Lecture 10 Notes on Finite Element Methods

Lecture 10
More on real interpolation spaces

81 Technical facts

Let f € Xy. Suppose that |-|x, is a semi-norm on Xy, i.e. ||-|lx, = || llx, +| |x;-
Recall the K-functional definition (9.1) which we write as K’. We re-define K by
K(f,t) = inf (I} = gllx, +tlglx.)- (10.1)

Clearly, K(f,t) < K'(f,t). For t < a,
t||g||X1 = tHgHXo + t|g|X1 < CLHf - g”Xo + aHfHXo + t|g|X1v
which makes K'(f,t) < (1 4+ a)K(f,t) + al|f||x,. It therefore follows that
(Xo, [ - l[xr) = (Xo, [ 1x) = (Xo, || - [[r),

where the K’-norm is induced by (9.1)) (justified in Lemma whereas the
X-norm is given by | - || x, + ®o4(f)-

Remark. It suffices to know K (f,277) for nonnegative integers j.
We have the following technical facts:
e For g = o0,

sup t VK (f,t) <sup2UtVK(f,277) <2 sup 2P K(f,277)  (10.2)

0<t<1 jeN jEN

e For g < oo,

1
dt . , . . .
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JEN jEN
(10.3)
This motivates the following definition. Write [ = 1(2796;) ;1le,,

fe[Xo. Xilog = (K (f, 273'))]' €ly <= (2°K(f,27)), €y (10.4)

J
o [Xo, Xilo.gn — [Xo, Xilog if 1 < @o.

o [Xo, Xiloyq — [Xo,Xiloyg if 01 > 6. Notice that there is no specified
relation on the ¢;’s. This is called lexicographical ordering. In particular,
write 2792 K (f,277) = 279(01=92)2i0 [{(f 277). For q; = oo and ¢y = 1,

Y 2"K(f,27) < [sup MK (f, 2j>} Y 2,

jeN jeN jeN
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which implies

1@ K(f,279)) lo < Ol 2K (£.279) e (10.5)

82 Examples

Recall the following definition(s):

w(f,h)= sup |f(x)— f(y)|, (Modulus of continuity). (10.6)
lz—y|<h
| flLip = supw(f, h) =sup M (10.7)
h>0 .,y |z =y
| flLipa = sup wff) (10.8)
t>0 t¢
Iflluipa = [l fllse + |flLipa- (10.9)

Example 8. Let Xy = C(T) and X; = C%(T) = Lipl. We define the Steklov

average for a function f by

Falz) = %/0 F+ s)ds. (10.10)

We have .
@)= 5l < 7 [ 1@+ ) = )l ds <wlg.h).

Clearly, | fu(x)| < § [ 1f] < | flloc- For 0< 6 < h

é
) = oo+ 8] < 3 [ 1#@+ ) = flo+ s+ bl ds < Flhh)

For 6 > h,

z+h
@ -ler ol < 5 [ 1Sl dr < g (§ 4 1) wlih) < Futhn)

Using those estimates,

KU <1 = Fillo + fillun < w(7.8) + £500(5,0) = 36(£,1).

Using the fact that w satisfies the triangle inequality and that w(f,t) < 2||f]~,
we have for any ¢ € Lipl,

W(f, t) < w(f - gvt) +w(gvt> < 2Hf - gHOO +t|g|Lip17
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which makes w(f,t) < 2K(f,t). Moreover, if f € [C,Lipl]y ,
— K(f,t)<Ct! = w(f,t)<Ct’ = fcLipb,

so we may conclude that [C, Lipl]g ., = Lip6. o
For the next example, define BS, (T) by

o, = ([ 0wt t>1q%)l/q, (10.11)

so we see that [C, Lipl]y, = BE, ,(T); set BS . = Lip o

T T+ h
ol | .
] | |l
I+5 $+5+h
T z+h
L 1
| ) 1
z+46

Example 9. Let Xy = C(T) and X; = C'(T). Define

=1 [ rwa= 1 [7 swa- e,

and
@) =3 e+ ) — 1@ = @] < D2 <o e 8D gupn,
We have K (f,t) < ||f — filloo +t| ft|c1- Moreover, for all g € C*, %Z(y) =d'(&)

for some ¢ which makes w(g,h) < h||¢’||« and in turn
w(ft) Sw(f —g,t) +wlg, 1) < 2/f = glleo + tlgler-
It therefore follows w(f,t) < 2K (f,t). Finally,
feC,CYyo = K(f,t) <Ct" <= w(f,t) <Ct’ < fcLipb,
The real interpolation space [C, C']g o = Lip# and in general [C,C']y, = BY, .

<
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