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10. THE LIE ALGEBRA OF AN ALGEBRAIC GROUP

10.1. Derivations. Let R be a commutative ring, A an R-algebra and M an A-module.
A typical situation for us would be the case where R is an algebraically closed field, A the
ring of regular functions of an affine k-variety and M is either A itself, or A/M, where M
is a maximal ideal. Returning to the general case, define D, an M-valued R-derivation

of A, to be a function

D:A— M,

such that D is R-linear and
D(ab) =a-D(b)+b- D(a).

We have used the dot here to stress the module operation: a € A and D(b) € M and
a - D(b) denotes the action of an element of the ring A on an element of the module M.

The collection of all such derivations, Derg(A, M), is an A-module, where we define
(f D)a)=f Dla), fa€A

Example 10.1.1. Let k£ be an algebraically closed field, X an affine k-variety, Ox , the
local ring of  on X and view k as an Ox ,-module via f-a = f(x)a, for f € Ox,, o € k.

Then Dery(Ox ., k) are the k-linear functions

0 Ox,x — k,
such that 6(fg) = f-0(g) + g - 0(f). Using the definition of the module structure, these
are the functions 0 : Ox, — k such that

0(fg) = f(x)o(g) + g(x)o(f)-

10.2. The tangent space. There are many interpretations for the tangent space. We
bring here three such. Yet another one can be given using the notion of k[e] points (¢? = 0).

See Springer’s, or Hartshorne’s book.

10.2.1. An intrinsic algebraic definition. Let X be a variety. The tangent space at v € X,
TXJ, 1S

TX,z = (mm/mi)*a
namely, T, = Homy(m,/m2, k), where m, is the maximal ideal of the local ring Ox . and

m,/m2 is viewed as a k = Ox_,/m,-vector space.
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10.2.2. A naive non-intrinsic geometric definition. Assume that X is affine (else, pick a
Zariski open affine negihborhood of x), say X C A", defined by an ideal I, and let M be

the maximal ideal of k[X] comprising the functions vanishing at x. Then,
Ox .z = k[X]m,, m, = MOx.,
and so
Ox ./m, = k[X]/M, m,/m2 = M/M?.
As a result,
Ty = (M/M?)".

The point is that (M/M?)* affords a description which is closer to our geometric intuition.

Suppose that Ti,...,T, are the variables on A" and f is a function vanishing on X.
Develop f into a Taylor series at = (21, ..., x,); the leading term, which we denote df,,
is

)
(102, dof = Y @) (T, - ).

We define T%%" to be the affine-linear variety defined by all the equations (10.2.1) as f

ranges over [:
d.f=0, fel
We remark that if I = (f1,..., f,,) then it is enough to use d, f1,. .., d, fm to define T}}f‘;ve.

Thus, T)‘é‘j‘;ve with origin at z, is the solutions to the homogenous system of equations

(or)
air] 1<i<m,1<j<n .

I B R

We can in fact define d, f for any f € k[X], by the same formula (10.2.1), and view it
as a function on T%%', which is linear once we make © = (x1,...,,) the origin. In this
interpretation d, f, for f € I, is the zero function on TR.". Now, since k[X] = k + M and

d,f = 0if f is constant, we may view d, as a map
dy : M — (TH)".
Since d,(fg) = f(x)d.(g) + g(x)d.(f) we see that d, vanishes on M? and so we get a map

dy o M/M? — (T)*.
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One proves this map is an isomorphism (it’s not hard; see Springer, Humphries) and, thus,
dualizing, we have

TR = (M/M?)" = (m,/m3)",
showing that the naive non-intrinsic geometric definition agrees with the intrinsic algebraic

definition.

10.2.3. Via point derivations. We can also view T, or, rather, (m,/m2)* as point deriva-
tions at . Let d be a point derivation at x, 0 : Ox, — k. Then ¢ is determined by its

restriction to m, and d[,2 = 0. Thus, we get a map
om,/m2 — k,

which is k-linear. This is an element of (m,/m2)*. Conversely, a functional § € (m,/m2)*

defines a derivation ¢ by
o(f) =o(f = f(x) (mod m)).

10.3. Regular points. (Also called “non-singular”, or “simple”, points). Let X be an
equi-dimensional variety (that is, all the components of X have the same dimension). A

point z € X is called regular if

X itself is called regular if all its points are regular. A basic result is
Proposition 10.3.1. The set of regular points in X is a dense Zariski-open set.

Let ¢ : X — Y be a morphismz € X, y = ¢(z). There is an induced homomorphism of
local rings
¢ : Oyy = Oxg,
taking the maximal ideal m, into the maximal ideal m,. There is therefore a k-linear map
my/mz — m, /m3,
hence, by dualizing a k-linear map, which we denote dy,,
dpy : Tx z — Tyy.

There is another way to describe it. If § is a point derivation at = then dy(d) is the point
derivation at y defined by

dp(8)(f) = o(f o).
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The matching of these two definitions is an easy exercise. Other properties that follow

easily are
d() 0 @)y = diby(q) 0 dips, d(Ildx), = 1d.
From this follows formally that if ¢ is an isomorphism so is dp, for any x. The following

theorem is useful to know (although we do not use it in the sequel).

Theorem 10.3.2. Let ¢ : X — Y be a morphism. Then ¢ is an isomorphism if and only

if it is bijective and dy, is an isomorphism for all x € X.

Example 10.3.3. Consider the cuspidal curve Y : y* = 2® in A% The point (0,0) is
a singular point (that is, it is not regular) as M = (z,y,9* — 23) = (z,y), M? =
(22,99, vy, y* — %) = (2%, y?, wy) and M/M? is two dimensional.

The normalization of Y, X is the affine line A'. The map

X =Y, tes (t2,17),

is a bijection. It cannon be an isomorphism though, because 0 is a regular point of X.
And indeed, at the point 0 the map of tangent spaces can be calculated thus:

The point derivations of X at 0 are the derivations of the form f(t) — «a - (0f/0t)(0)
where o € k. Let D be the derivation corresponding to o« = 1 (a basis for the 1-dimensional
space of derivations). The point derivations of Y at (0,0) are the derivations f(x,y)
a-(0f/0x)(0,0)+ - (0f/0y)(0,0). The map dipy is the following

dipo(D)(f(z,y)) = D(f(z,y) o @) = D(f(t*,%)) =0,

as f(t*,¢°) — f(0,0) € (£*).
Let us also calculate it the other way. The map Oy, 0 — Oxp is f + f(t*,¢*), which

belongs to m§ if f € m(y ). Once again, the map is the zero map.
Proposition 10.3.4. Let X be an algebraic group. Then X 1is reqular.

Proof. Let xyp € X be a regular point. Let ;1 € X an other point. The morphism
X = X, xl—>x1xalx,
is an isomorphism taking xg to xq, hence inducing an isomorphism
Tx 29 = Tx g,

It follows that X is regular at x; as well. O
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10.4. Left invariant derivations. Let G be an algebraic group over k. Let A = k[G]

and consider Dery(A, A). If Dy, Dy are derivations then so is
[Dl,DQ] = Dl @) D2 - D2 e} D17

as a simple calculation shows. This makes Dery(A, A) into a Lie algebra. That means

that apart from the vector space structure, the bracket
[-,-] : Derg(A, A) x Dery(A, A) — Dery (A, A),
is a k-bilinear alternating pairing, such that the Jacobi identity holds:
(D1, [D2, D3]] 4 [D2, [Ds, D1]] + [Ds, [Dy, D] = 0.
Recall that G acts on A locally finitely by

Aef)(y) = flz™"y).
We define .Z(G), the left invariants derivations of G, as
Z(G)={D € Deri(A,A): Do\, =\, 0D,V € G}.
It is a Lie algebra under the bracket operation. Let

g= TG,e

be the tangent space to GG at the identity element e. We commonly think about it in terms

of point derivations. There is a map
Dery(A,A) =g, D= {f~—(Df)(e)}.

This restricts to a k-linear map
Z(G) = g.

In fact, a point of explanation is in order. The derivation D is defined on k[G] and to define
the point derivation we need to extend D to the local ring at e, Og . = k|G|, where M is

the maximal ideal corresponding to e. Firstly, if D can be extended to O . then it would

have to satisfy D(f) = D(g cg)=9g- D(g) + £ - D(g). That is, D({) = £2U=1Dlo) - Tpig

g g

shows that if D extends to Og . this extension is unique. Secondly, D(%) = w

actually defines the extension of D to Og . (one has to verify it’s well defined and is indeed

a derivation, but this is just a simple verification).
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Theorem 10.4.1. The map
Z(G) =g

is an isomorphism of k-vector spaces. In particular, dimy(Z(G)) = dim(G).

Let ¢ : G — G’ be a homomorphism of algebraic groups then the induced map,

dee 19— ¢,

is a homomorphism of Lie algebras (where g,g' are given the bracket operation via the
isomorphism to L (G), Z(G'"), respectively).

Remark 10.4.2. Although we do not need it in the proof, let’s see that the map .Z(G) — g

is injective. Suppose that the point derivation

[ (Df)(e)
is identically zero. Then, for every f € k[G], and every z € G,

0= [D(A:f)](e)
= [A(Df)l(e)
= (Df)(=").

Thus, Df =0 for all f € G and so D is the zero derivation.

Proof. Given a point derivation § at e and f € A, define the convolution of f with 4,

(f % 0)(x) := 0(Aa—r f).

Then, f — f %6 is a derivation:

((fg) % 0)(z) = 6(As1(fg))
= 0(Ap-1f - Apm19)
= 0(As=1f) - (Aem1g)(€) + 6(Ae=19) - (As1 ) (e)
= 0(Ae-1f) - g(@) + 6(As19) - f()
= (f*0)(x) - g(z) + (g% 6)(z) - f(z)
=((f*0) g+ (g9%9)- f)(z)
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It is left-invariant:

(f *0)(y'x)
O( A1y f)
0(Az-1Ayf)
((Ayf) * 0) ().

We claim that this is an inverse to the map Z(G) — g. Indeed, given D € Z(G), let ¢
be the derivation f +— (Df)(e). Then,

(f % 0)(x) = 0(Ag=1 f)

Ay (f +0))(x) =

Conversely, let f € k[G] and ¢ a point derivation at e. Then the derivation f +— (f x0)(e)
is just 0 as (f x0)(e) = d(Aef) = 0(f).

Now let ¢ : G — G’ be a homomorphism. The map

dpc: g — ¢
is the map
dpe(3)(f') :=0(¢"f) =0d(f'o9), [ €Oce.
Let f = p*f’. Let 01,02 € g (point derivations) and let 6] = dp.(d1), 05 = dp.(d2). Then,

on the one hand,

(07, 0] (f) = [xd1, %] (f)(€)

(f % 85) % 81)(€) = ((f"* 01) x B)(e")  (sict)
("% 0) = 05(f"+ 1)
(@™ (f"  85)) = Ga(@™(f"  61))-

(
5
&

On the other hand,

dpe([01,02])(f') = [61, 02} (9" ")
(((9"f") # 02) % 01)(e) — ((("f') * 01) * 62)(e)
= 01(("f) % 62) — 82((" f')  61).
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It is therefore enough to prove the following identity,

(0" f) 62 = @™ (f  dipe(02)).
We do that by calculating the values of these functions on G at every x € GG. On the one
hand,
(" f) * 02) (@) = B2(A; " f')

= 52(¢" (Ap(a)-1 /1))

= dpe(02)(Ap() -1 f')-
on the other hand,

" (f'* dpe(52))(x) = (f * dipe(d2)) (¢())
= dipe(02) Ap@)1 ).
O

10.5. Subgroups and Lie subalgebras. Let H be a closed subgroup of GG defined by an
ideal J. The natural inclusion
H— G,

induces a map on tangent spaces
TH7€ — TG,e-

The relations between local rings is Oy, = Og/J and my, = mg,/J. Thus

Theorem 10.5.1. The image of Ty — Tc . is the subspace of T consisting of deriva-
tions & such that 6(f) =0,Vf € J.

This simple observation is very useful in calculating Lie algebras, as we shall see below.

More theoretically, we have:

Theorem 10.5.2. Let g be the Lie algebra of G and § the Lie algebra of H. Then b is a
subalgebra of g and
h={deg:fxde JVfelJ}

Proof. Let 6 € h and f € J. For h € H we have
(f % 0)(h) = 6(Ap-1f) =0,

because A\,-1 f € J and J, being a derivation on (the localization of) k[G]/.J, vanishes on J.
Thus, f*x6 € J.
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Conversely, let § € g be a derivation such that f*d € J,Vf € J. Then, 0 = (f *0)(e) =
d(Ae=1f) = 6(f). Thus, § € b. O

10.6. Examples.

10.6.1. The additive group G,. Let the coordinate be ¢. The tangent space at zero is

k - %(O). Since the bracket operation is alternating, the bracket is trivial and this is the

full story. What is the invariant derivation corresponding to § := %(0). Let f be a
polynomial, z € G, and g the function g(t) = f(t + z), then
(f % 0)(x) = 6(A-f)
dg
= E(O)

=,
by the chain rule. That is, %0 is just the derivation f %. To check, in general, that a
derivation is invariant on A = k[G], it is enough to test it on algebra generators, because,
if D\,f = A\,Df and DA\,g = A\, Dg then, DX\,(fg) = DOof - Aag) = AafD(Nog) +
AegDAaf) = A fA(Dg) + AagAa(Df) = A D(fg), ete..

In the particular case at hand ¢ is a generator and

8/\_zt_8(t+x)_1_)\ ot
o ot ot

10.6.2. The multiplicative group G,,. Again the tangent space is one dimensional and so
the bracket is identically zero. We let ¢ be the point derivation at 1 given by §(f) = g—{(l).
For a fixed z, letting ¢(t) = f(«t), the invariant derivation corresponding to ¢ is
(f % 0)(x) = 0(Ag-1 f)
=d(g(t))
=%

af

=z —(x).

ot

We conclude that up to multiplication by a scalar every invariant derivation on G,, is the

derivation

of
fn—>t~E.
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We can again check. Call that derivation D. As an algebra k[G,,] is generated by t!. We

have

t
A1 Dt = A1t = xt, D(Axflt) =t- 8(t:v) = xt,

and
Aot DUV = Npma(t - (—172)) = —1/(wt)
Dgit Y =t D(1/(xt)) =t - (—a/(xt)?) = —1/(xt).

10.6.3. The general linear group GL,. A basis of the point derivations at e are the deriva-

tions

f—

&U“)

(The inclusion GL,, < A" identifies the tangent spaces.) Let us calculate the correspond-
ing invariant derivation. Let § = %{j(l). Consider the function f((¢;;)) = tge, where k,¢
are some fixed indices. Then, the function g((te)) = A(z,,)-1f((ta)) is simply the function
(tap) — >, Tirtre and

(f ¥ 0)((xan)) = 6(g((tan)))

_ O, wrrtre)
“ oy

= 0j¢ * Tki

(here ;4 is, unfortunately, the Kronecker delta symbol). Consider the derivations
of
Di = tm; —_—.
! Z Otas

Since f — Of /0ty is a derivation, and the derivations are a module over the coordinate
ring, these are indeed derivations. The value of D;; on the function f((¢;;)) = tke is 0 - ths-
Since any derivation is determined by its values on the functions ¢, it follows that D must
be the derivation %0 and, in particular, left invariant.

If we write an element of Tqy,, 1 as (m;;), corresponding to the derivation ) mij%(l)
and so to the left-invariant derivation ), M D;; we can calculate the Lie bracket. It will

be determined uniquely by taking the elementary matrices Ejy, £;;, corresponding to Dy,
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and D;;. One calculates (it is enough to check on the basic functions we used before) that
(D, Dij| = 606 Dij — du D,

which is the derivation associated with [Ey,, E;;]. Thus, we conclude that gl,, is canonically

identified with the k-vector space of all n x n matrices with Lie bracket

[X,Y]=XY - YX.

10.6.4. Subgroups of GL,,. Let H be a subgroup of GL,, defined by the vanishing of the
ideal J, where we view GL,, C A", T hen, the tangent space of GL,, is A"2, identified as a
Lie algebra with M, (k) with the bracket XY — Y X (see above), and the tangent space of
H is defined as the subspace of M, (k) determined by the vanishing of the linear equations

af

dfe - 5%‘

ij

(Id,), fed

We note that if we develop such f as f(Id, + (ti;)) = >t 91.(0,) 4 h.o.t. then b is

iJ Bt

defined by the equations » ;. ¢ aatf (0,,), that is, by the equations

o)
Zt"jan (mod (Lijtwe)ijne)-
i i

Consider for example H = SL,,. Then H is defined by the equation f(Id, + (t;;)) — 1 =
det(Id, + (t;;)) — 1 = 0. Modulo squares of variables this is the equation

Ztii =0,
and we conclude that
sl, ={M € M,(k) : Tr(M) = 0}.

Consider the case of a bilinear form represented by a symmetric matrix B = (b;;) (so that

(x,y) = 'wrBy. The orthogonal group associated to it is
Op = {M € GL, : '"MBM = B}.
Write M = 1d,, + (¢;;) then, modulo squares, we have
(Idy, +"(ti3)) B(Idn + (tij) — B = B +'(t;j) B + B(ty;) + (i) B(ty;) — B
= '(t;;) B + B(t).
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That is, the Lie algebra are the “B-skew-symmetric matrices”,
op={M € M,(k):"MB = —BM}.

Now Tr(M) = Tr(BMB™') = Tr(—*MBB™') = —Tr(M*) = —Tr(M) and so Tr(M) = 0.
It follows that
S0p = 0p.

This of course can be proven with no calculation. SOp is of index 2 in Op and is equal in
fact to the identity component of Op, hence they have the same Lie algebra.

In particular, for B = Id,, (corresponding to the quadratic form ¢(z) = 3 2?), we have

0, =50, = {M € M, (k) : "M = —M}.

10.6.5. A useful observation. One consequence of the fact that an algebraic group G oveer

k is non-singular and that
dimy Z(G) = dimy, g = dim G,

is that we can calculate the dimension of G by calculating the dimension of its Lie algebra.
Thus, we easily find that dim(GL,) = n? and dim SL,, = n? — 1, which we knew of course,
but also that dim Op = dim SOp = in(n —1).

10.6.6. Products. Let G1, G5 be algebraic groups. Then
g(Gl X GQ) = D%(Gl) D g(Gg)
We leave that as an exercise.

10.6.7. Tori. Let T be a torus. There is a canonical isomorphism
ZL(T) =k ®z X.(T).
Further, the bracket operation is trivial. We leave that as an exercise.

10.7. The adjoint representation. Let A = k[G]. We are going to define two actions
of G on g that will be shown to be equal. First, we note the action of G on .Z(G),

D p,oDop,",

where z € G and (p.f)(y) = f(yz). It is easy to check this is an action, using the
AyPz = Pa)y.
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This induces an action on g via the isomorphism g — Z(G); the action of z takes a

derivation 0 to a derivation p such that

¥l = pyoxdop L.

On the other hand, consider the action of G' on T¢; . coming from conjugation. Let Int(z)

be the automorphism of G given by
Int(z)(y) = vy
We denote its differential at the identity by Ad(x). Thus,
Ad(z) = d Int(x),.
Note that, by definition,
Ad(z)(0)(f) = 6(f e Int(x)) = 6(Ag-1pa-1f).

We claim that ¢ = Ad(z)(d). We may pass to g Then u(f)(e) = [p((p;1f) * 0)](e),
which is equal to [(p;f) * 8](z) = §(N\p-1pp—1 f) = Ad(x)(0)(f). Thus, we have proven the

following lemma.
Lemma 10.7.1. Ad(z)(0) = proxd o p, L.

Let us consider now the case G = GL,. The map Int(x) is in fact a linear map on A"

and, as is well-known, the differential of a linear map is equal to the map. Thus:

Lemma 10.7.2. Let ¢ € gl,, = M, (k) then
Ad(z) () = zdx~!

Corollary 10.7.3. The adjoint representation Ad : GL,, — GL(gl,,) = GL,2 is an alge-

braic representation.

For a general algebraic group we cannot multiply elements of the group with elements
of the Lie algebra, so there is no intrinsic formula like in the lemma. Yet, every algebraic

group is isomorphic to a closed subgroup of GL,, and for those we have the following lemma.

Lemma 10.7.4. Let H be a closed subgroup of GL,, and view b as a Lie subalgebra of gl,,.
Let h € H then Ad(h)(6) = hoh™!.
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Proof. This is just the statement that the differential of conjugation by h on H is the
restriction of the differential of conjugation by h on GL,. This is clear for example from

the interpretation of the tangent space usingthe m/m? description. 0

Corollary 10.7.5. Let H be an algebraic group. The adjoint representation Ad : H — GL(h) =

GL,, is an algebraic representation (n = dim(H)).

This corollary is very important as it gives us a way to associate a canonical represen-

tation to an algebraic group.

10.7.1. ad - The differential of Ad. We have constructed a linear representation
Ad : G — GL(g) = GL4(k),

where d = dim(G). Note though that Ad(z) has the additional property that it respects
the Lie bracket on g. At any rate, we have an induced map of Lie algebras - the differential

of Ad at the identity:
ad : g — gl(g).
The calculation for GL, is given by the following theorem.
Proposition 10.7.6. The homomorphism of Lie algebras
ad : gl, — gl(gl,) = Mz,
s given by

a(X)(Y)=[X,Y] = XY - YX.

The proof is a calculation that can either be done directly, or by more sophisticated
arguments. In any case we omit it. It can be found in Springer’s or Humphreys books.

By embedding an algebraic group G into GL,, we conclude:

Corollary 10.7.7. Let G be an algebraic group. The homomorphism

ad g — gl(g)
s given by

X)(YV)=[X,Y]=XoY -YoX.



