Lecture 5 Notes on Finite Element Methods

Lecture 5
Polynomial approximation in Sobolev spaces

81 Piecewise polynomial spaces

We define the spaces of piecewise polynomials with respect to a partition P

S™(P)={ueC"(Q):ul, € S(1)}. (5.1)
where S(7) = P,,_1 or S(7) = Py, X --- X P,,,_1. Here, r denotes the overall
regularity of the basis elements. For example:

e r = —1 corresponds to no condition on regularity; discontinuous piecewise
polynomials.

e 7 = 0 corresponds to the ¥ Lagrange finite elements.
e 7 =1 corresponds to € finite elements.
e r =m — 2 corresponds to splines.

Generally, for (PG) approximations,

Ju=uelss) < C _inf  fju=vllwesor (5.2)

We start with only one element.

§2 Polynomial approximation in Sobolev spaces

Let Q@ C R" be a (bounded) domain such a triangle, square or tetraherdron.
We recall the multi-index notation: Let o € Ny, o = (g, ..., ). We have the
following;:

o 0% = 01052 - 00" u, e lal=a;+as+ -+ ay,
o r% =g ool =olan! -l

Recall the Sobolev norm:

[ullwr ) = max 10%ul| e (),
and the semi-norm:

[ulwrri) = max [[0%u| Lr(a),

laf=
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where
WEP(Q) = {u € LP(Q) : [lullwro@) < oo} (1 <p< o).

Remark. We may adopt the short hand notation || - ||, and | - |-
We have an important density theorem.

Theorem 5.1 (Meyers-Serrin). The set {u € C* : |ju|lx, < oo} is dense in
Whe(Q).

Recall the Taylor theorem for a function f € C™|0, 1],

f(t) = mz %tk + /Ot f(m—)(s)(t —s)" !ds.

k! (m —1)!

In the multi-dimensional setting, for z,y € R", define f(s) = u(y + s(x —y)) and
obtain
fi(s) = (@1 —y1)0i + -+ + (20 — Yn)OuJuly + s(z — y)).

Successively,
k!
ROEDY @ —y) 0 uly + s(z —y)),

|a|=k
evaluated at s = 1 we obtain the expression
we)= 3 P00yt [150 Py sy oty st ) s
0 al '

al
laj<m |a|=m

(5.3)

We denote the first term in the expression above by T)"u € P,,—1 and write

E= Y ey /0 1z + s(y — ) ds. (5.4)

|a)|=m
Remark. Note that we replaced 1 — s by s.

This was all under the assumption that u € C™(£2), however, such smoothness
cannot always be assumed in Sobolev spaces. We consider the averaged Taylor
polynomial: Let B = B(0, p), let ¢ € C°(By) be positive with [ ¢y = 1. Write
(z) = p"do(z/p) so that ¢ € C°(B) and that [ ¢ =1 as well. Now define

Qw@ﬂzéﬁ%@W@My (5.5)

That is, to approximate u(x), we construct a Taylor polynomial, based at y and
averaged over y € B. We have
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Quuta) = 3 o [ outw (e = o) dy

|a]<m

= D dap [ uly)y*Poy) dy

| Bl<m By
= 3 (—1)elag et / u()0” (4" (y)) dy.
lal,|8l<m By

Let a5 = 0% (y* o (y)).

Definition 5.2. (2 is called star-shaped with respect to B if for all x belonging
to Q, there exists a point y € B such that the straight segment [z,y] C €.

We have the following lemma:

Lemma 5.3. Suppose now that €2 is star-shaped with respect to B. Then the
polynomial Q,u € P, _1 with degree less than or equal to m — 1 and

1@mullwrry < Cllullzis).- (5.6)

In other words, Q,, : L*(B) — W*?(Q) is bounded.

Proof. Notice that |Qu|lwmr, = 0 and

IQmullwroy SC Y 2 lwwtaieyllull s 1 asl Lem)-

lal,|Bl<m

Now we direct our focus to the error term u — @, u.

Rta) = u(0)=Qule) = [ [ 30 Zlw—p)sm 0% ula-+sy=a))oty) dsdy.

|a)|=m
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take z =z + s(y — x), L — y — x which makes dz = s" dy and

A—{(z,s)—0<s§1: P
s

< p} : (5.7)

Here, (z —y)® = s71*l(2 — 2)®, so we have

where we wrote

1
K(z,z) = /0 14(2,5)s " 1o (x + 2 ; I) ds.

For (z,s) € A, = x' < |z| 4+ p implies s > I chl = t, which makes

o T — a2+ e\
|K<z,x>|é(/ s lds) léllim = ——lellime < Cp (|| p) 7
t

|2 — x|

since ||p||p~ < ep™". We have
[\ n
K (z,2)] < C(n,¢) ( 1+ " |z — x|,
and Iip‘ < @ = =, where 7 is referred to as Chunkiness paramater. We have

[Rnu(z)| < C(m,n,7) [ o = 2[""gm(2) dz, (5.8)
Cy
where gn,(2) = maxq|—m [0*u(2)|. Define now
In (%) = Lggjeny|z|™ ™", h = diam €, (5.9)

where |z|™™ is said to be the Riesz potential. We claim that

|Rpu(x)] < C(Lpp * gm)(x), (5.10)
Indeed, from (5.8))

|Ru(x)| < C’/ |z — 2| " L {jpmz<n}gm(2) d2

T

<C Lyn(x — 2)gm(2) dz,

Rn
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where g, is extended by 0 outside of 2. Recall now by Holder that ||u * v||s <

lllpllvllg:
[Bmt]| oo < Clllmpllzallgmllze < Clllmpllzelwlwme@),

but since || Ly p]|e < ™" for m > n,

h
/ 2|7 dx < / pam=m =l g < opatm-mn,
0

lz|<h
if we require that ¢(m —n) +n > —1or ,m > n(l — é) =2,
e < CRTP, (5.11)
we may conclude that
Rtz < CR™ ™ Plulypmn), m > —, (5.12)

p

and if p = 1, then all the above holds even for m = n.
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