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Abstract

In this report, we will give a brief sketch of Witten’s proof of the Positive
Energy Theorem by following [PT82] and [Wit81) section 3].

1 Introduction

In order to state the Positive Energy Theorem, we need to set up the follows, given
a 4-manifold N with a Lorentzian metric g of signature (-, +,+,+) and a symmetric

energy-momentum tensor field T, satisfying the Einstein field equation:
1
Rab_égaszgnGTab (1.1)

where G is the gravitational constant, and R, is the Ricci tensor and R is the scalar

curvature. Also equivalently we have the following,
1
Rab=87IG(Tab—5gabT) 1.2)

where T is the trace of T,,.

Also there is a complete oriented spacelike hypersurface M < N of dimension 3 sat-
isfying the following conditions, M is asymptotically flat, i.e., there is a compact set
K < M such that M —K is a finite disjoint union of subsets Mj,..., M ¢ M which are
called the "ends" of M. And each M; is diffeomorphic to the complement of a con-
tractible compact subset in R3, and the metric of M; under these diffeomorphism are
of the form:

8ij= (51'] + aij)dxidxj



with respect to the standard coordinates {xi, x,x3} on R®, and let r = \/x? + x5 + x2.
where the symmetric tensor a;; satisfies

1 1 1
aij= O(;), Oraij= O(ﬁ) and 0;0;= O(ﬁ)

Also we need to impose some conditions on the asymptotic behaviour of the second

fundamental form h;; of M in N,
1 1
hij = O(ﬁ)’ Orhij= O(ﬁ)

Also to get the positive energy theorem, we need to impose the so called dominant
energy condition on the energy-momentum tensor T,;,, which can be stated as:
for each timelike v,, we have that T*v,v;, = 0 and T%’v, is non-spacelike. An equiv-

alent statement can be written as follows: for any orthonormal basis, we have that
T > |T%|, Vva,b

Hence
T% > (~Ty; T0i)§

where i runs from 1 to 3 and a, b run from 0 to 3.

Also the total energy and the total momentum can be defined as [PT82, 1.1]:

= lim —— o — Qi i
1= I g ), O8O0 s
1 .
P = lim — hir—06irh;ij)dQ! 1.4
Ik R1—I>I<>lo 871G \[SRJ( ik ik ]]) ( )

where Sp; are spheres of radius R in M; cR3.

Remark. Note, we need 0xg;j = O(%), hij = O(%) to make the above integral converge,
and this is exactly part of the requirements in the definition of asymptotically flat

space.

Theorem 1.1 (Positive Energy Theorem). Under the above setting, and the above
notation, one have
E;—1P;|=0

where |P| = ,/P;;Pj;0;j, on each end M;, if E; =0, for some end M; then M has only one

2



end and the Ricci tensor of N along M vanishes.

Remark. The total mass of an end M; is

my =/ E; — Pj1Pj5ij

Therefore the theorem above means that m; >0 for any /.

2 Spinors and Dirac Operators

To present Witten’s proof of theorem we shall recall some basic definitions and
properties of spinors and Dirac operators in this section. For detail discussion on
spin structure and Dirac operators, please refer to [JJ08, section 2.6, 4.3].

First we need to introduce the concept of Clifford algebra,

Definition 2.1 (Clifford Algebra). Let V is a n-dimensional R-space, and let g be
a quadratic form on V. And let T(V) be the tensor algebra generated by V, and let
I(V) be the two-sided algebra generated by elements of the form

vev+q(v)

Then the Clifford algebra over V is defined to be T(V)/I1(V) and we shall denote as
CL(V).

Remark. The multiplication rule in CI(V) is given by
vxw+wxv=-2qv,w), VoyvweV

Remark. Note in this paper, we may take g to be the Minkowski metric on R>! and
the Riemannian metric on 3-dimensional spaces. Note that in the case when g is
the Minkowski metric, the spin group Spin(3,1) is exactly the group SL(2,C).

Then let V be a 2-dimensional vector space over C, then naturally SL(2,C) acts on
V. Note V has a invariant symplectic w which can be viewed as an isomorphism
V — V*. And R%! can be viewed as a subspace of V ® V by the isomorphism

Xo+X] Xo+ixs
X = (=X, X1, X2, X3) — Ay :=

XZ—iJC3 Xo — X1



Note that

_ 2 2 2 2

which is the Minkowski norm of x.
Then the Dirac spinor space can be viewed as S = V& V*, where R>! acts on S as
follows

x*(&,n) = (xn,x%¢)
where (,n)eS=VeV* and x”: V — V* is the o-adjoint of x: V* — V since xe Vo V.
Note that for any (£,n) € S, x e R>!,

xxy*(En=x%(yn,y¢)
= (xy?¢&,x%yn)

Therefore
x*xx(&n) = xx?& x%xn)
Note that x?x is a scalar since
o0& xx°8)=0x%&,x°6) =0 VEeV”

Hence x° x = al,, and note that

a® = (detx)?

Therefore we can get that

x*x=—|x||* = det(x)

Which is exactly the multiplication rule of the Clifford algebra generated by R>!.

Now we need to lift those structures to vector bundles. Note that we only need to
consider spinor bundles over the spacelike hypersurface M in Witten’s proof, then
we can consider the principal SO(3), then we can lift the principal SO(3) bundle to
a principal Spin(3) bundle, then we can consider the associated vector bundle with
fibre S=V @ V*, where Spin(3) acts on S by the composition:

Spin(3) =SU((2) — SL(2,C)



for more detailed discussion of spin structure on a Riemannian manifold, please
refer to [JJO08, section 2.6].
We will now give a explicit description of the induced connection on the resulting
bundle S. Note that any connection on the principal SO(3) bundle of M can be written
as

d+ A

with A€ so(n), while note that A € so(n) € spin(n). Therefore d + A induced a connec-
tion on the principal bundle Spin(3), hence descends to a connection on the bundle S.
And in fact, if A is given by the matrix Q;; in a local orthonormal coordinate chart,
we can write A=Y, ;w;je’' Ae/ where {e'} are the coframe of the local coordinate
chart, then by [JJ08, 4.4.5, section 4.4], then the corresponding local expression for
the induces connection on S is given by [Chr10, 3.1.24, 3.1.27]

1 .
Xxp-2Y i xelxg  Vpel(s), YXeT(TM) (2.1)
irj

And the curvature of the above connection can be given as:
-1 P
DxDyy—-DyDxy —Dix,y|{¥ = IQU(X’ Y)e' xe'y

Also S admits an inner product (,) which is preserved by the action of e’ and compat-
ible with the induced connection with the action of ¢/, = 1,2,3 are all anti-hermitian
and e hermitian by [JJ08, Corollary 2.6.3].

Now let D be the connection on N, and let V be the Riemannian connection on M,

then we can define the Dirac operator as:

3 .
Py =) e «=Djy Yy eT(S)
i=1
where {e'} is an orthonormal coframe of M, and the * denote the Clifford multipli-
cation.
One of the key ingredient of the Witten’s proof is the so called Weitzenbock formula

of the Dirac operator we defined above,



Lemma 2.1.
1 , .
ﬁz:—D,-Dl-+Z(R+2ROO+2R0jeOe])—h,-je’eODj (2.2)

where R is the scalar curvature of N and R;; is the component of the Ricci tensor of
N.

Proof. Firstlet p e M be an arbitrary point, consider a small neighbourhood U c M of

p, and let {ey, e1, e,, e3} be an orthonormal basis of T, N with e, time-like and normal

to M.

Then we can parallel transport {e;, e,, e3} to get an orthonormal frame field of T'(T M, U)
with V;(ej)|, = 0 for any i, j. Also we can extend {ej, e, e3} to an orthonormal frame
field of N with Dye;|, = 0.

Then let h;j = (D;ep, e;) be the 2nd fundamental form, hence —h; ;e = (D;e/),, (D;e%, =
—hijel.

Hence,

P> =e' x D;(e’ *Dj) = e x ejDiDj+ei * (Diej)Dj

o 1 o . )
=e! *e’DiDi+§Ze’ xe/(D;Dj—D;D;)+e'* (D;e!)D;
i#]

1 ) . )
= —D,-D,-+§Ze’ xel x(D;Dj—D;D;)—h;je' xe"x D;
i#]

Note that the middle term can be expressed by curvature term, from now, we will

always let Greek indices runs from 0 to 3 and Lain indices runs from 1 to 3

1 . . 1 . .
—Ze’ * e](DiDj—DjDi) = _ZZRaﬁijel x el x e *eﬁ
i#] 8a,ﬁi,j

Then by the calculation in [JJ08, theorem 4.4.1], we can get

L T B N S 0
Y el xel(D;D; D]D,)—4(R+2R00+2R0]e x el)
i£]

Therefore we can get the following

1 . )
p*=-D;D; + 7 (R+2Roo +2Rpje” x /) — h;je’ x D



Remark. Note that

1
Roo — EgooR =81 GTpo
1
R()j = EgojR+8TL'GT0]'
Therefore
p% = —D;D; +4nG(Tpg + Toje® x e') — h;je' + " D;
Then let % = (R+2Rg+2Ry;e’ * /) e End(S), and act on Yy € T(S) and then take inner
product, we have
1 .
(w, B*y) = —(y,D;Diy) + TV R =, hije’ e"Djy) (2.3)
Then note by [2.]]
1 .
D;=V;—- Eh,-je] % e°
And in order to evaluate the integral of |[2.3|on M, we need the following to perform
integration by parts.
1 ; 1 .
d(< ¢, Diy > 1o, ) = (D; + 5hi]-ef 2, D) + (¢, D; Dy + Ehijef %Dy Vi (2.4)
= ((Di¢, Diy) +(p, D; D) + (¢, hije! « Dy (2.5)
where p = el Ae? Ae® is the volume form on M and i, u denote the contraction of u by
e;.
Now note that
1 ; 1
(=Cy, DiDiy)+ L, R+ ) =y, hije’ " Djyyu= Diyy, D)y, Ryp
—d(<Y,Diy > g, 1)
And in Witten’s proof, we only need to consider spinor fields v along M satisfying

Ay =0, then we can get the the following integral form of the Weitzenbéck for-

mula,

1
f(Dw,Du/H(w,—%*w):f W, Diy)ie; (2.6)
M 4 oM



3 Proof of Positive Theorem

Note that if we consider the special case, where gy =0 along M, then the left hand
side of [2.6]is non-negative, since

1 .
<, ZQB * W >=4AnG(y, (Too + TOieOe’)u/)

and the matrix Tyo+ Y To; e e/ is a semi-positive definition matrix, the hermitian
matrix Y ; Ty j€® = e/ has eigenvalues equal to plus or minus the magnitude of the
momentum flux, so the eigenvalues of Toy + X ; To; e x e/ are all nonnegative by the
dominant energy condition, [Wit81]].

And if v is asymptotically constant in a proper way, then the right hand side of
depends only on h;; and g;;, and Witten noticed that the only invariant of the
O(3) part of g;; and h;; are the total energy and momentum defined in the first
section [Wit81], therefore the integral on the right hand side of must contain
information of E and P and direct calculation shows that the integral is actually the
energy-momentum integral.

In conclusion, [PT82] gave the following theorem,

Theorem 3.1. [PT82, theorem 4.1] Let {1//01};‘:1 be constant spinors defined in the
asymptotic ends {Ml}le, then there exists a unique, smooth spinor ¥ on M that sat-

isfies:
1 py=0

2.
lim 7y — o =0

in each end M.

k

47TGZ(El<1//01,’l//01>+(w01,Plkdx0 * dxk * 1,U()l>) = j{;M<w’Diw>lei/J (3.1)
I=1

1
:fM((Dw,Dw) + <1//,L—L%*u/>),u20 (3.2)

where {x*} are basis of R>!.



Proof. To keep the simplicity of this report,we will not present the proof the state-
ment (1), (2), but actually the existence of the prescribed spinor fields is an important
step of the proof, and we can see that the statement (3) of this theorem is crucial.
In the rest of this report, we will show that the statement (3) holds following the
calculation in [PT82, section 4].

Write v = wo + w1, where v is the given constant spinor defined in the asymptotic
ends.

Then note that

. o 1 ..
Vﬂ//zvl'l//-f-el* oy = (6l~j+e’ * ef*)ij: E[e’,ef] * le//
where [e/,e/] = ¢! x e/ — e/ x ¢!, then we have the following

1 . 1
f (WyDi'W)Lei,UZ _f d(<w0) [ely e]] *Djw())Leiu)—i—_f dT]
oM 2Jm 2Jm
where
n=(y1,le', e/l Djy)+ (o, [e, e/] % Djy1))ie, 1)

before the calculation of the integral, we need the following estimate of the integral
of the y; part, which is integration of the O(r%) part of w,and this goes to 0 under the
asymptotic hypothesis, for the detailed proof, the readers may refer to the original
paper [PT82, section 4]

Lemma 3.2.

f dn=0
M

Then we have that
f (<Dw D'(V) + ('IV —% * 1//>)I.1, - — llm 2 f (’(V() [ei e ] * D '1//U>L€ l'l*
M ’ , 4 2 o0 1 6Ml , ' ! !

Then note that the ends M; are all diffeomorphic to R? - K; where K; are compact
sets, then we can pull back the connection to R® — K; for each I, then we have the
following:

1 . 1 1
Djyo=Vjwo— Ehjidxl s dx "y = _erkdxk * dx'yo - Ehjkdxk xdx” =y

where F;?l is the connection on M; with respect to the coordinate chart {x!,x,, x3}.



Then by the hypothesis, we have the following since we only need to calculate the
O(%;) part of the integrand, and |dx’ —e’| = O(;) and integral of this part will go to 0

when r — oo

1 S 1 . :
_f <1;U0) [el)e]] *Djw0>"eiH: _f<w0) [dxl)dx]] *Dju/0>deil’t
2 Jom, 2

And we have that

. ) -1 1 1 ) )
(Wo, ldx',dx’] * (Trj.kdxk « dx wO—Ehjkdxk xdx® x ) = —7 o [dx', dx] « Tl dx® « dx' s« yo)

1 . .

- 5(1//0, hjrldx', dx] = dx® x dx° * yo)
1

=1 Vo 0;gij—0igjj)Wo)

1
+ E(WO, (hixk—0ikhjj) * dx® x dx* % yy))

Therefore we finished the proof.

To prove the rigidity part of theorem we need the following lemma,

Lemma 3.3. [PT82, Lemma 4.3] Suppose that v and {y;} are smooth spinor fields
along M with Dw =0 and Dy; =0 for any i, then

1. If limy_ow(x) =0, where this limit is taken along some path in one asymptotic
end Mj, then v =0.

2. if {w;} are linearly independent in some end M, then they are linearly indepen-

dent everywhere on M.
Proof. 1. Let |y| = (y,y), then we have that following:
dlyl® =(—h;je’ «e”xy,y)

Then we have that
2lylldlw] < |hyjllyl?

Note that |h; ;| = O(r—lz) by the asymptotic assumption of M, then

C
dlnlyll < —

10



for some constant C on the complement of the zero set of .
Then by integrating, we have that

1 1
[y (X)] = |y (xo)| eXp(C(m - |x—0|))

And passing to the limit, we get that

0= [y (xo)l

Therefore w(xy) =0 for any xy € M.

2. Suppose that there are constants c;, such that v =Y ; ¢;y;, vanishes at some
point x; € M, note that V¢ =0, and note that

1 1
ly (x| = |W(x0)|eXp(C(m - |x_0|))

Therefore contradicts with the hypothesis.
[

Now we end this report by taking the proof of Positive theorem from [PT82] section
4]

Proof of theoremifl.1] 1. Let P;; i=1,23 be the components of the total mo-
mentum of the end M; cR3, let {1//1}5“:1 be constant spinor fields on the asymp-
totic ends with w; = 0 on each ends except M;, and v; is an eigen-spinor of
Pidx' * dx° with eigenvalue —|P|, then the theorem gives a harmonic spinor v
which is asymptotically {y;}, then by the theorem we have that E; = |P)|.

2. Now suppose that the energy of M; is 0, then choose a basis of constant spinors
{wq} of constant spinors, and and let ¥{ =y, on M; and 0 for all other ends
M;. Then let ¢* be the solutions constructed in theorem note that the
boundary term vanishes hence D¢$p* = 0 and ¢* — 0 uniformly on each end
except M), which contradicts with the lemma |3.3a, unless M; is the only end
of M.

And note that {/} are linearly independent on M, they are linearly indepen-

11



dent everywhere by lemma moreover, Dy =0, so we have
Rapij=0

Therefore T, =0 by the dominant energy condition, therefore we know that
all component of the energy momentum tensor vanishes. Thus N is flat along
M.

O
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