposition 3.31. In the above notation and with V; = ¢;(U;), define

/w—z/ww—z/(@ * (i)

Proof. (Well-definition). First, note that the support of w; := 1;w is contained in U;, so we have to check that each integral of w; over
U, is independent of the chart ¢;, and that the integral of w over X is independent of {U;} and its partition of unity {¢;}.

e (Independence of ¢;). Note that (Lpi_l)*w is a differentiable 2-form on V;. Let ®; be another chart of U; and set V; := @ (U;).
Since ¢; o 4,52._1 (Vi =V is biholomorphic and the pullback is anti-multiplicative, we have by Proposition 3.30 that

[ u= [ eod) (o) = [ @ e w= [ (@) e

i i i Vi

e (Independence of {U;}). Let {UJ} , be another finite open cover and let {TPJ }m be its corresponding partition of unity. We
expand the definition of fX w on both charts as

/wzw—Z/ Zw] wzw—zz/ s

1=17=1
m n m
z/ B3 (sz) ba=3°3" [ v
i=1j5=1
Note that 1@ 1w is compactly supported on U; N Uj, so their integrals over U; and Uj coincide and hence is well-defined. |

9The ‘local-finiteness’ condition is irrelevant here since the cover is finite. For a proof of the existence of a partition of unity, see [Leel2, Theorem 2.23].
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3.3 Global Meromorphic Functions

In this section, we show that H! (@, 1% ) vanishes, which proves the existence of certain meromorphic functions on a compact Riemann
surface. The crucial step of the proof is the following lemma.

3.3.1 Dolbeault’s Lemma

Lemma 3.32 (Dolbeault). For any function g € & (C), there exists a differentiable function f € & (C) such that df = gdz.

Proof. We first prove the lemma for when g is compactly supported. In this case, define f: C — C by

1 [g9(z=9) =

f(z) = ——./ 22 d¢AdC.
21 Jo ¢

We need to show that this integral converges and depends differentiably on z. Since g is compactly supported, the integrand only has

a pole at 0 and so it suffices to show that the integral over a disk D, := B, := B (0,¢) converges. Indeed, we use Proposition 3.30 to

change to polar coordinates to see that

g(z—=¢) = [P oy .—ie
/Dsidg/\dc—/o/o g(z re )e drdé,

¢
which is convergent since g is bounded. Now, to show that f € & (C), we expand the definition of f into
1 — _
f(z) = —— lim 9G=9 gende

271 €—0 C\ B¢

The uniform convergence of the integral allows us to differentiate under the integral sign, so f € & (C). Finally, to show that f solves
the differential equation, we do so explicitly for the operator /9% to obtain

of -
= d¢ AdC.

z—¢

1 . / 1 0
= —— lim - =
27mi =0 Je\B, ¢ 0%

z

Using d = d + 0 and using the fact that 1/¢ is holomorphic away from 0, we see that

(50 o () (20

_ 9 g(z—o) g(g<z—<>) .
a( : dgAchraZ : d¢ A d¢

99
¢

N = Y

d¢ AdC.
z2—¢

Thus we have by Stokes’s Theorem that

o) 1, G- N\ 1, 9= 0
7Z_2m'elfb/c\38d< ¢ dc)_zmsli’%/m:e ¢ de.

0z
This integral can be calculated in polar coordinates as ¢ = ee?? for 0 < 0 < 27, so

_ o _ i0 ) 27 .
/ 9(z=0 ac = / g(z —ee®) ciet® 4o — z/ g(z —e'?) do.
I¢I=e 0 0

¢ et

It follows then that
1

27
= — lim / g(z — aeie) dé,
0

. 21 €—0

of
9z

which is the average value of g (z) on the circle of radius & around z. In the limit ¢ — 0, we see that 9f/9Z = g and hence 0f = gdz.

Now, for the general case, we consider an increasing sequence of radii {R,} converging to infinity and their associated balls B, =
B (0, Ry). For all n, there exists a function 1, € & (C) such that Supp (¢n) C Bp+1 and wn|Bn = id; for instance, take bump func-

tions. Extending ¢ng by zero outside By, 41, they become differentiable functions in C with compact supports and hence Ofn = ngdz
for some f, € & (C). We shall inductively construct a new sequence {fn} of differentiable functions on C such that

1. gfn = gdz on B, and
2. ||f"+1 - anBn <27

Here, || f|l 5, = suPzep, |f (z)| is the supremum norm. Set f1 == f1 and suppose that the functions fi,..., f, are defined. Then
5(fn-!—l - fn) = 5fn-ﬁ-l *5fn = (Ynt419 —9)dz=0
on By, so the function f,,+1 — fn is holomorphic on Bj,. Thus there exists a polynomial p € C|z] such that

||fn+1 - .fn —pHBn < 27”7
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so take fn+1 = fng1 —p € &(C). This satisfies (2), and since
Ofnt1 = Ofnt1 = Ynt19dz = gdz

on By11, we see that (1) holds too. By (2), the (pointwise) limit fn(2) converges to some f (z), where we claim that f € & (C) and
that 0f = gdz. Note that the series
Fo= (feyr — fr)

k>n

converges (uniformly) on By, and since 5(fk+1 - fk) =0 on By, for all k > n, it is holomorphic on B,,. This shows that f = fn + Fy,
is differentiable and that _ L s

Of =0fn +0F, =0fn, =gdz
on By,. But this holds for all n, so f € & (C) with f = gdz globally. |

Remark. Dolbeault’s Lemma is a special case of the 8-Poincaré Lemma. Indeed, it can be reformulated to saying that the sequence
of sheaves

0 Oty & 2y p01) 0

is exact. The only nontrivial claim to verify is that @ is surjective, which is precisely the statement of the lemma. ¢

3.3.2 Vanishing of H' ((@, 0)

Lemma 3.33. Let X be a Riemann surface and consider the sheaf of differentiable functions & on X. Then H(X, &) =0.

Proof. Let 2 = {U;};c; be an open covering of X and let (f;;) € ZY(2, &) be a cocycle; it suffices to show that (f;;) splits, for then
HY(A, &) = 0 and we are done since 2 is arbitrary. To do so, we use the fact that there exists a partition of unity subordinate to 2;
that is, a family {t;};; of differentiable functions such that:

o Supp (¢;) == {p € X : ¢ (p) # 0} C U; for every i € I.
e Every point in X admits a neighborhood whose intersection with {Supp (v:)};; is finite.
* D ier ¥ =1id.
Consider the function t; f;; on U; N Uj;, which may be differentiably extended to U; by zero outside Supp (¢;). Consider the function

gi = Zjel Y;fi; € & (U;), which is legal since there is a neighborhood around every point of U; such that v;f;; = 0 for all but
finitely-many j € I. Observe that

9i — 95 = Zdlk (fir — fix) = Zwk (fir + frz) = Z¢kfij = fij

kel kel kel

on U; NUj, so (fij) = (9i — g5) = 89(g;) splits. ]

Theorem 3.34. The 15¢ cohomology groups H(C, &) and H* ((fj, 0) vanish.

Proof. We first prove that H'(C, &) vanishes, for which it suffices to take any open covering 2 := {U;} of C and show that every
cocycle (fi;) € Z(C, 0) splits. Indeed, since Z'(A,0) C Z'(A, &) and H'(C, &) vanishes by Lemma 3.33, there exists a cochain
(gi) € C°(A, &) such that f;; = gi — g; on U; N U;. But df;; = 0, so dg; = dg; on U; N U; for all 4,5 and hence glues to a global
function h € & (C) such that h|Ui dz = dg;. Dolbeault’s Lemma then furnishes some g € & (C) such that g = hdz. Define §; == g; —g,
and since 9§; = 0g; — g = 0 on U;, we see that (§;) € CO(2, &). Observe that f;; = g; — g; = §; — §; so (fi;) splits.

For the Riemann sphere, consider the cover 2 := {U;, Uz} given in Example 1.5. Since U;,Us = C, we see from the vanishing of
H'(C, 0) that 2 is a Leray covering of X, so H'! (C,0) = H' (2, 0) by Proposition 3.15. Thus it suffices to show that any cocycle
(fi7) € Z* (2, 0) splits; by symmetry, it suffices to find functions f; € ¢ (U;) such that fi2 = fi — f2 on Uy N Uz = C*. Note that fi2

is not necessarily holomorphic at 0, so it admits a Laurent series expansion Y 2 _ __ c,z™ on C*. But the series f1(2) =Y 77 [ cnz"
and f2(z) == Z;iioo cn2™ converge on U1 and Us, respectively, so f; € 0 (U;). Clearly fia = f1 — f2, as desired. ]

Remark. Let X be a compact Riemann surface and consider the vector space structure on I:II(X, 0) induced from €. We appeal to
the following theorems.

e The dimension g := dim H*! (X, 0) is finite'? and is referred to as the genus of X. The above theorem states that C has genus 0.

e The genus of X depends only on the smooth manifold structure on X. In particular, since H! (C, ﬁ) vanishes, the genus of any
simply-connected compact Riemann surface X is 0. ¢

Corollary 3.34.1. Let X be a simply-connected compact Riemann surface and fir p € X. Then there exists a meromorphic
function f € 4 (X) which has a pole of order 1 at p and is holomorphic everywhere else.

Proof. Let (U1,z) be a chart of X centered at p and set Uz = X \ {p}, so & := {U1,Uz} is an open cover of X. Consider the
holomorphic function z~! on Uy NUz = Uy \ {p}. Since X is simply-connected, it has genus 0 and hence FIl(X, 0) vanishes. Thus the
cocycle (z_l) € ZY (2, 0) splits, so there exist functions f; € € (U;) such that z=! = fo — f1. Observe that f1 + 2! agrees with fo
on U; N Uz, so they glue to a global function f € .# (X) which has a pole of order 1 at p and is holomorphic everywhere else. |

105ee [For81, Section 14] for a proof.
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Chapter 4

Moduli Spaces

For any genus g, we let Mg denote the moduli space of compact Riemann surfaces of genus g, defined as the set of all Riemann surfaces
of genus g up to biholomorphism. Using the language and machinery developed in Chapters 1, 2, and 3, we compute Mo and My,
which are the moduli spaces of the sphere S? and the torus T2, respectively.

We also give a brief discussion of the Uniformization Theorem and the Classification of Riemann Surfaces.

4.1 Simply-connected Riemann Surfaces

The Uniformization Theorem states that every simply-connected Riemann surface is biholomorphic to either the Riemann sphere C,
the complex plane C, or the upper-half plane H of C. In the compact case, this is precisely the statement that there is a unique
complex structure on the sphere, which we prove below. The non-compact case requires tools that we have yet to develop, so only a
proof sketch is given.

4.1.1 Moduli Space of S?

We show that the moduli space of the sphere S? is a point!. That is, there is a unique complex structure on the sphere.

Theorem 4.1. FEvery simply-connected compact Riemann surface X is biholomorphic to the Riemann sphere C.

Proof. The Classification Theorem of Surfaces shows that such a Riemann surface X, being simply-connected and compact, is home-
omorphic to the sphere S2. Theorem 3.34 shows that H' ((C7 ﬁ) vanishes, and since the genus is a topological invariant, we see that
ﬁl(X, 0) vanishes too. Hence X has genus 0, so for any fixed point p € X, Corollary 3.34.1 furnishes a meromorphic function
f € A (X) with a single simple pole at p. Thus X = C by Corollary 2.11.2, as desired. |

4.1.2 The Uniformization Theorem

Theorem 4.2 (Uniformization). Every simply-connected Riemann surface X is biholomorphic to either the Riemann sphere
C, the complex plane C, or the upper-half plane H := {z € C: Im z > 0}.

Proof sketch. This sketch follows [Krol9]. Fix p € X. Using tools from Dolbeault cohomology, we obtain a meromorphic function
f € # (X) with a single simple pole at p. Let F': X — C be its associated holomorphic map, so F (p) = oo.

e First, it can be shown that Im F () — 0 as ‘¢ — oo’ in X. That is, for every € > 0, there is a large enough compact subset K
of X such that Im F (z) < e for all z € X \ K.

e It can also be shown that im F' is open, contains the ‘top and bottom halves’ of C, and is a biholomorphism onto its image.
Thus X @2 im F = (@\I for some I C R. By simple-connectedness of X, we see that I is connected and hence we have three possibilities.

e If ] =, then FF: X — Cisa biholomorphism, which reduces to Theorem 4.1.

e If I is a singleton, then C \I=C,so Xx=C.

e If I is an interval [a,b], we may without loss of generality take a = 0 and b = co. Then the (usual branch of the) square root

function sends C \ [0, co] to H. |

Remark. It turns out that one can construct a simply-connected Riemann surface X from any Riemann surface X. Since X is exactly
one of three types, this leads to a classification of Riemann surfaces. ¢

Definition 4.3. Let X and E be connected topological spaces. A covering map 7 : E — X if said to be the universal covering of
X if for every covering ©’' : E' — X on a connected topological space E' and every e € E and e’ € E' such that 7 (e) = n’ ('),
there erists a unique continuous map o : E — E’ with o (e) = €' making the below diagram commute.

B o= oA s B

lo
X

Remark. As with all ‘universal properties’, the universal covering of X is unique up to isomorphism. Note that o is the lifting of of
7 along 7', so if E is simply-connected, then by Proposition 2.15 such a lifting exists and is unique. In this case, any covering map is
the universal covering of X. We quote the following theorem that guarantees the existence of such a simply-connected space. ¢

1 This result is an easy corollary of the Riemann-Roch Theorem, but its proof is beyond the scope of this paper. We refer the interested reader to
[For81, Section 16].
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Theorem 4.4 ([For81, Theorem 5.3]). Suppose X is a connected manifold. Then there exists a connected, simply-connected
manifold X and a covering map m: X — X.

Example 4.5. Recall from Example 2.5 that for any lattice I' C C, the projection 7 : C — C/I" is a covering map. Since C is
simply-connected, we see that 7 is the universal covering of C/T. ¢

Remark. For any Riemann surface X, let X be its simply-connected universal covering. If X=~¢ (resp. C, H), then X is said to be
elliptic (resp. parabolic, hyperbolic)?.

e Since C is simply-connected, it is the universal covering of itself and hence C is elliptic.
e Since C is the universal covering of any torus C/I", we see that C/I" is parabolic.

It turns out that the universal covering for any compact Riemann surfaces with g > 1 is H, so they are all hyperbolic®. ¢

4.2 Moduli Space of T?

We show that the moduli space of the torus T2 is H/PSL2(Z), where H is the upper-half plane of C and PSL2(Z) := SLa(Z)/{£I} is
the modular group, which acts on H via
(a b) ar +b
T = .
c d ct+d

We first need a technical lemma, which gives an equivalent condition for a biholomorphism between tori in terms of their lattices.

Lemma 4.6. Let I',T’ C C be two lattices and suppose o’ C IV for some o € C*. Then z — az descends to a holomorphic
map ¢ : C/T' — C/I, which is biholomorphic iff al' =T".

Proof. Let I' := Zw1 @ Zwz and I” = Zw| & Zwh. Define ¢ (z +T) := az + I for all z € C, which is clearly holomorphic if it is
well-defined in the first place. Indeed, take z1,z2 € C such that z; + ' = 29 + I'. Then z; — 29 € T, s0 21 — 22 = mw1 + nwa for some
n,m € Z. Observe that

az1 —azy = a(z1 — 22) = m(aw1) +n(aws) € al' C TV,
so az1 + I = aze +T7. This shows that ¢ is well-defined. Furthermore, it is invertible with holomorphic inverse ¢ ~!(z +I") == z/a+T'
iff =1 is well-defined, in which case ¢ is a biholomorphism. We claim that this occurs iff o' = I'.

e (=>): It suffices to show that IV C al, so take mw/ + nw) € I'V. Then ¢~ ! (mw] + nw) +T") = (mw] 4+ nw}) /o + T, but since
mw] +nwh + T/ =0+T" and p=1(0+I’) = 04T, we see that (mw] + nw))/a €T

e («<): Take 21,22 € C such that z1 + I = 20 + TV, s0 21 — 22 € IV C al' and hence z1/a — 22/a = (21 —22)/a € . Then
zi/a+T =z3/a+T, so p~ 1 is well-defined. | |

Lemma 4.7. Any torus C/T is biholomorphic to X, := C/(Z + TZ) for some T € H.

Remark. Intuitively, scaling and rotating the lattice, which are biholomorphisms of the plane, should preserve the complex structure
on the torus. Thus only one complex parameter is needed to generate the torus, which we choose to be the ratio 7 :== wa/wi. ¢

Proof. Let I' := Zw1 @ Zw2 and set o := 1/wy and 7 := wa/wi. Then Im 7 # 0, lest w1, ws be linearly dependent over R. Without loss
of generality, suppose that Im 7 > 0; if not, take 7 := w3 /w1. Then, since

a (mwr + nwa) = awr (m + nwa/wi) =m +nt

for all m,n € Z, we see that o' = Z@®Z7. By Lemma 4.6, the map z — az descends to a biholomorphism ¢ : C/T' — C/(Z ® Z1) = X-,
so C/T' = X,. | |

Theorem 4.8. For any 7,7’ € H, the tori X+ and X,/ are biholomorphic iff T and 7' lie in the same orbit of the action of
PSL2(Z) on H.

Corollary 4.8.1. The moduli space of T? is H/PSL2(Z).

Proof. The backwards direction is relatively straightforward. Indeed, note that

, ar+b b—dr’
T T=

ct+d ct’ —a

for any a,b,c,d € Z with ad — bc = 1. Setting I' :== Z ® Z7 and I/ := Z @ Z7', we see with a := ¢’ — a that oI’ C I''. We claim that

al’ =T, from which the result follows from Lemma 4.6. Indeed, for any m,n € Z, the condition that ad — bc = 1 shows that

(na — mce) T+ (nb — md)
a(cr+d) —c(ar +b)

(m+nt')/a= = (nb — md) + (na — me) T € Z @ Zr,

2This classification is similar to that of Riemannian manifolds. In fact, every Riemann surface admits a Riemannian metric of constant curvature,
either of 1, 0, or —1, which respectively correspond to the curvatures of C, C, and H when equipped with the appropriate metrics.

3This fact has an analogue for three-dimensional real manifolds (called 3-manifolds). Indeed, Thurston’s Geometrization Conjecture (proven by
Grigori Perelman in 2003, for which he was awarded the Fields Medal) states that all 3-manifolds can be decomposed into pieces, each having one of eight
different geometric structures, and the richest of the eight geometries turns out to be the hyperbolic 3-manifold.
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sol" =Z@®Zr" C a(Z®Zr) C aol'. For the forward direction, let ¢ : X; — X, be a biholomorphism. By Proposition 2.15, this
biholomorphism lifts to a unique biholomorphism ¢ : C — C fixing 0 and making the diagram

c—% ¢

ﬂl l”'

c/T <= /1

commute. We claim that & (z) = az for some a € C*.* Indeed, fix A € T and consider the map fy(z) = @ (2 + A) — & (2). Then, since
2+ A+T =2+T, we see that ¢ (2 + A +T') = ¢ (2 + I') and hence the commutativity of the diagram forces ¢ (z + A) + IV = ¢ (2) +I".
Thus fia(z) € IV for all z € C, so, since f) is a continuous map into a discrete set, it must be constant. Differentiating gives us
@) =¢(z+A)—¢ (2)=0,s0 @ (z+ ) = ¢ (2) for all z € C. But A € T' is arbitrary, so ¢’ is I-periodic. Thus ¢’ is a bounded
entire function and hence is constant by Liouville’s Theorem. This shows that ¢ (z) = az + 8 for some «, 8 € C with a # 0, but since
@ fixes 0, we have @ (z) = az, as desired. We now claim that al' =T

e Indeed, for all z € al’, we have z/a € " and so z/a+ ' = 0+ I'. Applying ¢ to both sides and comparing gives
04+ =¢p(0+D)=p(z/a+T) =¢(z/a) + " =2 +T,
so z € IV. The converse is similar.

Observe then that ¢ (1) = ar =b—dr’ and ¢ (1) = a = ¢7’ — a for some a, b, c,d € Z, so

b—dr’ b
= T and hence =2 + .
e’ —a cr+d
A computation now shows that o = — (ad — bc) / (¢ + d), so ad — bc # 0. Then, since

()= 9 6)

, ba + aat —-b —a
T == = o+ aT
ad — be ad — be ad — be

But 7/ € al', which forces ad — bc = £1. A little algebra now shows that

we solve for 7/ to obtain

d — b
Im7’ = aiz (ImT) >0,
ler + d|
so ad — bc = 1. Thus 7’ lies in the orbit of 7, as desired. Finally, the corollary follows from Lemma 4.7. |

4This is a classical result from complex analysis, which states that every automorphism on C is of the form z — az + 8 for some «, 8 € C with a # 0.
For a proof, see [Tan91, Lemma 2.8]. Since our automorphism ¢ is more specific, we present a simpler proof, which roughly follows [Shu05, Proposition
1.3.2].
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