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1 Introduction

In this paper we are interested in developing methodologies for the sensitivity analysis of
boundary (shape) functionals and the optimal shape design of bodies immersed in a fluid.
Under the terminology of optimal control theory, when a shape functional depends on the
solution of a boundary value problem (BVP) it is said to be constrained. In the same spirit,
the BVP is the state, the domain is the control and the geometric/topological constraints on
the domain are the control constraints. The above notions are found in problems concerned
with the optimal control of domain boundaries, commonly referred to as shape optimization
methods. Shape optimization methods have found widespread application in aerodynamics,
aeroacoustics, structural mechanics, electromagnetics and many other engineering and phys-
ical disciplines where one is interested in finding an optimal shape given a desired function.
For instance, classical examples are the drag minimization of an aerodynamic body, design of
magnets producing prescribed magnetic fields and the optimal locomotion of microswimmers
in Stokes flow.

In engineering sciences and applied mathematics one usually refers to adjoint-based shape
optimization methods owing to the following central idea: treating the state equation as an
equality constraint for a shape functional, and through the use of Lagrange multipliers, we
naturally obtain a dual (adjoint) variable associated with a dual (adjoint) problem which, in
fact, is the adjoint equation of the linearized state. The importance of this realization will be
made clearer in the following chapters, as the methodology will be described in detail. This
work builds upon the Euler equations whilst only a brief description is provided for the ex-
tension of the method to boundary value problems described by the Navier-Stokes equations.

1.1 Preliminaries of shape sensitivity analysis

The main mathematical tools of shape optimization are outlined in the following subsections.
Upon these notions, a methodology for shape optimization in fluid dynamics is described in
sections 2 and 3.

1.1.1 Domain transformations

Let O C R" be a domain of class C* with k& > 1 and disjoint boundaries 9Q = {T'.,,T'}
where ', can be termed as the farfield boundary and I" the obstacle boundary. Let also both
the convex, bounded domain B and the domain > be simply connected and of the same class,
such that Q = B\ ¥ and 0B =T, C 09, 0¥ = T' C 09. Later on, we will see that there
will be a BVP defined on 2 and from now on, we set our control to be the boundary I" of the
obstacle X2, where every boundary functional will be defined. Therefore, to perform the shape
sensitivity analysis of boundary functionals we consider a transformation (flow map) that acts
on (). This transformation is based on the concept of an artificial velocity vector.

Definition 1.1. (Speed method) The admissible artificial velocity (speed) fields V" are elements of
P(B,R"). For ¥ € 2(B,R") we define the perturbation of the identity mapping T.(2)(V) €
C([0,¢], 2(B,R™)) by

T.(NY)=x—zx+7V(x): Q—=Q, forevery z€QCB (1)

and for T € [0,¢€],e > 0. For sufficiently small 7 > 0, T-(Q2)(¥') is a diffeomorphism [1] that
maps §2 onto €.



Subsequently, 7’ : {2 — €2, generates a one-parameter family of perturbed domains
O:={Q, =T,(Q):0<7 <600 ={T,T},[,NT, =2}

that share the same topological and regularity properties' and are always contained in the
compact set B.

A convenient artificial velocity field, that we will be using in the following sections, was
proposed by Hadamard [2], having the following definition.

Definition 1.2. (Hadamard parameterization) Consider the extension V € 2(B,R") of the
unit normal vector field v € C*(T"). The Hadamard parameterization is recovered using the
aforementioned speed method with ¥ () = ((x)V(z) for z € Q, where { € C®(R") is defined
as the extension of a function { € C>°(I").

Remark 1. It is possible to enforce additional conditions on the admissible class of artificial
velocity fields in order to satisfy certain geometric constraints. For instance, to preserve the volume
of 2, for every T € [0, €| we can set ¥ to be divergence-free

VE%::{uEQ(B,R”):/V-u:/u-y:()}
Q r

1.1.2 'The structure of the shape derivative

Functionals defined in the domain {2 or on the boundary I' are referred to as shape functionals.
In the present context, we define the mapping ¢ : O — 2'(B) taking domains from the one-
parameter family O to the space of distributions 2'(B). Subsequently, # (V) : Z(B) — R"
for V' € O. The simplest examples of shape functionals are the measures

/1:/ ngnl' 5 /QI/dF
n T

where xq, is the characteristic function of {2. Based on the above, we define the shape (Gateaux)
derivative of the functional _# (2) by

_d
Cdr

i ) = A9 )

dy 7 (Q)(¥) @) _, =ln .

where the limit is to be understood in the topology of Z'.

Definition 1.3. (Shape differentiable functional) The functional ¢ () : 2 — R is shape
differentiable in () if

i) the shape derivative dy ¢ (Q2)(¥') exists for all admissible directions ¥ € 9(B,R"),
ii) the mapping T-(2) (V) — dy 7 (Q)(V) : Q; — R is linear and continuous.

'The regularity is preserved for ¥ € 2(B,R").



For example, we have that

F () =/ Xa. =/ Xa ¥(7)
where 7 +— (1) = det(VT;) can be shown to be differentiable in Z with [3]

() —1

—V-v as 7—0

Then
dy (V) = /QV -V = (X0, V- N a@nyxomm) = (=V X, V) (@ ®r)nx (2@ )"

with (-, -) s xo denoting the duality pairing. Thus, there exists distribution G € 2'(Q,R")
such that

dy J(Q)(V) =G, )ax2 = (=VXxa, V) 7x2 forall 7, € C([0,¢], 2(B,R"))

Furthermore, for T € C1, using Stoke’s theorem we can write

WJ=AVV=4%W

The next result follows from the above definitions.

Proposition 1.1. Let V' be an open and bounded set in R™ and suppose that for every set {2, € O
we have that Q). C B C V. If a shape functional ¢ (2.) : 9 — R is shape differentiable in
(), then there exists a distribution G € 2'(), R™) such that

dy (V) =G, )om)xam  foral T, €C([0,€, 2(B,R")) (3)

It is easy to see that artificial velocity fields producing nontrivial transformations 7’-(£2)(%)
must be supported on I'.

Proposition 1.2. For V' € 2(X2) and for shape differentiable 7 (X2;) : 2 — R we have that
A )) = F( V) = dy F(Q)(V) =0
forany T € [0, €.

Proof. The above result immediately follows from the definition of the shape derivative and
the fact that for compactly supported speed fields in {2 one obtains 2, = (). O]

Proposition 1.3. Let Q be a domain of class C* with9Q = {I', T} and 7 (Q) : 2(B) —» R
be shape differentiable withdy ¢ = (G, 7 ) «9. Then

%4

s VRe =0 = dy Z(Q)(7) =0



Proof. Assume that (“I/|F, v)gn = 0. Then, for any € I" we have that T, (z,?) € I'. That
means that the boundary I is globally invariant to the transformation induced by 75 (Q2) (%)
and consequently 2, = €, implying that d, ¢ (Q)(?") = 0. O

The collection of the above results leads to the structure theorem of the shape gradient.

Theorem 1.4. (Hadamard-Zolesio structure theorem) Let 7 (X).) : 2(B) — R be a shape
differentiable functional in any ), € C* with0€) € C*°. Then, there exists a scalar distribution
g € 2'(I') such that the gradient G € Z(Q2,R") is given by

G(x) =) , zeQ (4)

where yr : Z(,R™) — 2(I',R™) is the trace operator and ~;. denotes its adjoint operator.
Hence, a general formula for the shape gradient is obtained.

dy J (V) = (G, ") rryxomr = (9,7 |, Womxow = dv ZO)NY) 6

Proof. We can prove that for a distribution u € 2'(2) of order k and with compact support
on I, it holds that [4, Thm. 2.3.5]

(U, 0)grxr = D ta (0%¢|1) = Y ua 10 (d

la|<k |a|<k
=y ( 1)1 oe( fyrua)> @ (6)
|a|<k

where u, is a distribution of compact support on I" and of order k£ — |«/|. Thus,

u= (- 1)‘“'80‘ (Viua)
where we have defined the adjoint of the trace operator as
(VP la, P) 7/ (®Rr)x 2(®") = (Ua, YD) 9/ (1) x 2(T)
From propositions 1.1 and 1.2 it immediately follows that supp G C I' which in turn implies
that there exists distribution g € 2'(T", R") such that
dy Z()(V) =(G,7)»BrYx2BRY = (§: 707 ) 90 Rr)x 2(1 ")
Now define Z = {u € 2(B,R") : (u,v)gn = 0 onT'} and observe that proposition 1.3 infers
that 2 C ker( dy(-)(Q2)(7)). This suggests that without loss of generality we can select
¥ from the quotient space Z(B,R")/% where two elements 71, %5 € 2(B,R")/2% having
different tangential components on I" are identified. Based on this, we obtain the final form
dy J(Q)(V) = (3, w7 )2 rmyxamrn) = {9,V - Y ) o (ryxaw) = (r(9v), V) o yxas)
for scalar distribution g € /(). O

Remark 2. This important result implies that the shape derivative of a distribution defined over
the domain €2 can be reduced to a distribution defined only on the boundary .

Furthermore, if ¢ is integrable, e.g. g € L'(T"), then

dy F (TN Y) = (g,v- Y )orm)xam Z/Fg"’/'V (7)

In the sections to follow we will work out a methodology where an augmenented (constrained)
shape functional defined on the domain (2 is reduced to a functional on the boundary by the
use of the adjoint state of the boundary value problem acting on 2. To this end, we first need
to develope the notions of material and shape derivative for functions living in (2.
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1.1.3 Shape derivatives of domain and boundary functionals

Definition 1.4. (Material derivative) Let u, : €2, — R be a function in C*(§),) that depends
smoothly on the parameter T € [0, €| and uy = u. The material derivative of u with respect to
the transformation T’ is defined as

(ur o T7) () — u(x)

u(zx) := Dyu(x) = liH(l) , v€eN (8)
T— T

with the subscript ¥ denoting the artificial velocity field associated to T, (z)(V).

Remark 3. The operator Dy satisfies the classical rules of differential operators such as the chain
rule, product rule, etc. but does not commute with time and space derivatives. It is also identified
with the Lie derivative for scalar functions f, i.e. Dy f = Ly f.

A more explicit form of the material derivative can be obtained by extending u.(z) : Q, — R
tou(z,7): B x [0,¢] — R. Then for z € Q and u(z,0) = u(x), we can write

Dmupiﬁ@@yﬁqu@UTOzam%m+vmamgqughO
= 0,u(x,0) + (¥ (z) - V)u(z,0)
= dyu(z) + (¥ (z) - V)u(z) 9)

It can be seen from the above expression that the material derivative can be decomposed in
two parts: the rate of change of u due to its dependence on 7, and the convective effect which
is due to the artificial velocity field ¥'(x). Given the vector field #'(z), the convective term
can be easily computed for known u. On the other hand the term 0, u(z) is trickier to compute
since u is usually the solution of a BVP evolving with the pseudotime 7 on the domains O.

Definition 1.5. (Shape derivative) In the above context, the derivative O,u(x) = u'(z) forz € 2
is called the shape derivative of u with respect to the transformation T, (x)(¥"). Also, assuming
that the material derivative exists, we can define the shape derivative in explicit form as

U (z) = Dyu(z) — (¥ (2) - V)u(z) , z€Q (10)

Remark 4. The shape derivative operator obeys the classical rules of differential operators and
also commutes with time and space derivatives.

Using the above notions and some basic differential geometry we can now calculate the shape
derivatives of functionals depending on the transforming domain 2.

Lemma 1.5. Let C*(Q2;) > u, : Q. — R and consider the distributed and the boundary
functionals & and 7 respectively, defined by

& = /m ur(x) , Fr= /T ur(z) forall xe€ Q. 7€l0,¢€ (11)

The shape derivatives of &, ¢ with respect to the transformation T-(2)(V) read

Tﬂzéw+£m%ww (12a)
- / '+ (v, Vo + ) ul¥ vz (12b)
r

d
dy& = —6&.
” dr

d
d’f//:: Eje

where v is the normal unit vector on T, k the mean curvature of I and (-, -)gn denotes the inner
product in R". Also, the manifold I is considered closed, i.e. OI' = @.

T7=0
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Proof. For the former functional, we first transform it in the reference domain € as

& = / un(y) dy = / (ur 0 ;) (z) det(VTy) de

Differentiating with respect to the pseudotime 7

% ( /Q ur(y) dy)

=0 =0

_ d%( /Q (17 0 T:)(2) det(VT;) dr)
_ /Q )+ (¥ (@) - V)ulw) +u(@)(V - ¥ () da
— /Qu/(aj) + V- (Y (z)u(z)) dz

Dyu(x) + u(:c)%det(VTT) dx
u'(

where we have used the formulas -det(V7T,) = V- ¥ and Dyu = o' + (¥ (z) - V)u(x).
Since ¥ has compact support in B, ¥ vanishes on I',,. Thus, the divergence theorem for

00 = {I',I' } asserts that

d«;/é"(Q)(“//):/Qu'—l—/F(“//-u)u

For the latter case, we will be using without proof the following transformation formulas [3,
Sec. 2.17]

/T ur(y) dy = / (ur 0 Tr) (2) 77 d

where . = det(VT;) [|(VT])™! - ||, and

,._d
f)/T T deYT

=V ¥ (13)

=0

where V1 denotes the tangential derivative. Also [5, Sec. 4.4],

/VFU:/UHV forany wu € C*(I) (14)
r r

for a smooth manifold I with OI' = @ and mean curvature ~. Using the above formulas and
working as before we find

= / wl) )| =4 /J“T o)) de)|
- /F Dyu(z) +u(:c)(f—7% dz

I
—
I

"(z) 4+ (¥ (z) - V)u(z) + u(z)Vr - ¥ (z) dz

= /u'(x) + (7 -v)0u(z) + (¥ () - Vr)u(z) + u(z)Vr - ¥ () dz



where in the last two lines we decomposed the term (#'(z) - V)u(x) in normal and tangential
components. Finally, using formula (14) one obtains

dy Z(I)(V) = /u' + (V- v) (0, + K)u

r

2 Optimal control of the boundary for the Euler equations

This section contains the main material of the present work where the shape optimization
method is formulated as an optimal control problem for the boundary I'.

2.1 Linearized Euler equations

Let Q C R3 with disjoint boundaries 92 = {T'.,, '} be the set that was defined in the pre-
vious section and define the primitive and the conservative variables as the vectors U,, U, €
C1(£2,R) respectively, having the form

Upi = (P7 U17U2au37p)T(x) ) Ul = Uci = (pa PulapUQaPU3>E)T<$) ;T E Q (15)

Definition 2.1. (Euler equations) The nonlinear system of conservation laws for the mass con-
tinuity, momentum balance and energy conservation that describes the dynamics of an inviscid
compressible fluid is fully described by the convective flux vector F;,, € C' (2, R®) given by

F,

CrL]

= (puy, pusuy + pdsx, pusug + pdiz, pusus + pois, PuiH)T , 1=1,...,3, (16)

the vector of conservative variables U; and the constitutive equations of the fluid. For ideal gases,
the constitutive equations take the form

1
p=(y— 1)p(E — §uzul) , H=FE+ L , vy~14 (atm. air) (17)
p

Finally, p represents the density, p the pressure, V = (uy, ug, u3) the velocity vector, E the total
energy, H the enthalpy and ~y the heat capacity ratio.

We are interested in BVP problems of the Euler equations for domains that contain a smooth
(streamlined) obstacle ¥. Consequently, I' is the boundary of the obstacle and the farfield
boundary I, is placed at a sufficient distance from the body, where freestream flow conditions
can be considered. For the steady Euler equations, i.e. 0,U = 0 after a transient period, the
BVP reads

0 (F.

C7/j

(U)) =0 in Q
V.er=0 on I (18)
W+ = Woo on I‘oo

where v is the unit normal vector on I' and W is the vector of characteristic variables?.

2 At the farfield, boundary conditions are prescribed according to the propagation direction of characteristics.



The linearized Euler equations can then be expressed according to first order perturbations
around a base state Uj. Defining the perturbation vector 6U we write U = Uy + 0U and thus

OF,..
(U) = F (Ug) + 22| Uy = Fup + ASy| 60Uy i=1,...,3, jk=1,...,5

FC‘ C; 1
?, g k:
J oUy, Uok 0 U,
(19)
The third order tensor Af;; is known as convective flux Jacobian and takes the compact form
0 di1 0i2 di: 0
. —uur +0n¢  wr — (v —2)uidin widiz — (v — Duada  widz — (v — Dusdin (v —1)da
Aijk = | —ujug + 020 u20i — (v — D)uidso ug — (v — 2)uidio u03 — (v — Dusdiz (v — 1)di2 (20)

—uiug + 03¢ uzdin — (v — Durdiz  usdio — (v — L)ugdss ur — (v = 2)uidis (v —1)d3
ui(p—H)  —(v—Duur + Hop  —(v — Duaug + Héiz  —(v — Duguz + Hogs s

where ¢ = (v — 1) /2 u;u;. Consequently, the linearized BVP for the Euler equations reads

6UZ’ Vv, = 0 on T (21)
W+ =0 on I'y

2.2 Shape derivatives of the Euler equations

Now we want to control the boundary I' in such a way that the Euler equations are satisfied
in the domain 2, for every 7 € [0, €|, 2 = Q,_¢. To this end, we derive a BVP problem for
the shape derivatives of the Euler system. The Euler equations (18) in weak form read

/Q 0(Fu(U)) 0, =0 , ¢ € DO, R

Taking the shape derivative (Lemma 1.5)

C%—(/QT ai(FCij(U)) 80j> o
/Q (&‘(Fcn(U)) 90j>/ +/F (&(FCZ.].(U)) 90j> (¥, V)gs =0

and since p; € Z(2.,R?) does not depend on the pseudotime 7 we get

/Q (&(FCU(U)D, i = /Q&-(Fc’ij(U)) 0; = /Qai(Afjk LU 95 =0

because the shape derivative commutes with the time and space derivatives. Subsequently,

d; (A

ijk

U)=0 in Q (22)

where Uj, is the vector of shape derivatives of the conservative variables. To work out the
boundary condition at the deforming boundary I'; we observe that we need to satisfy the
no-penetration boundary condition on I'; for every 7 € [0, ¢]. Thus, we impose u, - v, = 0
forall 7 and = € Q; or (u, - v;) o T, = 0 for all 7 and x € 2. More specifically,

(ur -v)oTy =(ur-v)oTy, —u-v=>0 , T>0



because u - v = 0 (at 7 = 0). For small 7, and up to the limit, this is equivalent to
Dy(u-v)=0 on I’ (23)
For ¥ (z) = ((x)v(x) with « € T, the above condition can be also written as
Dy(u-v)y=u -v4+u-v+{(Qu-v)=0 (24)
Lastly, since the boundary I', is fixed for all 7 we simply obtain
WHY =W/, =0 on [«

Thus, the BVP describing the shape derivatives U/ of (18) takes the form

9;(Ag,.UL) =0 in Q
u’-l/:—u-u'—C(&,u-y) on I (25)
(W) =0 on Ty

which closely resembles the linearized Euler equations (21) but with a modified boundary
condition on I' to account for the deforming boundary.

2.3 Boundary functionals depending on pressure

When the Euler equations are involved in aerodynamic shape optimization problems it is rea-
sonable to study boundary functionals that depend on the pressure. Quantities of interest that
are functions of the pressure alone are the lift, drag and moment coefficients. Since viscous
phenomena are absent in the Euler equations, one can only optimize a shape with respect to
its pressure drag, e.g. reduce the drag penalty due to shock-waves in transonic flows. This
can result in an automatic and precise way for the design of shock-free airfoils.

Therefore, from now on we work with functionals defined on the boundary I" having the form

D)) = / o(p,v) (26)

r

where g € C* for k > 1 is a function of the pressure p and the outward normal unit vector v
on I'. For instance, the pressure drag coefficient on an airfoil is given by

Cq = gp,l/:/c v-———) where c¢,=
fronr= [t p "

with V. the freestream velocity vector in R?, p,, the freestream pressure and q., = %poovoo
the freestream dynamic pressure. Using Lemma 1.5 the shape derivative of the above func-
tional is expressed by

dr O = [ d00)+ (- 9)+ 09(p.) (7 1) 27)
with ¢ (p,v) = g_ip/ + % 4 (28)
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It is insightful to rewrite the above functional in the form

d9 , 99
b= [ Py b (V) RV y) @)
r p B g
flow and geometric shape derivatives geometry and E:fler flow solution

which immediately suggest that the shape derivative dy _# is composed by two main terms:
one depending on the sensitivity of the pressure field and the normal unit vector to the trans-
formation 7’ and the other depending on known geometric properties, the transformation
T, (Q)(7') and the solution of the Euler equations (18).

Note that, given a speed vector field 7" € Z(B,R") and the solution to equation (18), we can
subsequently solve the BVP (25) for the shape derivatives to compute dy ¢ (2)(7) € R. But
this is not exactly what we wish to obtain. Instead, we are searching for the scalar distribution
G € 7'(I') such that

dy 7 =G, 7/|P V) g0y x 2(I)
holding for all speed vectors ¥ € Z(B,R") with 7/|F € 2(I). This scalar distribution is the

gradient defined over the boundary I' that we will later use to perform the shape optimization.

However, it is worth mentioning that the gradient G € 2’(I") can still be approximated by the
above method. For example, we can consider the restriction of a normalized artificial velocity
field 7 € 2(B,R") inaregion A (zg) := B,(x¢) NI for zy € I'. For sufficiently small p > 0

dy J )| o) = G(0) (30)

Intuitevely speaking, it is as if we were taking the Dirac delta function as the artificial velocity
field 7, even though we cannot exactly do that. Hence, to approximate the gradient over the
boundary I" at n € N neighborhoods {.#(z,,)} of I' using (30), we would require n solutions
of the shape derivative boundary value problem (25), one for every 7 ‘ N ()’

It turns out that this can be avoided by the use of the adjoint Euler equations, so that only one
BVP needs to be solved to obtain the exact gradient, as it will be shown in the next section.

2.4 Adjoint Euler equations

Let p € H'(Q),R®) and take the integration by parts of the shape derivative equation (22) for
the Euler system to obtain

/ 0i(AGU) w5 = / Ui (= Afj0i0)) +/ Up Apvipj =0, € H'(QR)
Q Q Ul
For the above relation to hold, we first demand that
— AL 0ip; =0 in Q (31)
The above linear homogeneous equations are known as the adjoint equations or the adjoint

state to the system of Euler equations (18). To make the term associated to the boundary I"
vanish we work in terms of the shape derivatives of the primitive variables U,,. Knowing that

11



the product rule holds for the shape derivative, e.g. (pui)/ = p'u; + pul, the shape derivative
of pressure computes

p = ((’Y — 1)/0(E - %u,ul>>/ =(—-1) ((PE)/ - %/uzul - PUzU;)

P=0-1 ((pE)’ - puiug) 46 o=l 1)guum (32)

Taking the formula (20) of the convective flux Jacobian Af; and regrouping the terms, we
observe that many terms vanish due to the boundary condition on I, i.e. w;»; = 0. After
computations we obtain

/ Uk Alpvi o5 = / (Pug%‘)@l + (PU;WH) @5 + pugvi(uipicr) + p/(’/iSOiJrl) =0
r
/ (puiv;) (o1 + wipivs + Hos) +p' (vigin) =0 for i=1,...,3 (33)
r

On the farfield boundary I' it is possible to set ¢; = 0. However, this may overconstrain
the system and a better choice could be to apply boundary conditions depending on the char-
acteristic variables [6]. Here, for simplicity it is assumed that ¢; = 0 on I'c. Observing the
structure of the pressure functional (29), we see that the unknown pressure shape deriva-
tive term can be replaced if we select suitable boundary conditions on I'. Taking (33) with
ViPir1 = g—i we obtain

ag,

8 = - / (PU;W) (<P1 + U pir1 + H%) (34)
p r

Hence, setting ® = pyy + pu;pir1 + pHes, formula (29) can be recast to the form

dy J = / Vi (v-V)+r)g(V -v)
_/r (u' - 1/)<I>—|-gg +(8Vg+/<ag)(7/-y) (35)

The shape derivative of the velocity v’ on the boundary I' is defined by the boundary condition
(23) and v/ = —V (7 - v). Proceeding with integration by parts we obtain

d«///:/F(uw’—i-“//-V(uy))®+%'V'+(8yg+mg)(7/'u)

dg

I/F—(u~Vr(“//~V))(D—a— V(7 - v) + (0ug + kg) (V- v)

:/F(VF-(@u)—vp-%ﬂ@uﬁﬁg))("f/'y)

= /Fg(“f/ V) (36)

which is the form of the shape gradient that we would expect to find according to the structure
theorem 1.4. Taking the Hadamard parameterization (Definition 1.2), we find the distribution
that is identified with the shape gradient in terms of the solution of the Euler system and its

12



adjoint state

dy J(T)(7) =/FG<= G, Qamyxamy »  C€D(T)
G=Vr-(Pu)—Vr- % + (0vg + K9) (37)

where ( is a smooth function that describes the displacement of the boundary I'. To compute
® the solution of the adjoint BVP is required
—Af0ip; =0 in
Piy1V; = g—f, on T (38)
p; =10 on [I'

fori =1,...,3and k,j = 1,...,5. Observe that (38) incorporates the adjoint Euler equa-
tions, which is a system of linear hyperbolic equations with variable coefficients, and a bound-
ary condition on the deforming boundary I" that depends on the cost functional ¢ .

2.5 An algorithm for optimal shape design of aerodynamic bodies

To summarize the above procedures, the basic sketch of a shape optimization algorithm is
presented, generating airfoils of minimal drag subject to the given constraints.

Algorithm 1: Pressure drag minimization of obstacle immersed in inviscid fluid.

Input:
Initial geometry: Initial domain 2 = B\ X.
Flow conditions: Freestream Mach number M, velocity vector V,, etc.
Optimization parameters: Marching step d; > 0 and tolerance £ > 0.
Pick ¥ € ¥ and choose the Hadamard parameterization (Definition 1.2).
Seti <« 0and ), + Q.
begin

1. Solve Euler equations (18) in {); to obtain the flow solution

Uy, = (p,ul,uQ,U3,p)T(ac) for every x €

and compute the convective flux Jacobian Af;; (U,) in €2;.

2. Solve adjoint Euler equations (38) in {2; to obtain the adjoint state

(9013 Y2, Y3, P4, @5)T<x) fOI’ every T e Qi

3. Compute the shape gradient (37) on I'; with suitable ¢ € 2(T") to account
for the volume preserving contraint of the set 7 (see Remark 1).

4. Perturb the current boundary I'; to create the new domain €;,, using the
transformation

r—x+0,Y; with Y (x)=((G)v for zeT

or by perturbing the control points of a B-spline curve that parameterizes the
boundary I'; in the direction of G and with step J,.
Stop if reduction in drag coefficient ¢, is below the given tolerance .
Otherwise set ¢ <— %+ 1 and go to 1.
end
Output: Boundary shape I'* that minimizes the drag coefficient ¢4 (according to the
Euler equations) for prescribed flow conditions and geometric constraints.

13



3 Optimal control of the boundary for the Navier-Stokes equations

The shape optimization method that is described in section 2 is carried out using the Euler
equations. To introduce the effect of viscous phenomena and turbulence on the optimization,
the method must build upon the Navier-Stokes equations. However, the shape optimization
method is not to be developed from scratch. To the contrary, the Euler equations and the
adjoint Euler equations are the ‘convective’ part of the Navier-Stokes equations and their ad-
joint state respectively. More specifically, looking at the equations as a conservation law, the
Navier-Stokes equations are the Euler equations with the addition of new terms to account
for the viscous momentum and thermal stresses. Considering drag minimization applications,
the objective function ¢ given by (26) is augmented to account for friction (momentum stress
component parallel to the boundary I') and the boundary conditions on the wall are modified
to account for the no-slip (zero wall velocity) condition instead of the no-penetration condi-
tion of the Euler equations.

In this section a very brief overview is given regarding the extension of the Euler shape opti-
mization method to a method based on the Navier-Stokes equations.

3.1 Compressible Navier-Stokes equations

In section 2.1 the Euler equations along with their linearized form were given. In the present
section the steady compressible Reynolds-Averaged Navier-Stokes (RANS) equations are pre-
sented in conservative form.

Definition 3.1. (Compressible RANS equations) The nonlinear system of conservation laws for
the mass continuity, momentum balance and energy conservation that describes the mean dy-

namics of a viscous compressible fluid is fully described by the flux functions .., Fy1,;, Fuo,, €
CY(Q,R®) and the following boundary value problem for adiabatic boundaryT.
(V- F,— V- (uaFp + punF) =0 inQ
V=0 onl’
0,T =0 onT’ (1)
W =Wx onT'w
| Turbulence model for 1; and B.C.

where [ = pu + p with p (ug) the dynamic (turbulent) viscosity, j, = p/Pr+ p/Pry with Pr
(Pr;) the classical (turbulent) Prandtl coefficient. The convective fluxes F,, and the viscous fluxes
For,;, Fuo,; are given by

pU;
puty + pos Til
F. =  pujug + pdiz Fo = Ti2 Fyo = : 1=1,3
puitz + pdss Ti3 :
pu; H U Tij c, 0T

where V' = (uy,ug,u3), 7;; = Oju; + Ouj — %(Ljv -V the stress tensor, H the enthalpy, T
the temperature, ¢, = Ry/(~y — 1) the heat capacity at constant pressure and R is the gas
constant. The dynamic viscosity |1 is given by Sutherland’s Law as a function of temperature and
Pr~ 0.71 for air. The turbulent Prandtl number Pr; can be taken ~ 0.91 owing to Reynold’s
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analogy. Otherwise an additional model is required when Reynold’s analogy is violated. Finally,
an appropriate turbulence model is required for closure because of the assumption that turbulence
manifests itself as an increase in viscosity (g = 1t + fiz).

The linearized RANS equations are obtained in the same fashion as the Euler equations but
with some additional effort. The convective flux fuction was already linearized and given by
the formula (20). The linearization of the viscous flux function can be found in [7]. There are
two classical ways to proceed on this: i) the turbulent viscosity f; is considered constant in
the linearization (frozen-viscosity assumption), ii) the turbulent viscosity is nonconstant and
one should proceed with also linearizing the turbulence model.

3.2 Augmenting the pressure functional

The pressure functional (26) which served as the cost function for the Euler-based shape op-
timization is augmented to account for the viscous forces on drag. The new functional reads

S (p,7ij, V) :/

9(p, 75,v) = / (pvi — (1 + ) 7i5v5) ds i,j=1,...,3 (39)
r r

where d; is a nondimensional vector denoting the direction where the force is projected and
takes the direction of the freestream velocity when drag minimization is considered.

The same shape derivative formula that was used to obtain (29) can be used and new shape
derivatives associated with the momentum stress tensor will appear leading to a modified
boundary condition for the adjoint RANS boundary value problem.

3.3 Adjoint Navier-Stokes equations

The adjoint RANS boundary value problem shares the same form as its Euler analogue, given
by (38), but with the addition of the viscous Jacobian tensors. The same farfield boundary
condition on I',, can be used but the boundary condition on the airfoil boundary I must be
reevaluated according the the procedure described in section 2.4 since the cost function .¢
contains new terms depending on the stress tensor 7;;.

Since the Navier-Stokes shape optimization method is only an extension of the present work,
the complete derivation of the method for the RANS equations is left for future work.

4 Numerical treatment for the primal and adjoint Euler equations

To conclude this work, the numerical treatment of the primal and the adjoint Euler equations
is discussed and numerical solutions are provided for three distinct flow regimes: subsonic,
transonic and supersonic.

4.1 Numerical scheme

The Euler system (18) and its adjoint state (38) can be numerically solved using a finite volume
method. Finite volume and finite element methods occur naturally for linear and nonlinear
systems of conservation laws and are thus usually preferred to the finite difference method.
In this section the numerical schemes are presented in brevity for the one-dimensional case,
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but they immediately extend to R? and R3.

In the context of the finite volume method, the domain {2 C R is partitioned in grid cells or
finite volumes {C;}, with | J,C; = €, i € N. A grid cell is defined as a subinterval of {2 such
that

Ci = (%—1/2, l’z’+1/2) c

with volume Az = |2;_1/2 — 2;11/2|. Subsequently, for u(z,t) defined in 2 x R we have the

local approximation
i+1/2
Ul ~ z,ty) u(z, ty,) 40
re futmtar=go [ ()
% Ti-1/2

at the timestep n € N. Also, the value U is usually referred to as cell-center value while
values with indeces (-)()+1/2 are named face-centered values. Considering the general form
of a scalar conservation law in 2 x R,

Ou+ 0, F(u) =0

with flux function F' as in (16) and u the vector of conservative variables (15), we can work
out to find the following explicit approximation

n . At "
urtt = Ax( B — Flip) (41)
for At = t"*! —¢" and with F}" | /2 denoting the approximation of the flux on the face i +1 /2,
given by
1 tn+1
Flii)e > E/ F(U(xi—i-l/%t)) dt (42)
ln

We would like to approximate the flux F | Join terms of the values of U™. To this end, know-

ing that the Euler system and its adjoint state exhibit hyperbolic behavior and thus finite

propagation speed, it sounds reasonable to approximate the flux by a formula of the form
Fz‘n—l/z = ]:(U‘n—laUz‘n) ) ir—Li-l/Q = ‘F(UZL7UZ—1)

]

where F(-) is the numerical flux function. Consequently, the numerical scheme (41) takes the
form

Uttt =Up — Ar — (FUL, U = F(U, ULL)) (43)
which in general describes a three-point stencil explicit discretization that preserves the con-
servative nature of the original equation. In the present work, the central-difference scheme
of Jameson-Schmidt-Turkel (JST) [8] is employed, for which the numerial flux function takes

the form
z’ni1/2 = ]:(55) = F( &1/2) - Dz’ﬂ:l/Q (44)

with U, » = (U, +Ur") and S5 = (U, U, U, U, UL,,) denoting the five-point
stencil of the scheme. The term D;_;/ is the artificial dissipative flux, used to correct for
odd-even decoupling and stabilize the central scheme, which is given by

D12 = 653)1/2 Ay /o + 654_)1/2 (Awi_zo — 28U 19 + Auyii o) (45)
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with Au;_y /9 = u; — u;—1 and dissipation coefficients

653)1/2 = KaSi—1/2Pi—1/2 ) 654_)1/2 = maX<07 Rapi—1/2 — ffi;q(i)l/g) (46)

where

Di+1 — Pj T Di—1
Di+1 + Pi + Di—1

Si—1/2 = max(s;, s;_1) : 8; = (47)

is a pressure sensor that activates in the presence of shock-waves to increase the first order
artificial dissipation term so that oscillations are avoided. Also,

pi—1/2 = max(p;, pi—1) , pi =max|A| , £=1,...,3 (48)

with p; being the spectral radius and )\, the eigenvalues of the convective Jacobian (20), which
in one dimension is given by truncating the matrix Af;; to Af;; for j,k = 1,2, 5. Finally, the
constant coefficients ko, k4, k), € R, depend on the flow regime. Some typical values for
transonic flows are

1

~ 61 Ky =1 (Euler equations) (49)

Ro = K4

5
The JST scheme, described by the numerical flux function (44), was originally devised for
the Euler equations and is a second-order accurate scheme. Since the adjoint Euler equations
share many similar properties with the primal Euler equations, the same scheme is used for the
adjoint state for both simplicity and consistency. Previous studies have shown that the adjoint
variables are continuous along the shock-waves of the flow solution [9] while discontinuities
may arise near the wall (airfoil) boundaries for transonic and supersonic flows. For this reason,
in the present study, first order dissipation terms have been dropped from the scheme in
the case of the adjoint Euler equations. This is also reflected on the following choice of the
dissipation coefficients

1
128

1 (Adjoint Euler equations) (50)

=N
SN

'%2:0 ) Rq

For the numerical solution, the unsteady form of the equations is actually solved by march-
ing in time in order to reach a steady-state (if it exists). To accelerate the convergence to
a steady-state, a local time-step is used along with implicit residual smoothing and multi-
grid. Residual smoothing increases the support of the discretization and allows for greater
times-steps (increased CFL numbers) while multigrid is effective in making errors of different
frequency scales vanish faster. The system is finally solved using a five-stage Runge-Kutta
method. Additional numerical details are omitted from this paper.

4.2 Numerical solution

This paper concludes with the numerical solution of the primal (18) and the adjoint (38) Euler
boundary value problem. In figure 1 the discretization (mesh) of the solution domain {2 is
depicted for a NACA0012 airfoil (boundary I'). The farfield boundary I',, extends at a dis-
tance of ~ 150 chords® and the mesh contains ~ 260 million cells. The numerical solution for
subsonic, transonic and supersonic flow is presented in figure 2 for the same angle of attack

3Chord refers to the airfoil characteristic length, i.e. the distance between the leading and the trailing edge.
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of 1.25° for all the cases.

It is worth mentioning that outgoing characteristics of the primal equations correspond to
incoming characteristics for the adjoint state and vice-versa (characteristics change sign). In
other words, information propagates backwards in time. For the subsonic case, the adjoint
solution closely resembles the primal solution. More interesting are the adjoint solutions for
the transonic and supersonic cases, where shocks appear in the primal solutions. For the tran-
sonic case, the flow accelerates over the airfoil where it becomes supersonic until it reaches
adverse pressure gradients that decelerate it to the point that a shock-wave appears (figure
2c). Consequently, a sonic bubble formes over the upper (suction) surface. The appearance
of the lambda shape’ in the corresponding adjoint solution (figure 2d) can be interpreted in
the following way: variations in density along the characteristics that impinge on the sonic
point and the shock-foot will produce large changes to the surface pressure distribution. In
general, the adjoint solution shows quantitavely and quantitative how the surface pressure
will change depending on density field perturbations. In similar fashion, for the supersonic
case with bow-shock (figures 2e and 2f), the flow is particularly sensitive near the leading
edge of the airfoil which dictates the formation of the bow-shock. Also, the change of sign of
the characteristics is evident.

(a) Discretized domain § (b) Close-up of airfoil (boundary I' C 0€2)

Figure 1: Discretization of the domain ).

References

[1] Michel Delfour and Jean-Paul Zolesio. Shapes and Geometries: Analysis, Differential Calculus, and
Optimization. 2nd ed., Advances in Design and Control 22, SIAM, Philadelphia, PA, 2011.

[2] Jacques Hadamard. Lecons sur le calcul des variations. A. Hermann et fils, Paris, 1910.

[3] Jan Sokolowski and Jean-Paul Zolesio. Introduction to Shape Optimization. Springer Series in
Computational Mathematics, Springer-Verlag, Berlin, Germany, 1992.

18



[4]

[5]

Lars Hormander. The Analysis of Linear Partial Differential Operators I. Springer-Verlag Berlin
Heidelberg, 1990.

Shawn W. Walker. The Shapes Of Things: A Practical Guide To Differential Geometry And The Shape
Derivative. Advances in Design and Control, SIAM, Philadelphia, PA, 2015.

Carlos Castro, Carlos Lozano, Francisco Palacios, and Enrique Zuazua. Systematic Continu-
ous Adjoint Approach to Viscous Aerodynamic Design on Unstructured Grids. AIAA Journal,
45(9):2125-2139, 2007.

Alfonso Bueno-Orovio, Carlos Castro, Francisco Palacios, and Enrique Zuazua. Continuous Ad-
joint Approach for the Spalart-Allmaras Model in Aerodynamic Optimization. AIAA Journal,
50(3):631-646, 2012.

Antony Jameson. Origins and Further Development of the Jameson-Schmidt-Turkel Scheme.
AIAA Journal, 55(5):1487-1510, Mar 2017.

Michael B. Giles and Niles A. Pierce. Analytic adjoint solutions for the quasi-one-dimensional
Euler equations. Journal of Fluid Mechanics, 426:327-345, 2001.

Randall J. LeVeque. Finite Volume Methods for Hyperbolic Problems. Cambridge Texts in Applied
Mathematics. Cambridge University Press, 2002.

19



a) Density p b) Adjoint density ¢

(c) Density p d) Adjoint density ¢
y ] y

(e) Density p (f) Adjoint density ¢

Figure 2: Numerical solution for the NACA0012 airfoil at M., = 0.5 (subsonic) (a,b), M., =
0.8 (transonic) (c,d) and M., = 1.5 (supersonic) (e,f) with angle of attack o = 1.25°.
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