A SURVEY OF THE MONGE-AMPERE EQUATION WITH
APPLICATIONS TO OPTIMAL TRANSPORTATION

GABRIEL RIOUX

ABSTRACT. The classical Monge—Ampeére equation has a well established regularity the-
ory. A generalized form of the Monge-Ampere equation appears in the study of opti-
mal transportation with quadratic cost whose regularity results follow from regularity
theory of the classical equation. In the study of the optimal transport problem with
arbitrary cost functions, a Monge—Ampeére type equation also occurs naturally. We
demonstrate throughout the connection between optimal transportation theory and the
Monge—Ampere equation following closely a paper of Alessio Figalli and Guido De Philip-

pis [14].
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1. THE CLASSICAL MONGE-AMPERE EQUATION
We begin by stating and motivating the classical Monge-Ampere equation.

Definition 1.1. (Classical Monge-Ampere Equation) Let 2 C R™ be open and f : @ x R x
R™ — R* be given. The classical Monge-Ampére equation is given by

(1.1) det D*u = f(x,u,Vu) inQ,
where u :  — R is taken to be convex and D?u is the Hessian matrix of w.

Recalling that the determinant of a matrix is the product of its eigenvalues, the Monge—
Ampere equation can be characterized as a prescription on the eigenvalues of the Hessian of
its solutions. We note, moreover that this particular equation occurs in a variety contexts.
We provide a striking case where this problem surfaces and refer the reader to [I] for other
interesting applications.

Example 1.2. (Prescribed Gaussian Curvature) Let u be a solution to (1.1f) with
f(z,Vu) = K(x)(1+|Vu|?)"+t2)/2 where K (z) is an arbitrary function. Then the Gaussian
curvature of the graph of v at (z,u(x)) is equal to K(x).

The prescription that u be convex in (|1.1)) may appear arbitrary, however this condition
is natural in the study of the Monge-Ampere equation as discussed in the following remark.

Remark 1.3. (Imposed Convexity of u and Degenerate Ellipticity) Suppose u is a C* solu-
tion to for f € O strictly positive such that f = det D?u > 0. Let e € S"~! be arbi-
trary, then 0. (det D?u) = det(D?*u)u®d;ju. = f. via Jacobi’s identity. Here u* = (D2u),;j1
and repeated indices are summed over. Hence,

(1.2) % = u" ;5.

such that elliptic regularity estimates on u. can be obtained if u% is at least positive semi-
definite. Notably, if u is convex, D?u is positive semi-definite per [I6, Thm. 4.5 p.27],
hence so too is u*. However, unless one can establish the bounds % < D%y < 1dC, for
some constant C' we have no a priori estimates on the eigenvalues of u%, so they may be
arbitrarily small. If the prior bounds can be established, becomes uniformly elliptic,
since % < u¥ < IdC. We note that imposing f > 0 means we only need the bound
|D?u| < C as the product of the eigenvalues of D?u will be strictly greater than zero and
thus the eigenvalues need only be bounded from above.

1.1. Alexandrov solutions to the Monge—Ampeére Equation. We wish to introduce
the notion of a weak solution to the Monge-Ampere equation. To this effect, we first recall
the definition of the subdifferential of a function.

Definition 1.4. (Subdifferential of a Function) Given f : Q — R convex for Q C R™ open
and convex, the subdifferential of f at x € Q is given by

Of(x) ={z" eR": f(z) > f(x) + (z",z—z) Vze}

Now, we define the Monge—Ampere measure which will lead naturally to the desired weak
formulation.

Definition 1.5. (Monge-Ampeére Measure) The Monge-Ampére measure of a convex func-
tion u : © — R for  open and convex is a Borel measure defined by p,,(E) = |0u(E)|V E C
) Borel. Where | - | denotes the Lebesgue measure and 0u(FE) = Uz pdu(x).
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In light of the above definition, let u € C?(£2) be as in the statement of Definition
It is a standard result that Ju(x) = {Vu(x)} for every point where Vu is defined (c.f. [I6,
Thm. 25.1 p.242]). Hence, p,(E) = |Vu(E)| = [, 1vur)ydz = [, det D?*u(z) da for any
E C Q Borel via a change of variables and, therefore u, = det D?u(z) dz in © as Borel
measures. Notably, this term gives us the left hand side of . In the sequel, we will drop
the dx as it is understood that the equality is in the sense of Borel measures.

As noted above, this definition leads naturally to a generalized formulation of the Monge—
Ampere equation and we wish to make precise the notion of a weak solution and study their
properties.

Definition 1.6. (Alexandrov Solutions) Let 2 C R™ be open and convex and u be a Borel
measure on §2. Then the convex function u : Q — R is an Alezandrov solution to det D?u =
if 4 = p,, in the sense of Borel measures. If yu(x) = f(z)dx we say that u solves det D?u = f
in the weak sense.

Of note is that the Monge-Ampere measure admits the following important properties.

Proposition 1.7. (Weak™ Convergence of Monge-Ampéere Measure) Let (uy) be a sequence
of convex functions converging locally uniformly to u then pi,, — p, weakly™.

The above proposition is discussed in [I1], Lem. 1.2.3 p.8§].

Lemma 1.8. (Monotonicity of Monge-Ampére Measure) Let E be open and bounded, u,v
be convex functions satisfying u = v on OE and u < v in E then Ou(E) 2 Ov(E) thus
(E) > pio(E).

Proof. Let x € E be arbitrary and let p € dv(x). Then z — v(z) + (p, (z — z)) is a non—
vertical supporting hyperplane [I6, Line 1 p.215] to v at . Since u < v in £, 3 « such
that y — a4+ p - (y — =) is a non—vertical supporting hyperplane to v at some & € E. If
Z € OF we have that a = v(z) since u and v agree on OF and therefore u(z) = v(x).
Otherwise, p € Ou(F) = 0v(F) C du(E) and by the monotonicity of Lebesgue measure,

fio(E) < pu(E). O

We now focus on demonstrating existence and uniqueness of Alexandrov solutions to the
Dirichlet problem.

Definition 1.9. (Dirichlet Problem) Let @ C R™ be a convex domain, the associated
Dirichlet problem to the generalized Monge-Ampere equation is given by

{det D?>u=yp inQ

1.3
(13) u=~0 on 0f)

To prove these properties, we will make use of a maximum principle as well as a compar-
ison principle for Alexandrov solutions.

Theorem 1.10. (Alexandrov Mazimum Principle) Let Q@ C R™ be an open, bounded, and
convex domain. Let u: £ — R be convex, if u =0 on 0 then

lu(z)|™ < Cp(diam Q)" dist(z,0Q)[0u(Q)| Vz € Q,
where C, is a constant depending only on the dimension.
Proof. Let (xz,u(z)) be a point on the graph of u and let C;(y) be a cone with vertex
(z,u(x)) which takes on the value 0 on its base . By the convexity of u and since C,

is a cone, u(y) < Cy(y) for any y € Q thus by monotonicity (Lemma [L.8), |0C,(z)| <
0C, ()] < |Ou()].
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Let p be a vector such that |p| < |u(z)|/ diam § and consider a plane of slope p. This
plane supports C, at some y € €2 and hence is also supporting at z, the vertex of C, such
that 0C,(z) 2 B(0, |u(x)|/ diam ).

Let z € 09 be such that dist(xz,0Q) = |z — Z| and let ¢ be a vector having the same
direction as (z —x) with |q| < |u(x)|/ dist (x, Ow). Then the plane u(z)+q- (y — x) supports
C, at x, i.e.

_r—x |u(@)
T 17 2] |dist (z, 09|

By convexity of C,(z), the cone C generated by ¢ and B(0, |u(x)|/ diam(2)) is such that

C C 9C,(x). Therefore by monotonicity of Lebesgue measure and an inequality on |C|

Juz)]"
Cy,(diam Q)1 dist(z,00Q)"

€ 90, (z)

0u()] = [0C, ()] = [0C,(z)| = |C] >
]

Lemma 1.11. (Comparison Principle) Let Q@ C R™ be open, bounded and convex. Let u,v
be convex functions on § such that v > v on 0Q and det D?u < det D%v in Q in the sense
of Borel measures. Then u > v in €.

Proof. Assume without loss of generality that det D?u < det D?v (this is true up to setting
v = v+ e(jJr — 79|? — diam(Q2)?) and taking € to 0). Suppose E = {u < v} # ) then
by monotonicity of Monge—Ampere measure, ,(E) > p,(E) which contradicts the initial
assumption. O

A direct consequence of this lemma is the uniqueness of Alexandrov solutions to the
Dirichlet problem. Indeed given two solutions u,v to , we have that u = v = 0 on 0f)
and det D?u = det D?v = 1 in Q. Whence by the comparison principle, v = v in Q. We
now have the following stability result (see [II, Lemma 5.3.1 p.96]) which will allow us to
prove existence of solutions.

Theorem 1.12. (Stability of Alexandrov Solutions to the Dirichlet Problem) Let ) C R™
be a family of convex domains with associated conver Alexandrov solutions uy : Q — R
(i.e. uy solves on Qi with = py) then if Q. — Q in Hausdorff distance (Q convex)
and the py satisfy supy, pk(Qr) < +oo with pp — p in the weak™ topology for p a Borel
measure. Then up — u uniformly where u is a solution to .

The existence of Alexandrov solutions will be demonstrated in a method analogous to
the method of Perron.

Theorem 1.13. (Existence of Alexandrov Solutions) Let @ C R™ be a bounded open convex
domain and p be a nonnegative Borel measure in 2. Then there exists an Alexandrov

solution of .

Proof. Let p, = Zle a;dz,, &; > 0 be a family of atomic measures converging weakly* to
w here 04, refers to the Dirac delta distribution centred at z;. Define S[ug] ={v: Q@ - R :
v is convex, v = 0 on 91, det D*>v > ui}. Note that S[ug| is non—empty as the function
—A Ele Cy, for C the conical one-homogeneous function taking value —1 at x and 0 on
09 and A > 0 sufficiently large is an element of S[ug].

This set is closed under suprema per Proposition [1.7] and we have that the maximum of
any two elements of S[uy] is also in S[ug], so we define uj, = sup,,¢g,,; v € S[ux] in analogy
with Perron’s method.
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It remains to be seen if uy satisfies the Monge—Ampere equation on 2 with appropriate
source term py such that the prior stability result can be applied.

To this effect, we show that det D?uy, is a measure concentrated on {1, ...,z }. Suppose
not, then 3z € Q\{xy,...,zx} and p € R” such that p € Ou(z)\Ou({z1,...,zr}). Therefore
(by definition of the subdifferential) ug(z;) > w(Z)+p-(x; —z) Vj € {1,...,k} and taking
A (z) = max{ug(z),urx(@) +p- (y — &) + 0} € S[uk] with § > 0 sufficiently small yields a
larger subsolution, contradicting the assumption that uy is the supremum.

Now, we show that det D?u;, = . Assume this is not the case, then we have by the
previous step that det D%uy, = Zle Bidz, with ; > «; and B; > a; for some j € {1,...,k}.
We note that du(z;) is a convex set with non-zero volume, hence its interior is nonempty
and 3 p € int(Qu(x;)). Assume without loss of generality that p = 0 (up to subtracting p-y
from wuy) and define

() = ug () up > ug(z;) + 0
(1 —=90)ug(z) + 0(ug(z;) +0) up <up(x;)+46

for § > 0 sufficiently small that uy is a larger subsolution, a contradiction as before.
Finally, ux = 0 on 99 since uy(z) > —C dist(x, Q)™ as a consequence of Theorem
L. 10 (]

Under the assumptions of the above theorem, the existence and uniqueness of Alexandrov
solutions to the Dirichlet problem have been demonstrated.

1.2. Existence of Smooth Classical Solutions. We now wish to show the existence of
smooth solutions to the Dirichlet problem for the classical Monge-Ampere equation:
det D?u = in Q
(1.4) u=/f i@
u=20 on 0f)

To this effect, we wish to establish a C° estimate of the Hessian of solutions to this
problem. Note that not all domains will permit regularity up to the boundary, hence we
establish the notion of a uniformly convex domain as it is precisely the type of domain on
which this desirable property can be obtained.

Definition 1.14. (Uniformly Convex Domain) A domain {2 is called uniformly convex if 3
R > 0 such that Q C Br(xo + Rvyg,) V xo € 09 where vy, denotes the interior normal to 2
at xg.

We now establish out C° estimate on the Hessian.

Theorem 1.15. (C° estimate on Hessian) Let @ CR"™ be a C3 uniformly convex domain
and u be a solution of with f € C*(Q) and X < f < 1/\. Then 3 a constant C
depending only on Q, A, Hf||c2(§z) such that

HD2“||CO(Q) <C

Proof. We obtain first a C° estimate on u via barrier construction. By the comparison
principle, it suffices to let v(z) = A=Y/ (|z — x1|?> — R?) for x; and R satisfying Q C Br(x)
to obtain a uniform lower bound on w.

Now, a C! estimate. By convexity, supg|Vu| = supyq|Vul|, so we only need an estimate
on the boundary. Recalling that « = 0 on 02 demonstrates that any tangential derivative
is zero, so only estimates of the normal derivative are necessary.
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To this effect, let z¢ € 0 be arbitrary and construct the barriers vy (z) =
AFYn (|2 — 24| — R}) for x4 = @9 + Rivy, and 0 < R_ < R, < oo chosen such that
Br_(z_) € Q C Bg, (z4). Therefore, v, <u <v_ and —C < d,u(xg) < —1/C for some
C

Finally, a C? estimate. Given a unit vector e, consider log det D?u = log f and define
the derivative in the direction of e as L(u.) = u% (u.);; = (log f). and the second derivative
is U (uUee)ij — u“ukj(ue)ij(ue)lk = (log f)ee- Since u is convex, u“ukj(ue)ij(ue)lk >0, so
L(uee) > (log f)ee > —C, for C depending only on f.

Now, L(u) = u”u;; = n so we have L(uee + Mu) > 0 for M sufficiently large. By the
maximum principle therefore, supq (tee + Mu) < supyq(tee + Mu).

Since u is bounded, we only need to estimate D?u on the boundary. Assume 0 € 92
and that 0Q = {(z1,...,2,) : @, = ZZ;} fag? + O(|z]*)} for some ko > 0 locally. By
smoothness and uniform convexity of Q, 1/C < k4 < C, 80 Uqa(0) = —Kqun(0), uqs(0) =
OVa#pe{l,...,n—1}

By our estimate on the normal derivative then Id, 1/C < (uag(0))a,peq1,..n-13 <
C1d,,_1. Then, noting that
f = det D?>u = M™(D*u)uy,, + ZZ: M™(D?u)ugy, with M D2y denoting the cofactor
of u;;; this and the upper bound on u,z(0) will give an upper bound on u,,,(0) once a bound
for ey (0) is found for e € {1,...,n —1}.

To this effect, consider the rotational derivative operator R., = o0p — T,04, a €
{1,...,n—1}. By invariance of derivatives with respect to rotation, differentiating log det D?u =
log f yields L(Ranu) = u (Ranu)ij = Ran(log f).

So, multiplying the prior equation by k4 and using the notation L(uc) = u®(uc)i; =
(log f)e as before yields |L((1 — ka@n)Ua + KaTaln)| < C. Since u = 0 on 9, the uniform
convexity of Q and the bound on |Vu| give us |(1 — ka®n)ta + KaTaln| < —Alz|? + By,
for a suitable choice of A, B, depending on ).

By the the AM-GM inequality, L(—A|z|? + Bx,) = —AY_, u" < 7#‘2‘2)1/% < —34
and choosing A large enough yields |(1—KaZn)ta +KaTatin| < —Alz|?+ Bz, in Q. Dividing
through by z,, and taking x,, — 0 yields |us,|(0) < C for C depending only on Q and f. O

The prior estimates yield the following existence result.

Theorem 1.16. Let Q be a C3 uniformly convex domain. Then ¥ f € C?*(Q) with A < f <
1/ there ezists a C*%(Q) solution of .

Proof. The proof relies on the method of continuity. We provide an outline of this method
and refer the reader to a more complete treatment in [10] Chap. 17.2 p.446]. Suppose @ is
a smooth and convex solution to (1.4) with associated source f(z), we wish to find from @
a solution u with associated source f(z). To this effect, define f; = (1 —¢)f + tf, t € [0,1]
and consider the one—parameter family of problems

det D2ut = ft in

u =0 on 0f)

Now, assume f, f are smooth and consider
C = {uc C?**(Q) convex :u =0 on N}
Finally, we define the map
F:Cx[0,1] = C%(Q) (u,t) > det D*u — f;
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and wish to demonstrate that I' = {¢t € [0,1] : 3 u; € C with F(us,t) = 0} is both open and
closed in [0, 1].

The Fréchet differential of F with respect to u is given by the linearized Monge-Ampere
equation

(1.5) D, F(u,t)[h] = det(D*u)u”h;;, h =0 on 99,

We note that F is continuously differentiable at every point of I'. If u is bounded in C%®
as shown in Theorem [L.15| and f is bounded from below by A then the smallest eigenvalue
D?v is bounded uniformly away from zero and the linearized operator becomes uniformly
elliptic with C%® coefficients. Therefore, classical Schauder’s theory yields invertibility of
D, F(u,t) such that the Implicit Function Theorem in Banach spaces [10, Thm. 17.6 p.447]
can be implied yielding the openness of T'.

As it pertains to the closedness of I', since the linearized equation is uniformly elliptic
we obtain by the Evans Krylov theorem [10, Thm. 17.26" p.481] that u € C2°(2) and
therefore by the Arzela—Ascoli theorem T' is also closed. In particular setting t = 1 in I’
demonstrates the existence of a solution that is C*® up to the boundary. ]

1.3. Interior Regularity for Alexandrov Solutions to the Dirichlet Problem. We
now wish to discuss results pertaining to the interior regularity of weak solutions to the
Dirichlet problem.

Theorem 1.17. (Pogorelov Interior Estimate) Let u € C*(Q) be an Alexandrov solution
of with p(z) = f(x)dw, f € C*(Q) and X > f > 1/X\. Then 3 C depending on X and
| fllc2 such that

2
uy

u
3 exp(-) (1 + fua] + [ul)

e (4) < vrea

Lo= ()
Where uy (z) = dyu(zx) and so on.

(u1)?

Proof. By convexity, we note that « < 0 in Q thus we define w = (—u)ujie 2 and if zg
is a maximal point of w in Q we have that xy € € since u = 0 on Q. We now change
coordinate systems to = Az with det A = 1 leaving x; invariant and such that w;; is
diagonal at xg.

L wi o u11d ) L Ui Uiuy Uilij  U115U115
We note that (logw); = % + i uy; and (logw);; = = o o +

1
U1jU1; + urty;. Since xp is a local max, at this point, (logw); = 0 and 0 > (logw),; and
u;; is nonnegative so 0 > u* (log w);; at xo.
Noting that u@u;; = n, u" (ue)i; = (log f)e and u™ (uee)ij —uuM (ue)ij(ue) i = (108 f)ee
using the notation of the proof of Theorem and noting that u. = v in our case yields
uuu; (log f) u“ukjui-ulk uugiiu11;
0 Z %_ 3 J + o 11 + uug _ ;%1 115

+ uijuljuli + (log f)1u1 where we have
multiplied through by u%.

) ) il ki, Gy iy
We consider first the middle term = uulll”ulkl . u;ébuu’ — “—3*% and note that by a
11

i, ki i
uuturguie - w e

prior calculation, % = — %1 g 91, so the middle tem is equal to s
u U1 U111 ull

ut (1;1111/" + ululi) (1;1111]' + ululj), since both u;; and u* are diagonal at xg, this term is

2

2 5
greater than —u!! (7;1—1111 +u1u11) = U Such that 0 > o + doeflu 4 u g juy; +

uugy u Uil

u?
(log f)1u1 — uQulu'
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2
og f)i1 Uy

Since u;; is diagonal we get 0 > 2+ aoilfl)“ +ui1+(log f)1u1 — 47— such that multiplying

2 . 2 2 2 2 2
by u2u1216“1 gives us 0 > nuuiie*t +(log f)uuze“zl +ulud e+ (log f)iuiu?ug et —ufett =

u u ’U.2
—nwe? + (log f)11ue™t + w? — (log fiujuwe = —u2e¥i = w? — (n + uyu(log f)1)we? +
2

i ((log f)11u® — u) > w? — Cwe%l(l + |ug|u) — Ceti (u? + u?) which yields the desired
bound for C = C(f, A). O

Definition 1.18. (Strictly Convex Functions) A convex function w is called strictly convex
inQifveeQandpe du(z)

u(z) >ulx)+p-(z—2z) VzeQ\{z}.

In particular stictly convex functions are characterized by the property that any of their
supporting planes touches their graph precisely once.

Theorem 1.19. (Regularity for Strictly Convex Solutions) Let u : Q@ — R be a convex
Alexandrov solution of det D?u = f for f € C?(Q) and A\ < f < 1/\. Assume u is strictly
convez in Q@ C Q. Then u e C*().

Proof. Let zg € @, p € Ou(xp) and consider the section of u at height ¢ defined via
S(z,p,t) ={y € Q : uly) <ulx)+p-(y—x)+t} Since u is strictly convex, we choose
t > 0 small enough that S(z,p,t) € Q. Then, consider Se, a sequence of smooth uniformly
convex sets converging to S(z, p,t) and apply Theoremm to get v. € C%%(S,) satisfying

’UEIO Onase

by Schauder’s theory v. € C*°(S,) so by Theorem |D?v.| < C in S(zg,p,t/2) for €
sufficiently small. Since S. — S(zg,p,t) and u(z) = u(zg) + p -« + t on IS(xg,p,t), by
uniqueness of weak solutions we have that ve +u(zg)+p-x+t — w uniformly as € — 0, hence
|D?u| < C in S(zg,p,t/2). This makes the linearized Monge-Ampere equation uniformly
elliptic as we have discussed before such that u € C?(S(zg, p,t/4)). Since x is arbitrary we
have u € C2(€') as desired. O

{det D?v. = f % p. in S,

1.4. Regularity of Alexandrov Solutions Without Imposed Boundary Conditions.
We now wish to study regularity results for Alexandrov solutions to (|1.1)). The following
result is due to Caffarelli (c.f. []).

Theorem 1.20. (Regularity for Strictly Convex Weak Solutions) Let u : Q — R be a strictly
convex Alexandrov solution of det D?u = f satisfying A\ < f < 1/X\. Then u € Cl’a(Q) for

loc
some universal o. Precisely ¥ Qen3dc depending on )\,Q' and the modulus of strict
convezity of u such that
[Vu(z) — Vu(y)|

<C.
lz —y|*

sup
2,y €Q

T Fy
The intuition behind the proof of this theorem hinges on the following lemma.

Lemma 1.21. (John’s Lemma) Let V. C R™ be a bounded convex set with non—empty
interior. Then 3! ellipsoid E of mazimal volume contained in V. Moreover,

ECV CnE
where nE denotes dilation of E by a factor n.
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We recall the notion of a normalized convex set, as solutions to the Monge-Ampere
equation on such sets exhibit some useful properties.

Definition 1.22. (Normalized Convex Set) A convex set E is normalized provided By C
FE Q n31

The utility of John’s lemma is that one can take any bounded open convex set {2 and
transform it into a normalized convex set A()) via an affine transformation A, and in
particular if v is such that A\ < det D?u < 1/Ain Q, u = 0 on 0N then if A normalizes (Q,
v = (det A)7uo A~ satisfies A < det D20 < 1/ in Q, v = 0 on .

As aforementioned solutions to the Monge—Ampeére equation on normalized convex sets
have some useful properties, as discussed in the following theorem.

Theorem 1.23. Let Q be a normalized convex set and u be a solution of det D*u = f
with A\ < f < 1/X. Then 3 positive constants a« = a(n,\) and C = C(n,\) such that
lullgra (Bi2) <C

The proof of the above theorem hinges essentially on the ability to show that solutions of
the Monge—Ampere equation in this context on normalized convex domains have a universal
modulus of strict convexity. To this effect, the following proposition of Caffarelli (c.f. [2]).

Proposition 1.24. Let u be a solution of A < det D?u < 1/X in a convex set © and
¢ : R" — R be a linear function supporting uw at Z € Q. If W = {z € Q : u(z) = {(x)}
contains more than one point then it cannot have an extremal point in €2 i.e. every point
of W lies on an open line segment joining two points of W.

That is, if the boundary conditions forbid w from coinciding with an affine function
along a segment crossing 2 then u is strictly convex as it touches any of its supporting
planes exactly once. By the weak* convergence property of the Monge—Ampere measure
(Proposition and the fact that the family of normalized convex domains is compact we
have that for a normalized convex set €2, the class of solutions is compact with respect to
uniform convergence and therefore share a universal modulus of strict convexity.

Now, combining all of the prior results yields the following lemma which will allow us to
prove Theorem [1.20

Lemma 1.25. Let Q be a normalized convex set, v be a solution of det D?v = f with
A< f<1/A Letxzg be a minimum point for u € Q and V B € (0,1] let the cone with vertex
(wo,v(m0)) and base {v = (1 — B)minv} x {(1 — B) minv} be denoted by Csg C R" L. If hg
is the function whose graph is given by Cg 3 a universal constant do > 0 such that

hyso < (1 —d0)hy

Proof. (Proof of Theorem We use throughout the notation of Lemma Let k€ N
be arbitrary and consider Q) = {u < (1 — 27 %) minu}. Renormalizing the convex set Qj
through an affine map Ay, applying Lemma [1.25|to v = (detAk)Q/"u o Ay and transfering
the information back to u, one deduces that ho—x41) < (1 —3dg)ho-x. Iterating this estimate
yields ho—x < (1—60)*h1VEk € N. Then we get that v € C1® in the sense that u(y) —u(zo) <
Cly — zo|'t®. Now for every z € Q € Q and p € du(z), repeat the same argument with
u(y)—p-(y—x) in lieu of u and replacing Q with S(z,p, t) for ¢t small satisfying S(z,p,t) € Q
and taking a renormalization of S. Then u(y) —u(z) —p-(y—2z) < Cly —x[* TV p € du(x).
Since z € Q' is arbitrary the above estimate is shown in [8, Lemma 3.1 p.4411] to yield
u € C'llo’f‘.
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O

If the source term f is assumed to be Holder continuous, Caffarelli further improved this
result in [3] to read as follows.

Theorem 1.26. Let 2 be a normalized convex set and u be an Alerandrov solution of
det D?u = f with A < f < 1/X and f € C®*(Q). Then lullc2.a(p,,,) < C for some C
depending on n, A and || f||co.a(p,)-

The proof of the above is provided in [3] and is based on the fact that if f is locally close
to a constant, u is locally close to a solution of det D?u = ¢ for ¢ constant. We have already
established interior estimates for this type of solution and approximation via interpolation
yields the requires bound on [[u||¢2,« (Bi/2). A similar reasoning yields the following result
with more details provided in [3].

Theorem 1.27. Let Q be a normalized convex set and u be a solution of det D?u = f.
Then ¥ p>1, 36(p) and C = C(p) such that if || f —1||,, < 0(p) then Hu||W2‘p(Bl/2) <C.

If one localizes this result as in the proof of Theorem [I.20] for strictly convex solutions u
with f continuous one obtains that u € Wf)’f () ¥V p < oo. One can refine this result to the
following as discussed in [15].

Theorem 1.28. Let 2 be a normalized convex set and uw be an Alerandrov solution of
det D*u = f such that A < f < 1/X\. Then 3 € = e(n,)\) and C = C(n,\) such that
||U’HW2v1+€(Bl/2) S C

We have throughout this section discussed the general regularity theory of both classical

and weak solutions to the Monge—-Ampeére equation. We now wish to establish the connection
between this equation and the problems studied in optimal transportation theory.
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2. OPTIMAL TRANSPORTATION AND THE MONGE-AMPERE EQuATiON

The Monge-Ampere equation appears naturally in the context of optimal transportation
theory. One can therefore derive regularity and existence results for the problems of optimal
transportation using the theory established hitherto an vice—versa. We therefore provide
a brief introduction of the basic concepts of optimal transportation before elaborating on
these connections.

2.1. A Brief Primer to Optimal Transportation Theory.

Definition 2.1. (Monge Problem and Optimal Transport Map) Given two probability
measures (, v on the measurable spaces X,Y respectively and a cost function c: X x Y —
[0, 00]. The Monge Problem consists of solving

(MP) inf {/ c(z,T(x))dpu(x) : Typ=v,T: X =Y measurable} .
b'e

Where Ty = v denotes that the pushforward of ;i through 7" equals v. This means that
V A C Y measurable, u(T~1(A)) = v(A)). The optimal transport map is the arg-min of
this problem provided it exists.

We now define a relaxation of the Monge problem introduced by Kantorovich.

Definition 2.2. (Kantorovich Problem and Optimal Transport Plans) Given two prob-
ability measures u,r on the measurable spaces X,Y respectively and a cost function ¢ :
X XY — [0,00]. The Kantorovich Problem consists of solving

(KP) inf{/Xxyc(o:,y) dy:iy e n(u,y)}.

Where II(u, v)={probability measures v on X X Y : (m;)yy = p, (my)yy = v}. Here, m,
and 7, are the projections of X x Y onto X and Y respectively. Of course the arg-min of
this expression, if it exists, is referred to as the optimal transport plan.

Note that if v is of the form (id,T)su for T : X — Y measurable we get that VA C
X measurable, u((id, T71)(m;1(A))) = n(A) so the condition (7, )sy =  is realized. More-
over, (my)yy = v == V B CY measurable, u((id, T~")(r, *(B))) = w(T~(B)) = v(B) so,
in particular, T3t = v and T is an optimal transport map as the functionals being minimized
in and are identical when ~ takes on this particular form.

The Kantorovich problem is said to be a relaxation of the Monge problem in this respect,
as if a problem is solvable in the Monge framework, one deduces a solution in the Kantorovich
framework as in the above discussion. However, in some contexts, the Monge problem admits
no solutions, but the Kantorovich problem does. The canonical example of this behaviour
is when p is a Dirac mass and v is not. Thus, no measurable map can push p onto v, but
one can form measures admitting ;1 and v as marginals.

Next, we introduce the so—called dual problem which we shall show in the sequel to be
equivalent to the Kantorovich problem under certain assumptions.

Definition 2.3. (Dual Problem) Given two probability measures p,r on the measurable
spaces X, Y respectively and a cost function ¢ : X XY — [0, 00]. The Dual Problem consists
of solving

(DP) sup{ [ e@ o)+ [ vt s e aux), ve ) andwwgc}.

We note that taking ¢ € L'(X) and ¢ € L'(Y) yields an identical problem.



MATH 581 TERM PAPER 13

Another useful definition will be that of the convex conjugate or Legendre—Fenchel trans-
formation.

Definition 2.4. (Convex Conjugate) Let X be a normed vector space and X* be its dual
space then the convex conjugate of f : X — R denoted f* : X* — R is given by f*(z*) =
supex {(z*, ) — f(x)} where (-,-) : X* x X — R denotes the duality pairing.

We now state a fundamental result of convex analysis which we shall use to prove the
equivalence of and (KPJ|). The proof of which can be found in [I9, Cor. 2.8.5 p.125].

Theorem 2.5. (Fenchel-Rockafellar Duality) Let X be a Fréchet space, f and g be lower
semicontinuous functions from X to R such that 3 © € X such that f(z),g(x) < co. Then

infoex {f + g} = maxg-ex-{—f*(-2*) — " (2*)}
We now have all of the machinery required to prove that the Kantorovich problem and
the dual problem are equivalent following the treatment in [I7, Thm. 1.3 p.19].

Theorem 2.6. (@:@) Suppose X and Y are compact and the cost function c :
X xY — R is continuous then :@ and an optimal transport plan ~ exists.

Proof. Let I' = Cp(X x Y) normed with [|-|| .. We have by Riesz’s representation theorem
that T = Z(X x Y) the space of regular Radon measures on X x Y normed by total
variation. For v € I' define

+00 0.w. +00 0.w.

We note that —infr{¢ 4+ ¢} = (DP), hence we compute the convex conjugates of £ and ¢ in
order to apply Fenchel-Rockafellar duality. Let n € Z(X X Y) be arbitrary, then

£ (=n) =Sup{—/XXyU(x,y) dn :u(z,y) > —C(w,y)}

uel
—swp{ [ ute)dnsuten) < o |
uel XxY

Remark that if 1 is negative then 3 v € I' nonpositive s.t. fXXYu dn > 0 then, taking
u, = nu and taking the limit as n — oo yields £*(—n) = oco. If 7 is nonnegative then
£*(—n) = [,y ¢dn due to the constraint on u. Hence,

+00 0.W.

. cdnifne ZL(X xY
€ (—n) = {foy + )
Where Z (X x Y) denotes the set of all nonnegative Radon measures. Similarly,

C*(n)=sup{/XWU(w7y) dn—/Xw(x) du(m)—/yw(y) dV(y)rU(cv7y)=<p(a?)+¢(y)}

uel

sl [ e+ v an- [ e auto) - [ v ann]

uel

Notably, if 7 is such that [y (¢(x) 4+ ¥ (y)) dn # [ ¢(x) du(z) + [, ¥ (y) dv(y) for some
o(z),%(y) then by rescaling, (*(n) = co. Hence,

) = {o if [y (9(2) + () dn = [ o(x) dp(@) + [, ¥(y) dv(y) Vo, v

+00 0.W.
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and therefore by Fenchel-Rockafellar duality, infr{¢ + (} = maxa{—£*(—n) — (*(n)} and
(D)= infr{€ + ¢} = — maxs{~€*(—n) — C*(n)} — ming {€*(—n) -+ C* ()}

= minm,){ [y ¢dn} = (KP) where we recall that II(y, ) denotes the set of all proba-
bility measures admitting ¢ and v as marginals on X and Y respectively and notably there
exists a solution to (KP). O

A more careful approach using this argument is found in [I7, Thm. 1.3 p.19] allows us t
generalize this result to the case where X and Y are Polish spaces.

2.2. Returning to the Monge—Ampére Equation. We now derive a characterization
of optimal transport maps in terms of a Jacobian equation.

Remark 2.7. (Associated Jacobian Equation) Let X, Y C R", p(x) = f(x)dz, v(y) =
g9(y)dy, T : X — Y asufficiently smooth transport map and x € Z(R™). Then the condition
Ty = v yields

/ X(T(@))du(x) = / ) Au(T () = / X)),

So inputting the explicit form of y and v, we have

/ X(T(@) f(a)dz = / x(@)g(y)dy.

Taking the change of variables y = T'(x) on the right hand side yields

[ @)@ = [ \(@)aT@)ldet(DT (@) da.

Here D denotes the Jacobian of T'(x). Since x was chosen to be arbitrary we recover the
following Jacobian equation,

f(@) =g(T(x))|det(DT(x))| a.e. in X.

We note that the above Jacobian equation is close to the form of a Monge—Ampeére
equation, but we must still do some work to recover it.

Definition 2.8. (c—convexity and c—transform) ¢ : X — R U {400} is c—convez if

(2.1) Y(z) = sup {¢°(y) — c(z,9)},

yey

where ¢ : Y — RU {—o0} is the c-transform of ¢ given by
V() = inf () + el

With this definition in mind we can establish an equivalent problem to in terms of
a c—convex function and its c-transform.

Remark 2.9. (Alternative formulation of the Dual Problem)
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The dual problem can be rewritten as a minimization problem over c—convex functions,
notably.

sup

du(z /wdu cp € Cy(X), ¥ € Cp(Y) andgp—kwgc}:

sup

{ ¢
sup{ adu(x /ﬁdu ca e Cy(X )BeC’b(Y)andB—agc}:
{ adp(x /5du )rae Cp(X )56C’b(Y)and5<c+a}:

sup{/}(adu(x)+/}/acdy(y):a60b(X) and acagc}.

In particular by the duality result, we have that for the optimal transport plan ~, f yxy cdy =
— [y adu(@)+ [, a¢dv(y) = [y (@°(y) — a(z)) dy such that c(z,y) = a(y) — a(z) v~
almost surely for (z,y) € supp(’y). Thus without loss of generality, the dual problem can be
taken to be the supremum over ¢ c—convex and its c—transform.

We now take the opportunity to introduce some conditions on the cost function that will
be useful in the sequel.

Remark 2.10. (Conditions on Cost) Let X, Y C R™ we enumerate some conditions that will
be useful in the analysis of general cost functions
(C0) The cost function c¢: X x Y — R is C* and ||c[| ga(x xyy < 00
(Cl) Ve e X, Y 2y Dyc(x,y) € R" is injective. Also known as the twist condition
in the optimal transport literature.
(C2) VyeY, X >z~ Dyc(x,y) € R” is injective.
(C3) det(Dgyc)(z,y) #0VY (z,y) € X x Y.

Definition 2.11. (c-exponential) If ¢ satisfies (C0)-(C2) then V2 € X,y € Y,p € R™ we
define the c—exponential map as

(2.2) cexp,(p) =y <= p = —Dyc(z,y)

Theorem 2.12. (Characterization of Optimal Transport Maps for General Costs) Suppose
c¢: X xY — R satisfies (C0)-(C1) and f, g are two positive probability densities on X and
Y | two open and bounded sets respectively, then 3 u : X — R c—convex such that the unique
optimal transport map sending f onto g us given by T(x) = c—exp(Vu(z)). Moreover, if

(C2) holds then T is injective fdx a.e, |det(DT(x))| = g(fT(f) and the inverse of T is the

unique optimal transport map sending g onto f.

Proof. From the above remark, if v denotes the optimal transport plan then there is a c—
convex function ¢ such that for any (xo,yo) € supp(7y), the function ¢(z) + ¢(z,yo) attains
a minimum at zo (as ¢°(yo) = @(z) + ¢(x,yo)). Notably, ¢ is the supremum of the family
of uniformly Lipschitz functions c(-, y) + A, and hence is Lipschitz, yielding differentiability
almost everywhere. Thus V(zg) + Dyc(zo,y0) = 0 = Vp(z9) = —Dyc(zo,y0) =
c—exp, (Ve(zg)) = yo and notably, we have constructed a representation for an optimal
transport map taking zo to yo. Hence, T'(x) = c—exp,(Ve(z)) is an optimal transport
map as was desired. Suppose 3 another optimal transport map T(m), we noted before that
v = (Id, T)yp and 4 = (Id, T)4pu are the corresponding optimal transport plans, letting p
denote fdaz. By linearity of II(u,v) we have that 1(y + ) is also optimal and is notably
concentrated on the same graph as v and 4 thus v = 4 fdz almost everywhere. Whence,
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the Jacobian equation yields |det(DT(z))| = % and T is invertible provided (C2) is
satisfied due to the uniqueness of minimizers in the optimal transport problem. O

2.3. The Quadratic Cost on R%. We will now study a specific cost function that admits
some straightforward regularity results, namely the case of the quadratic cost c(z,y) =
lz—yl*

5

We first wish to write the quadratic cost in an alternative form that will be relevant in
the sequel.

Remark 2.13. (Equivalent Cost) Let S denote a transport map taking p onto v for u, v
probability measures on R%. Then, the condition Syu = v yields

T 2 2
[ ) = [ v,

We now expand the expression for quadratic cost at y = S(z),

x— S(x)? z|? 2
/n lz = St@)i” g( ) du(z):/n %du(xw/n%du(y)—/n(as-S(x))du(w)

We note that the only term on the right hand side that depends on the transport map
chosen is the rightmose one, hence the folloring minimization problems are euquivalent:

min /n Mdu(x} and  min /"(—x -S(x))dp(x).

Syu=v 2 Syu=v
All in all, we have that the quadratic cost |z —y|/2 is equivalent to the cost ¢(z,y) = —z - y.

Theorem 2.14. (Existence and Uniqueness of Optimal Transport Maps for the Quadratic
Cost) Let u, v be compactly supported probability measures on R™ and ¢ = |z—y|?/2. Suppose
w is absolutely continuous with respect to the Lebesgue measure then 3 a unique optimal
transport map T from p to v of the form T = Vu for u conver. Moreover, if u(dr) = fdx
and v(dy) = gdy then T is differentiable p—a.e. and

(2.3) |det(DT(x))| = g(J;(g)) for p—a.e. x € R™.

Proof. All that is required is to compute c—exp(Vu(z)) and to apply Theorem to get
the desired result. As noted above, the quadratic cost is equivalent to —x - y and one has
that —D,(—z - y) = y hence c—exp,, is simply the identity map, thus 7' = Vu. Whence we
get the desired results since c—convexity is equivalent to convexity for the quadratic cost,
as can be seen from the definition (with cost —x - y, c—convex functions are defined as a
supremum of linear functions and are thus convex). ]

We now recall a useful property of convex functions and refer to [I8, Thm. 14.25 p.402 |
for the proof.

Theorem 2.15. (Differentiability of Convex Functions) Let Q C R™ be convexr and open
and u : 2 — R be convex. Then for a.e. x € Q, u is differentiable at x and 3 a symmetric
matriz D?u(x) such that

uly) = ul@) + Vule) - (y — 2) + 5 D)y — 2) - (y — ) + ofly — 2P

and at such points, Vu is differentiable

Vu(y) = Vu(z) + D*u(z) - (y —z) + o(|ly — z|) ¥y € dom(Vu)
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Having discussed the relevant preliminary results we can now examine the Monge—Ampere
equation that arises in the context of optimal transport and discuss regularity in this context.

Definition 2.16. (Brenier Solution to the Monge-Ampere Equation) Let X, Y C R™ be
bounded, smooth and open, p(z) = f(z)dz, v(y) = g(y)dy be probability measures with
supp f € X and suppg C Y. Moreover, let f > 0 on X and g < co on Y. Then Theorem
implies T'(x) = Vu(z) is the unique optimal transport map of u onto v for the quadratic
cost where u is convex, hence substituting 7'(x) into yields

f(z)
9(Vu(z))

which is well defined almost everywhere since by Theorem Vu is differentiable a.e.
and due to the bounds on f and g. Therefore this is a Monge-Ampeére type equation with
boundary conditions Vu(X) = T'(X) =Y induced by the condition Ty = v. A function u
satisfying is called a Brenier solution.

We note that a convex function u is an Alexandrov solution to if Qu(z) = o)

(2.4) |det D?u(z)| = fdz—a.e.

g(Vu())
in measure. In particular, V E C X Borel we have that |Qu(E f = g(éf()gﬂ))dx. Hence
Ou(x) preserves Lebesgue measure up to some multiplicative constant depending on u, f, g
and FE and we denote this property |E| ~ |Ou(E)|.

We wish to determine when Brenier solutions will exhibit the same regularity properties
as their Alexandrov counterparts.

Note that a Brenier solution u is an Alexandrov solution for a.e. x € X by definition,
hence the control offered by Alexandrov solutions is mimicked only by Brenier solutions
at points where u is twice differentiable. It is therefore possible that the Monge—Ampere
measure may still exhibit some singular behaviors. In particular, since du(X) 2 Vu(X) =
Y, we can only guarantee that |E| ~ |0u(E) NY| and thus we don’t have full control of the
Monge—Ampere measure of wu.

However, if du(E) C'Y we have the same type of control offered by Alexandrov solutions
and the notion of solution is identical, thus we can utilize the regularity results established
for Alexandrov solutions. To this effect, the following theorem.

Theorem 2.17. (Regularity Results for Quadratic Cost) Let X, Y C R™ be bounded and
open, let f : X — RT and g : Y — R be probability densities which are bounded away from
0 and 00 on X and Y respectively. Let T = Vu : X — Y be the unique optimal transport
map sending f onto g for the quadratic cost. Let'Y be convexr then we have

(i) T e Cpe(X) Ny " (X);

loc

(i) IffGClkof( )andgeClkof( ) for some 5 € (0,1) thenTEC’lkotlﬁ(X),

(iii) If f € Ckﬁ( ),g € CPB(Y) and X,Y are smooth and uniformly conver then
T:X =Y € CE+L8(X) and is a diffeomorphism.

We precede the proof of this theorem by the following definition of a construction that
will be useful only in the proof.

Definition 2.18. (Convex Hull) Given V' C R™ the convex hull of V' denoted conv(V) is
given by N{U convex : V C U}.

Proof. (Theorem [2.17)) The proof hinges on the property discussed in the preliminary notes
to this theorem. Notably, we will show that for Y convex we have that V E C X Ju(E) CY
and therefore that Brenier solutions are also Alexandrov.
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By definition of the subdifferential we have that VA C X, 0u(A) 2 Vu(A N dom(Vu)).
Whence, by the area formula (c.f. [, Cor. 3.2.20 p.256]),

f
= u u om u = € 2u X )ar = T~/ \\
pu(A) = 0u(A)| = [Vu(A N dom(Vu))| /Ad tD%u(z)d /Ag(wx))
Next, if du(4) C
ou

C Y up to a set of measure 0, we have that ANdom(Vu) C (Vu)~1(du(A))
since Vu(A) C du(A) by definition. Moreover,

(Vu) 1 (0u(A) nY)\A
C(Vu) t{yeY : Fay #ay 1 y € Ou(rr) Nou(xa)})
C (Vu)~! ({points s.t. u* is not differentiable N Y'})

The first inclusion follows from the fact that if 2 € Vu)~1(0u(A)NY), then 3 2 such that
u is differentiable at z and Vu(z) € du(A)NY, so notably (Vu)~tu(A)NY\A is simply the
set I' = {z € A : u is differentiable at z and Vu(z) € du(A)NY} so this set does not include
any point in A where u is differentiable. Therefore, V 21 € T', Vu(z1) € du(x1) Nou(xs) for
o € A and hence x1 # 9 since x1 € A. As such the first inclusion holds.

The second inclusion can be deduced by letting y € Ju(x;) N du(xz). Recalling the
definition of the subdifferential, we have that du(z1) = {p € R" : (p,z1) — u(z1) > (p,z) —
u(z)} for any x. We note therefore that v*(y) = (x;,y) — u(x;) for i = 1,2 and that V z,
u*(z) > (x;,z) — u(x;) by definition of the convex conjugate. So, in particular u*(z) >
(i, 2y + (xiy — y) —u(xy) = uw*(y) + (xi, 2 — y), so if u* is differentiable, its derivative is
multiply defined by x; and x5 which is absurd, whence the second inclusion.

Note that |(Vu) = (du(A) N Y)\A| = 0 since u* is convex [I6], Line 9 p.104] i.e. hence
differentiable almost everywhere and by the fact that (Vu)y(fdz) = gdy we have that the
last included set is of measure 0 Thus the first set in question is a subset of a set of measure
0 and hence is of measure 0.

Assume Ou(A) C Y up to a set of measure 0 and f vanishes outside X then

- 9@ _f@)
(2.5) ‘8’“(’4)' - /Qu(A) g(y) dy /(Vu)l(au(A)) g(vu(x))d

since (Vu)g(fdx) = gdy. Using the aforementioned property Andom(Vu) C (Vu)~!(9u(A))
we have up to excision of a set of measure 0 that (Vu)~t(0u(A)) = AU (Vu)~1(du(A))\A.
Thus (Vu)~1(Gu(A)) is the union of a measurable set and a set of mesure 0, so

@
i)l = | (Vu(D) "

Note that {x € X Ndom(Vu) : Vu(z) € Y} is dense in X by the property that Vu(X) =
Y. Moreover, we have the following result for convex functions per [7, Thm. 3.3.6 p.59]

Ou(z) = Conv ({p : Iz} € dom Vu with x;, — = and Vu(zy) — p}).

Hence, by density, du(X) C Conv(Y) = Y by convexity of Y (conv(U) = U for U
convex).
Now, since dY has 0 measure we are in the scenario to apply (2.3)) yielding

_ f(z)
\8u(X)|—/Xde

Therefore, u is an Alexandrov solution. We note moreover that u is actually strictly convex
in X by [0, Lem. 3 p.102] such that Theorem and Theorem yield (i) and Theorem
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yields (ii), recalling that T(x) = Vu(x) and that L5 e ClA(X) if f € Ol (X),

g€ C{Zf (Y) and the bounds on f and g are satisfied. The boundary regularity is discussed
in [6]. O

The above theorem guarantees regularity of solutions provided Y is convex. This con-
dition is however rather restrictive and we wish to discuss what results can be derived if
convexity is not assumed.

Theorem 2.19. (Regularity Without Convezity on Target) Let X,Y, f,g and T be as above
save for the convexity assumption on Y. Then 3 two relatively closed sets of measure zero
Yx C X, %y CY such that T : X\Xx — Y\Zy is a C’loo’? diffeomorphism for o > 0. If

ce CEPENX xY), f € CPYX), and g € CP*(Y) for some k > 0 and a € (0,1), then

loc loc loc

T:X\Xx — Y\Zy is a CFTY diffeomorphism.

loc

Proof. If Y is not convex, there may exist © € X such that du(z) € Y and as mentioned
before, at such points there is no control on the Monge-Ampére measure of u. We define
the regular set Regy = {x € X : Ju(x) C Y} and let ¥x = X\Regy. By the continuity
properties of the subdifferential [7, Prop. 3.3.4 p.57] and the fact that Y is open, Regy is
also open. Thus, the condition (Vu(x))y(fdz) = gdy yields Vu(z) € YV for a.e. z € X,
that is |X x| = 0. Then, following the proof of the previous theorem, w is a strictly convex
solution on Regy and the previous regularity results apply. (]

Throughout this section, we have discussed the basics of optimal transportation theory
and have made the connection between the case of quadratic cost and the Monge-Ampeére
equation.
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3. A CrLAss OF MONGE-AMPERE TYPE EQUATIONS

In the previous section, we determined that in the case of the quadratic cost, the Monge—
Ampere equation occurs naturally and guarantees some regularity properties on the corre-
sponding optimal transport maps. This result was demonstrated in Theorem and we
have discussed a similar result in Theorem for the case of more general cost functions
c(x,y) satisfying (CO0)— (C2). Hence, for such a cost function we have that

f(x)
a.e.,
9(T'(x))
and that T'(z) = c—exp,(Vu(x)). By the definition of c-exp,,, z — u(z)+c(z, c-exp, (Vu(z)))
attains a minimum at z = zx for every point of z where u is differentiable. Hence, if u is
twice differentiable at x,

|det(DT ()| =

D*u(x) + Dype(z, cexp, (Vu(z))) > 0.
Therefore, recalling that T'(x) = c—exp,(Vu(z)) = —Dyc(z, T(z)) = Vu(z) yields
—Dype(z, T(x)) — Dype(z, T(x)) DT (z) = D*u(z) and taking the determinant on both sides,
we get
det(D*u(z) + Dypc(z, cexp, (Vu(z))))

f(x)
g(c-exp, (Vu(z)))
which we recognize as a Monge—Ampere type equation of the form
(3.1) det(D?*u — A(zx,Vu)) = f(x, Vu)

with A(z, Vu(z)) = —Dgge(x, c-exp, (Vu(z))).
The regularity of optimal transport maps of this form is dependent on the properties of

A.

3.1. The MTW Condition and Smooth Solutions. A major breakthrough in regularity
theory for this type of problem was demonstrated in [I3] and appears in the form of the
following tensor.

Definition 3.1. (Ma-Trudinger-Wang (MTW) Tensor) The MTW tensor &, (&, 1) is
defined as

Sz (&m) = Dy, Az, p)[E, €]
= Z (Cij,pcp’ch,rs - Cij,rs)cr’kc&lgigjnknl 3 ne R™.

0,4,k,0,p,q,758
Here, A is identical to that in (3.1]). Moreover, the cost function ¢ in all of this expression
is evaluated at (z,y) = (z, c—exp,(p)) and we have used the following convention for brevity,

Cj = O0ziC, Cji = 5‘xjxkc, ij = 8Iiyjc, ch = 5‘I1:yjc, c = (Cid‘)*l.

= [det(Dayc(z, c-exp, (Vu(z))))|

The following condition will play a pivotal role in the regularity theory for these general
costs.

Definition 3.2. (MTW Condition) Given K > 0, the cost function ¢ satisfies the MTW(K)
condition provided V (z,y) € (X xY) and V&, n € R™,

(3.2) S (€m) > KIEIn® whenever ¢ Ly

The MTW condition may appear unremarkable for the moment, however the following
result is a testament to its utility.
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Theorem 3.3. (Smoothness from the MTW Condition) Let ¢ : X x Y — R satisfy (C0)—
(C3) and MTW(K) holds for K > 0. Moreover, let f,g be smooth and bounded away from
0,00 on their respective supports X,Y . Also, suppose

(i) X andY are smooth;
(ii) Dge(x,Y) is uniformly convex ¥V x € X ;
(i) Dye(X,y) is uniformly convex ¥y € Y;
Then the optimal transport map sending f onto g is of the form T'(x) = c—exp,(Vu(x)) for
u€e C®(X) and T : X =Y is a smooth diffeomorphism.

Proof. Assume u € C*(X) is a solution of (3.1)) with T(z) = c—exp,(Vu(x)) and the

natural boundary conditions T'(X) = Y. Hence, |Vu(z)| = |D, ( T(x))] < C, souis

globally Lipschitz. Let w;; = Dyiziu+ Dyigic(x, c—exp, (Vu(z ))) thh is positive definite
(,

by c-convexity of w. Thus, (3.1)) simplifies to det(w;;) = Vu(z)). It will be simpler

to work with logdet(w;;) as notably 0, logdet(w;;) = zzi%)ngUk = ww;j ), via the

Jacobi identity and we have again used the convention w® = (wu)_1 and wij i = Opew;;.
Hence, letting ¢(2) = f(z, Vu(z)) yields w Twijk = Q- Takmg another derivative yields
w lej ke — W' wjtw” EWst k = Pkl OT W lej bk = Qrk+wStw Jw” kWst,k = Pk 50, inputting
the explicit form of w;; yields

.
w (uijk + CijetcijsTsk) = @k
.
W (Wijkk + Cijrk + 2¢ijk,sTs ke + Cij.sTs ik + Cij st Ts kTtk) > Qrk

Now, we take Z € X and let  be a cut—off function around Z, define G : X x S*! = R
(7, &) = n(x)?wee for wee = w;;£°¢7. Note that w;; is positive definite hence G > 0. We now
wish to demonstrate an upper bound on G and employ the same strategy as in Theorem

Let 29 € X and & € S"~! be a point where G is maximal. We take rotation of coordinates
with & = e; such that at zo, 0 = log(G); = “*-4 + 2771 and log(G);; = R4 4 277” —

w11 w11
6% Note that log G is nonpositive hence 0 > wyw" (log G);; and differentiating Vu =
—Dyc(z, T(x)) yields w;jc** = Ty ; notably |VT| < Cuwns.

Combining these equations yields 0 > w% [ck lc” kCl,st — Cijﬁst]cs’pct’qulwa — C. One

can take a rotation of coordinates that leaves e; invariant and assume that w;; is di-
agonal at mg to get w'[cFley ner g — ciist)c et wiwy; < C. Now, apply MTW(K)
to & = (0,Vw?,.. ., Vuw™) and & = (wi1,0,...,0) yielding Kw} S Qw” < C +
whcPlery kep st — c11se)edteblwiwig, so using (CO) and the fact that w® = w,; L gives

wi Yo, w" < C(1+4 wiq) such that the AM-GM inequality yields

1 n
— Zw (Hw > > co(w') V=D = ¢ (g )V (D)
1=2

for co = infrex h(x, Vu(x))~/ ™= > 0. We therefore obtain wy;(z)***/ =1 < C(1
w11(xg)) hence G(x, &) < G(zo, &) < C for any (z,€) € X x S*~ 1. O

We note that this result can be used to proved boundary regularity for diffent Monge—
Ampere type equations.

Remark 3.4. (Boundary Regularity Results for MTW Condition) It has been shown in [13]
that the MTW condition is coordinate invariant. Hence if u solves det(D?u — A(x, Vu)) =
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f(z,u, Vu) with A satisfying the MTW condition then taking ® to be a smooth diffeomor-
phism, uo® satisfies the same equation with A satisfying the MTW condition in place of A.
Therefore to prove boundary regularity it is possible to simplify the problem using such a
diffeomorphism. This result also holds for a solution to the classical Monge-Ampere equa-
tion (A = 0 is MTW(0)) say u, then u o ® satisfies the a similar equation with A satisfying
MTW/(0) in lieu of A.

3.2. Geometry, Regularity and the MTW condition. The geometric interpretation
of the MTW condition stems from the work of Loeper (c.f. [12]). Recall that the convexity
of the subdifferential of a convex function was one of the main results used to prove the
regularity results for the classical Monge—Ampeére equation. Moreover, recall that convex
sets are connected and thus a natural extension in this case is to study whether a modifica-
tion of the subdifferential for c—convex function is connected. To this effect, the following
definitions.

Definition 3.5. (c—segment) Let & € X, yo, y1 € Y. Then the c—segment from yo to y1
with base Z is given by

(33)  [yo.nle = {ye = coexpy (1 — t)(c-exp;) " (yo) +tcexpy) " (y1)) | ¢ € [0, 1]}
Definition 3.6. (c—subdifferential) For a c—convex function ¢ its c—subdifferential at x is

Octo(z) ={y €Y :p(x) = ¥(y) — c(z,y)}
or equivalently
Oep(x) ={y €Y 1 9(2) > —c(z,y) +cla,y) +¢(z) VaeX}

Definition 3.7. (Fréchet Subdifferential) The Fréchet subdifferential of 1) at x is given by
(34) O P(x) ={peR" : ¢¥(2) 2 u(x) +p- (z —x) + o]z — z[)}
Notably, for ¢» € Ct if y € d.0(x) then —D,c(x,y) € 0~ c(r,y) and moreover d.1)(x) C
c—exp, (07 (x)).

With these definitions in mind and recalling the question of connectedness of the c—

subdifferential, the following theorem confirms that it is a necessary condition for smoothness
of optimal transport (see [12, Rmk. 3 p.257]).

Theorem 3.8. (Discontinuous Optimal Transport Maps) Suppose 3T € X and ¢ : X —
R c—convex such that 0.1 (x) is not connected. Then one can find f,g smooth positive
probability densities such that the optimal map is discontinuous.

With this negative result in mind, it remains to be seen if connectedness of the c—
subdifferential is sufficent to obtain smoothness. We therefore introduce some alternate
characterizations of this condition to see if we can establish a connection with the MTW
condition.

Theorem 3.9. (Characterizations of Connectedness of the c-subdifferential) The following
are equivalent
(i) For any c—convex 1,V T € X, 0.4(Z) is connected
(ii) For any c—conver ), ¥ T € X, (c—exp;) 1(9:4(%)) is conver and coincides with
O™ Y(2)
(iii) VZ € X,Vyo,y1 €Y, if [yo, 1]z = (Yt)tepo,1] C Y then
c(z,yt) — (&, yr) > min{c(z, yo) — (T, yo), c(x,y1) — (T, y1)}
Ve X,tel0,1]
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(iv)VieX,yeY,n,E eR” with & Ly
& &

(3.5) e N

c(c—expz(t€), c—expz(p + sn)) <0

s=0 t=0

for p = (c-expz)~'(y)
and if any of these conditions is not satisfied then C' c—convex functions are not dense in
the set of Lipschitz c—convez functions.

Proof. (i1) = (i) Since (c—exp,) (01 (z)) is convex, it is also connected, whence 9.1(x)
is connected as well.
(1) = (i) Let .y = max(=c( o) + (@, yo), ~e(-,32) + (1)} Then
(c-expz)  H(Ocs,y0,4. (7)) C [(c—expz) (yo), (c-expz) "' (y1)] which is a segment. Here,
connectedness and convexity are equivalent, so if (i) holds Octz .4, (Z) = [Y0,¥1]z =
c—expz (07 Yz o4, (F)). Generally, taking yo, y1 € 0.1 (Z) one sees that . (T) 2 Octz yo .40 (T) =
[vo, y1]z
(13) <= (14¢) Note that the equation in (ii7) is equivalent to 0:¥z o, = [Y0,¥1]z thus the
same arguments above can be used.
(ii1) = (iv) Take T € X, y € Y such that y = c—exp;(p). Take £, n perpendicular and
of norm 1 and define yo = c—exp;(p — en) and y; = c—exp;(p + en) for some € > 0 and
ho(z) = e(&, yo) —c(x, yo), h1(x) = (T, y1) —c(x, y1) and finally ¢ = max{ho, h1} = ¥z yo.4: -
Let (t) be a curve contained in the set {hg = h;} for which ’y(()) =z, 4(0) =¢&.

Since y € [yo, y1]z we get by (iii) that y € 9.1/(Z) and therefore [ho( )+hi(Z)]+c(z,y) =
U(@) +e(z,y) < Y(y(t) +c(y(t),y) = 5[ho(¥(1)) + ha (v(1)] + c(y ( ):y) as ho = Iy along 7.
Thus, 3[c(v(), yo)+(1(8), y1)|—(3(8), ) < 1[e(, y0)+¢(F, y1)] —c(z, y) and the function on

_, Gletr(®),90) + e((1), y1)] = (v (1), )
0. Since D,c(,y) = $[Dyc(Z, yo) + Dyc(Z,y1)] one obtains

the left hand side attains its minimum at ¢ = 0, so %
t

<[;(Dmc(i,yo) + Dypc(Z,y1)) — Dmc(f’y)} ,§’€> <0

Therefore (Dy,c(Z, c—expz(p + sn)) - €,&) is concave as a function of s, proving (iv). O

Remark 3.10. (Equivalence of Connectedness and MTW(0) Condition) By direct computa-
tion, one obtains that

d? a2
R el - e - ) _
ds? s=0 de? t=0 C(C eXpw( g)’ ¢ Pz (p T ST])) G(Iﬂ) (5, 77)

Therefore by Theorem [3.9| we get that the MTW(0) condition is equivalent to connectedness
of the c—subdifferential of any c—convex function. Thus, since we have already shown in by
the results of Theorems and the MTW condition is necessary and sufficient for
smoothness of the optimal transport map.

Loeper further proved in [12] the following regularity results for cost functions satisfying
the MTW (K) condition. Notably, this gives us regularity of the optimal transport map as
well as the regularity of solutions to

Theorem 3.11. (Regularity from MTW(K)) Let ¢ : X x Y — R satisfy (C0)-(C3) and
MTW(K) for K > 0. Let f be bounded from above on X and g be bounded away from 0 on
Y and denote the optimal transport map T sending f onto g. Suppose Dyc(x,y) is conver
VaeX. Thenu e CH*(X) with o = 1/(4n — 1) hence T,, € C%(X)
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This theorem was generalized in [14] to the following.

Theorem 3.12. (Regularity from MTW(0)) Let ¢ : X xY — R satisfy (C0)-(C3) and
MTW(0). Let f be bounded from above on X and g be bounded away from 0 and oo on
Y. Also, assume Dyc(z,Y) and Dyc(X,y) are uniformly convex ¥V « € X,y € Y. Then

u € O“’“(X/) V X' C X where f is uniformly bounded away from 0.

loc
Throughout this section we have discussed the regularity of optimal transport maps
arising with more general cost functions. We have equally connected the regularity of these
maps to the regularity of solutions to a general family of Monge-Ampere type equations.
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