We showed the spectrum of a strongly elliptic operator with homogeneous Dirichlet boundary
conditions is discrete.

(A=Xu=f < u—(t+ A\)Rwu=R.,f, tlarge.

If {pr} is the spectrum of Ry, then

A= — —t.
Kk

0.1 Self-Adjointness
A:DomACc X =+ X
(Au,v) = (u,v*) Yu € Dom(A). (%)

If Dom(A) is dense in X, then v* is unique (for given v).
v € Dom A" <= " s.t () holds, A*v =v".

Go back to differential operators:
/Au-@z /ZaaﬁDO‘waﬁv = /u'm, u € Dom A, v € Dom A*.

If a3 =50, A C A* (symmetric) and

/u.mz/um,

A*=A = R, =R

then,

Theorem 1. Suppose A strongly elliptic and its Friedrich Extension is self-adjoint. Then A has a
complete orthonormal system of eigenfunctions {vy} in L? and corresponding to real eigenvalues { .}
satisfying A\, — oo.
{vr} are also complete in Hy(Q), and orthonormal with respect to innerproduct
a(~, ) + t(-, ')L2«

Moreover, v, € C=(Q) and vy € C*®(Q) if 02 € C>. Also, v € C¥(Q) if 9Q € C¥ and coeff A are
in C¥(Q).
Proof.

A'Uk = MU = Mg <’Uk,’l)k> = <A'Uk,A’Uk> > C||vk||2H7‘n. - ClHUkHLz,

A — +o00.
a(vr,vj) = A (v, vj) = Mg -

v € Hy"(Q), a(v,vr) = (v, Avg) = Tk(”?”“
implies if a(v,vg) + t(v,vr) = 0, then (v,v;) = 0.

(A =TI p)vp, =0 = regularity.



0.2 Functional Calculus

X Hilbert, A : Dom(A4) C X — X self-adjoint, having a complete orthonormal set of eigenfunctions.
Av, = Avg.
Lemma 1. Au =), A\ (u,vx) v, u € Dom(A)
u € Dom(A) <= Z)\k (u, vi) Vg

converges if and only if

>k (u o) 7 < oo

Au:Z (Au,vg) v Z)\k U, Vk)

Proof. uw € Dom(A) :

(<)
Cu:= Z Ak (U, V) Vi
u € Dom(C) <= series converges.
u € Dom(A)
— Cu = Au,
= ACC, (1)
= C*"CA*"=A, (CcCY) (2)

therefore A = C i.e Dom(A) = Dom/(C),

(Cu,v) Z)‘k (u, vg) (vg,v) = (u, Cv).

O
Let f: R — R. Define
F(AY = 3 FOu) (y0n) g
k
u € Dom f(A) if and only if > |f(M\x) (u,vp) |? < .
Lemma 2. Dom f(A) os dense in X, f(A) is self-adjoint.
Proof.
f(A)ug = f(Ar)vk = vg € Dom f(A) = denseness.
C=f(4), C cC* ue Dom C*.
(u, C*v) = (Cug, u) = f(Ae) (ve, u)
C*u= Z (v, C*u) vy, = Zf Ak) (v, u) vk,  convergent.
= C*CC.
O



f:RxI—=R, ICR. eget4

fla,t)=e""
FOA =" F(k, 1) (1, v5) vy
k
Theorem 2. Let ug € X. Assume
> lex (uo, v | < oo, (%)

Cr = [lfO\, oy, fN) € C(I), YAER.
Then,
u it f(A t)ug is continuous on I.

If in addition, f(\,-) € CY(I), VA and

Z |dy. (ug, vg) [* < 00, di = || f(Me,)lcrany
then, u € CY(I,\) and u(t) = fi(A,t)uo.

Proof.
ar = (uo, vx)
£ (A, tyuo — (A, s)uol* =Y 1f (ks )aw — [ (A, 5)ax|”
keN
< S 1O t) — fOw ) Plarl2 +2 3 Za
E<N k>N
using (x), the expression goes to 0 as ¢ approaches s. O

0.3 Application to Heat Equation

us + Au =0, u(0)=wug
assume A\ — oco. Solution is u(t) = e *uy. By definition

u(t) = Zeft’\k (uo, Vi) vk

(agrees with separation of variables)

Cr = sup e ! <max{l,e ™7 X\ := smallest \
0<t<T

= u e C[0,T],X)
di = supy<pcq [Are™ M < C- A If ug € Dom(A) then u € C*([0,T7], X).
U = — Z)\keﬂ\’“t (ug, vk) v
Au = Z Are” M (ug, vg) vk
= u;+Au=0, u(0)=ug

1
die= sup |[Me ™| <= we Cl(e, 7], X), Yup € X.
0<e<t<T €

e e < 1
~ e



