
MATH 581 ASSIGNMENT 4

DUE FRIDAY MARCH 15

1. For s ∈ R, the (Bessel potential) Sobolev space Hs(Rn) is the set of those u ∈ S ′(Rn)
with ‖u‖Hs := ‖〈D〉su‖L2 <∞, where the Bessel potential 〈D〉su of u is defined by

〈̂D〉su(ξ) = 〈ξ〉sû(ξ) ≡ (1 + |ξ|2)s/2û(ξ).

Prove the followings.
a) 〈D〉s : Hs(Rn)→ L2(Rn) is a Hilbert space isometry.
b) For k ≥ 0 integer, Hk(Rn) = W k,2(Rn).
c) D(Rn) is dense in Hs(Rn).
d) The (topological) dual of Hs(Rn) is isometric to H−s(Rn).

2. Prove the followings.
a) If s = n

2 + k + α with 0 < α < 1 and k ≥ 0 an integer, then Hs(Rn) ↪→ Ck,α(Rn).

b) The trace operator γ : D(Rn)→ D(Rn−1) defined by

(γu)(x1, . . . , xn−1) = u(x1, . . . , xn−1, 0),

has a unique extension to a bounded linear operator γ : Hs(Rn)→ Hs− 1
2 (Rn−1).

c) If u ∈ Hs(Rn) and ϕ ∈ D(Rn), then ϕu ∈ Hs(Rn) with

‖ϕu‖Hs ≤ C‖u‖Hs ,

where

C = 2|s|/2
∫
Rn

〈ξ〉|s||ϕ̂(ξ)|dξ.

Hint: Verify Peetre’s inequality

〈ξ〉2s ≤ 2|s|〈ξ − η〉2|s|〈η〉2s,

for ξ, η ∈ Rn and s ∈ R.
d) Let φ : Rn → Rn be a diffeomorphism with dφ ∈W `,∞(Rn) and d(φ−1) ∈W `,∞(Rn)

for all `. Then the pullback φ∗ : Hs(Rn)→ Hs(Rn) is a linear homeomorphism.
3. In this exercise we will refine the hypoellipticity and microlocal regularity theorems

we have seen in class. First we localize the notion of Sobolev regularity in space and
frequency. With Ω ⊂ Rn a domain, let u ∈ D ′(Ω), and let (x0, ξ0) ∈ Ω × R×n , where
R×n = Rn \ {0}. We write u ∈ Hs(x0) if there is φ ∈ D(Ω) with φ(x0) 6= 0 such that
φu ∈ Hs(Rn). Similarly, we write u ∈ Hs(x0, ξ0) if there is φ ∈ D(Ω) with φ(x0) 6= 0,
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and there is a conical neighbourhood V of ξ0 such that 〈·〉sφ̂u is square integrable in V .
With these localizations at hand, we define the singular support

sing supps(u) = Ω \ {x ∈ Ω : u ∈ Hs(x)},

and the wave front set

WFs(u) = Ω× R×n \ {(x, ξ) : u ∈ Hs(x, ξ)},

adapted to Sobolev regularity. Prove one of the followings1.
a) Let p be a polynomial of degree m in Rn, satisfying

|ξ|γ . µp(ξ), ξ ∈ Rn,

for some constant 0 < γ ≤ 1, where

µp(ξ) = inf{|η| : p(ξ + iη) = 0, η ∈ Rn}.

Then

sing supps+γm(u) ⊂ sing supps(p(D)u), u ∈ D ′(Ω).

b) Let P be a differential operator of order m with smooth coefficients in Ω. Then

WFs+m(u) ⊂ CharP
⋃

WFs(Pu), u ∈ D ′(Ω).

4. For a domain Ω ⊂ Rn, we define

Hs(Ω) = {u ∈ D ′(Ω) : u = w|Ω for some w ∈ Hs(Rn)},

with the norm

‖u‖Hs(Ω) = inf
{w∈Hs(Rn):w|Ω=u}

‖w‖Hs .

Similarly, define

D(Ω) = {u : u = w|Ω for some w ∈ D(Rn)}.

a) Show that the restriction operator w 7→ w|Ω : Hs(Rn) → Hs(Ω) is continuous, and
that D(Ω) is dense in Hs(Ω).

b) Show that there exists a sequence {λk} satisfying

∞∑
k=0

2jkλk = (−1)j , j ∈ N0.

c) Define the Seeley extension operator E : D(Rn+)→ D(Rn) by

(Eu)(x) =

{
u(x) if xn ≥ 0,∑∞

k=0 λku(x1, . . . , xn−1,−2kxn) if xn < 0.

Prove that indeed E maps D(Rn+) into D(Rn), and that E : Hs(Rn+) → Hs(Rn) is
bounded for s ≥ 0.

1If you prove both, you will get bonus 2 points towards your final grade
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d) Let Ω ⊂ Rn be a domain with smooth boundary. By using coordinate transformations
and partitions of unity, construct a bounded extension operator E : Hs(Ω)→ Hs(Rn)
for s ≥ 0.

5. Let Ω ⊂ Rn be a domain with smooth boundary. Prove the followings.
a) If s = n

2 + k + α with 0 < α < 1 and k ≥ 0 an integer, then Hs(Ω) ↪→ Ck,α(Ω).
b) If Ω is bounded and s > t ≥ 0, then the embedding Hs(Ω) ↪→ Ht(Ω) is compact.

You can use the fact that the embedding Hs
0(U) ↪→ Ht

0(U) is compact for bounded
domains U , where Hs

0(U) is the closure of D(U) with respect to the Hs norm.
c) Let {Uk} be a finite open cover of a neighbourhood of Ω, and let {ϕk} be a smooth

partition of unity subordinate to {Uk}. Then

‖u‖2Hs(Ω) h
∑
k

‖ϕku‖2Hs(Uk∩Ω), for u ∈ Hs(Ω).

In particular, the membership u ∈ Hs(Ω) is equivalent to ϕku ∈ Hs(Uk ∩ Ω) ∀k.


