Lecture 6 Notes on Finite Element Methods

Lecture 6
Integration error for Lagrange finite elements

81 Bramble-Hilbert lemma

We will first prove the Sobolev lemma.

Theorem 6.1 (Sobolev lemma). Let Q) be a finite union of star-shaped domains.
Then W™P(Q) < C() if m > 2, m =1 is allowed if p = 1.

Proof. Let u € W™P(Q). Then there exists a sequence {u;} C C*(2) such that

up — w in WP,

[t = tklloo < (@t — ur)lloo + [ Bm (uj — ) ||
< Clluj — ugl|zr + Cluj — ug|wms — 0 as k, j — oo.

It therefore follows that {u;} is Cauchy in L> and there exists w € C(Q) such
that vy, — w in L*; but u; — w in L' so u = w almost everywhere. O

We claim that 0°Q,,u = Qm—| g@ﬂu. To see this look at derivatives of

T u(r) = Z (x;) “u(y).

|a|<m
We have 02 (x — y)* = (a%'ﬁ),(x —y) b,
T u(x) = Z uaa boPu(y) = Z M@”@Bu(y)
v (a—B)! N |
laf<m, a>p Iyl<m—|B]

We now prove Young’s inequality using duality.

wev) = [ [ e = ypot)ote) dyds
// y — x)p(x)v(y) dedy

(u*@,v),
provided that (| * ¢, |v|) < co. Note that & = u(—=z).
(lax el o) < lax @l < [lullellolLallv] e,

which makes | (u % v,0) | < [Jull,[llqllo]l- By duality

*
lu* v||1r < sup {uxv, )

< flullzeflvllzr- (6.1)
peLs |lpllLe

25



Lecture 6 Notes on Finite Element Methods

Remark. Young’s inequality says for 1 + 1 = é + %, lw v, <|lullpllv]lq

Theorem 6.2 (Bramble-Hilbert lemma). Let u € W™P(Q) with 0 < k < m.
Then

veiIP’nf_l Hu — UHWk,p(Q) S Clh‘mik‘uywm,p(g). (62)

Proof. Let u € C*(£2). Estimate (5.11]) gives
[ Bl o < Cll o pll o [ulwme < CH™ [ulwms,

and
O’ Ryu = 0°(u — Qpu) = 0°u — Qm_waﬁu = Rm_‘m@ﬂu.

We conclude for smooth

| Rintt|yyre < max | Ry 0P| o < CR™*|ulyymos.

Let now {u} C C*(2) be a sequence with u, — u in W™?. By Lemma [5.3]
1Q@mt; — Qumty |[wer < Clluy — [0 — 0,
so define Qpu = lim;_,o Qmu;,
lu— Qmulwer < [u—ujlwrs +[u; — Quulip + [Qmuy — Qmulwrr.

By assumption, |u — u;|kp, |@mu; — Qmulr, — 0 and by the above argument for
smooth functions,

= Quttlyris < C'WFly s + 0(1) < CH™Hulyyms + o(1),

as j — 00. ]

§2 Interpolation error for the Lagrange finite element
Let P;_; be the shape function space defined on a finite element domain 7, 7
being an n-simplex.

The standard simplex in R" is given

n—1
g:{xGRn_IIZ[Ei:LZL‘iZO}. (63)

i=1

where its vertices are (conveniently) taken to be spanned by {0,eq,...,e,}, €;
being the standard unit vector in R™. The dimension of Py, = #{5 N Z"}.
There exists an affine bijection A : 0 — 7. Take
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A

N

N={.:2€ AEnZ")},

evidently, #N = dimP; ;. Let V, denote A(g N Z"), the set of points which
characterizes the shape functions; these determine the degrees of freedom. Re-
calling Definition [£.4] we have an equivalent definition for the local interpolation

for a function wu,
Iu= Z u(z)os,

zeVr
defined for u € W™P with m > n/p. We wish to determine an estimate on
lu = Lrullwras(ry:

Ju = Loullep < [Ju— Qaullry + [ Qau — Lrullkp.

Noting that ||u — Qqu||r, < Ch®*|u|s, by the Bamble-Hilbert lemma, we now
study the behaviour of the second term. We first estimate || I ||y (r):

Mrolley < (Z H@Hk,p) ol
ZGVT

Take h = diam7, and consider a function 5 whose domain 7 is modified so
that the modification is of size 1; i.e. ¢.(x) = ¢(x/h). From this, we conclude
that D¥¢, ~ h™ which makes [ |D*¢.[P ~ h"~* hence ||¢. |, < Ch"/P7F. It
therefore follows that

1-0llp < O |[v]loo, v € W™P(7).
Noting that I,Q4u = Qqu, we conclude that
1Qare = Lyl = 11 (1 = Quw)llipy < CR™ 7 u = Quul|oc.

x3
T +xetay3=1
Ttz =1
2
x1

T

Figure 3: An example of a standard simplex in two and three dimensions.
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We wish to bound the the term ||u — Q4ul|~, present in the last expression, we
recall that || Rmtt]lco < CR™ 7 |tfmp, 0 < k < d < m with d corresponding to the
order of the finite element space and m > n/p is chosen so as to ensure u € C.
Here, we do not wish to restrict ourself to finite element spaces of dimensions
satisfying such restrictions as d > n/p so as to ensure necessary regularity. For
this, we consider the following argument.

lu— Quullso < [lu = Qutlloc + |Qutt — Quullow < CH™ 7|

m,p + HQmu - QduHooa

but
0“u(y N
Quute) = Quuta) = Y [ Do) ay,
B (6735
d<|al<m

therefore

m—1 m—1 .

Qmu = Qattlloo < C Y Wluljpllllne < C Y 1" " [ulj.

j=d j=d

We have

lu— Lllyrogy < C W55 [ul,
j=d
=C (W Mulap + -+ " ulmyp) < ChF||ullwmnr).

Remark. The previous implies that the accuracy/rate of convergence depends
on the order of polynomial used.

Since
o= Ipullfnigy = D Il = Ll (6.4)
TEP
we conclude
. f o ) < Chdik m, 65
UEIS%(P) |u — vllwep@) < [ullwmr ), (6.5)

where h = max,cpdiam .
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