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81 Applications to the Poisson problem

In this section we will apply some of the previous analysis regarding bilinear forms
to the Poisson problem. But first, note the following. Recall the definition of «
in (1.5). If A is invertible, A being the linear operator characterized by a(-,-),

. 1 (Az, )\ _ . o [[Az]ly~
a = inf sup = inf ————
2eX \ ||zl yev [yl zeX ||

Y

so by a “change of variables”, said definition is equivalent to

||y

a = inf
y*EY* A—ly*

> 0, (2.1)

X
which implies that o' = ||A7]|. Similarly, 37! = [|[(A*)7!||.
Example 2 (Dirichlet). Let X =Y = H}(Q2) with @ C R" is bounded. Define

a(u,v) = /QVu -V + K/QUU. (2.2)

Let f € L*(Q). Then Au = f corresponds to

(2.3)
u=0 on 0.

{—Au—l—/@u—f in Q2
Indeed, recalling the definition A : Hg(Q) — Hj(Q), we have () : a(u,v) = (f,v)
for all u,v € H}(). Let v € C}(Q) and assume that u € C?*(2) N C*(Q). We
have

a(u,v)—/Vu-Vern/uv——/’UAquH/UU_/fU Vv € C (),
Q Q Q Q Q

by partial integration on fQ Vu-Vu (i.e. Green’s first identity) and noting that
v is compactly supported in . This is extended to v € HJ(Q) via a density
argument which makes the statement (k) equivalent to —Au + ku = f on .
Moreover, v € H} () and by assumption u € C*(£2), we conclude that u|0Q = 0.
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We wish to verify when a(-,-) is coercive. If kK > 0,
a(u,u) > [[Vul[z2 + sllulz2 > min{1, s}|u|F

If Kk < 0, we have for u € H}(Q) the Friedrich inequality ||u||zz < Cr||Vul|z2
which makes, for any given € > 0,

1—
afu, ) > e[Vl + (1 — [Vl + wllullZ > | VulZa + < = ) 2.

It follows that a(-,-) is coercive if |k| < Cz%. Moreover, A is invertible if & is not
an eigenvalue of the Laplacian. We conclude this example by mentioning that
the solution u is smooth in 2. Moreover, if 0 is sufficiently smooth, then u is
smooth up to the boundary. o

Example 3 (Neumann). Let X =Y = H'(Q) and let a(-, ) be as above. Au = f

corresponds to
{—Au +ru=f in{} (2.4)

%:O on 0.

To see this, we first assume that Q2 € C*, v € C*(Q) and v € C1(Q). By similar
reasoning in the previous example we may write

—/QvAu%—/mv&,u%—m/qu:/va Yo € C1(Q). (2.5)

Noting that C*(€2) > C}(Q), the integral [,, vanishes and we obtain the PDE
—Au+ku = f in Q when v is extended to H'(€2). Finally, for any v € C*(Q) we
have fm v0,u = 0 which makes d,u = 0 on 0f2.

The bilinear form a(-,-) is coercive if k > 0. If 9Q € C', then the spectrum is
discrete. o

Remark. If X =Y = H'(T") where T" = R"/(27Z)", then we have the same

set up s the Neumann problem.

82 Petrov-Galerkin methods

Let X,Y be Banach spaces, let a : X x Y — R be a bounded bilinear form and
let A: X — Y™* be an invertible bounded linear map defined by (Az,y) = a(x,y)
forallz € X and ally € Y. Let b € Y* and let 2y € X be such that Azg =b. We
formulate the Petrov-Galerkin method (PG) in which we seek an approximation
to zo from a given subspace of X. Take X CXandY CY to be closed linear
subspaces and suppose that z € X satisfies

a(@,y) =bly) Vyev. (2.6)

6
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From the assumption Az = b we have a(xg,y) = b(y) for all y € Y which makes
a(xg — z,y) = 0 for all y € Y. Intuitively speaking, if X =Y, ¥ serves as “best
approximation” of zy in X.

Suppose now that the inf-sup condition holds in the subspaces. Then

a = inf sup alz, ) > 0.

2eX ey lzllyl

Then for all 7 € X,

[0 = || < l[zo — 2| + [z = |

v Yl
= ||lzo — x| + @ 'sup a(r = o,9)
vev Yl

< (L +a Ylall)llwo — =],
where the second inequality holds because for any x € X

W@ =Ty ) <t sup B DY)

a < sup —
z — 7| ||yl vev< ||yl

yey*

Y

whereas the equality holds because

~

CL(I _'rmy) - CL(Z‘ — Zo + Zo _/x\ay) - CL(I' - ,ZU(),y).
We have the following lemma:

Lemma 2.1 (Cea’s lemma). Under the hypotheses made above,

lzo =} < (1 + &lla]]) in lzo — x]. (2.7)
S

2.1 Operator point of view

Let V' be a linear space, V C V be a linear subspace. Let Jy : V — V denote an
extension operator. We have

S b
S VL

\\\bO JY 7
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Notice that the composition bo Jy : }A/A—> R agrees with b on Y and is equal to
Jyb. Now let Jy : Y — Y™ and define A : X — Y™ by

(%Ala:,y) =a(z,y) Vre X, Wevy. (2.8)
From
X A Y
JIx Jy
L

we see that A = J§ AJy and the statement AZ = J3b is equivalent to (2.0) i.c.
the Petrov-Galerkin method; have 7 = A~'J; Axg as the solution obtained by
(PG). Moreover, if z € X,

Az = JiAJxx = Jp Az < z= A"\ J: Ax.

The last relation together with the previous expression of 7 in terms of g, we
have for any x € X

lwo = 2l = llwo — 2+ A7y Az = 2| < [lwg — 2| + | A7 Ty Az[|lz — o],

which again implies the conclusion of Cea’s lemma;

lwo — 21 < (1 + JAZHIIIAI inf [z — ]l (2.9)

2.2 Application to Hilbert spaces

Suppose that X = span{¢; };c; and Y = span{uy ke with |J|, |K| < oo, we
may write u € X andv € Y as u = Zjej u;p; and v = Y, - Ukt SO that

a(u,v) = Zujvka(gbj,wk) and b(v) = Z veb(Yr).

keK

In particular, the (PG) method suggests approximate solution u € X satisfying

a(u,v) = b(v) for all v € Y can now be viewed as a seeking solution u whose
coefficients satisfy Z]EJ uja(p;, i) = b(yy) for all k € K. Therefore, by defining

Ay =a(g;, ) and b, =b(ypy) for jeJ, keEK, (2.10)
the Petrov-Galerkin method is equivalent to solving the linear system A% = b.

Remark. In by, we typically have fﬂ fur. In practice, this integral is usually
computed by means of Gaussian quadratures.
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Example 4. Consider —u” + u = f on the torus T = (0, 27). We have
2w
a(u,v) = / u'v' + uv,
0

with X =Y = span{1,sinxz,cosz, ...,sin Nz, cos Nz}. Due to orthogonality, the
stiffness matrix A is diagonal therefore (PG) solution @ is given by

B 1 27
Uk:m/o Sk,

which is essentially the Nth truncation of the Fourier series of the true solution
u.



