Let A strongly elliptic with smooth coefficients of order 2m and
Au=f inQ, ue H™(Q).

We want to prove if f € H® = u € HT?™,

0.1 Interior Regularity
feH . (Q = HIP(Q).

loc
Definition 1. v € H (Q) <= ¢v € H® for all ¢ € 2(Q).
Simplified picture:
(-A+Du=f, uelL*Q), fecHQ).
— (5P +1)a) = f(©)
el g2 = [4€)* 2@l = 1(€)° 2 FIl = [1f ]l az2-

Now suppose
(—A+1—au=f uel},.(Q), feH. ),

loc

p e 2(%),
Apu) = pAu+ [A, plu = pAu+ 2V - Vu + ulp

(—A+1)(pu) =pf —apu —2Vp-Vu—ulp =g

g€ HNQ) = ppuc H Vo

= uc H..(Q)

2
loc

= g€l
= puc H? Yy
= ue H},

... iteratively.

= ue H(Q)

loc

This procedure is called boot strapping. More generally, define

x +ejh) —u(x)
h

5Jhu(x) = u

Lemma 1. ue HS — 5;?u — Oju in H!

Proof. -
dpu(&) = h~H(e™" — 1)u(g)

(€%i™) Taylor series) — i€;u(&) = @(5) a.eg.

/ (€ AN — 1) — it | [@(€) 2 de — 0



since [h=1(e®ih — 1) —ig;| = €107 (e — 1) — i| < C|¢|, which follows from

<oo

i0
-1
€ —1 as 6 —0.

Lemma 2. A is elliptic of order q, with smooth coefficients.
ull e S 1 Aull oo + [Jull L2

$>0, ue 2(Q).

Proof. Constant coefficients. A = a,(D). Ellipticity implies

|ag(E)] = cl¢]*

— Julle S [+ GPIREP de S ulle + [ 1625 2la (PO de
(This proof is similar to that of Garding)
= Jull2s + [ Auly.
For general case, localize and freeze coefficients.
Theorem 1. A elliptic of order q with smooth coefficients.
Au=f inQ, well.Q), feH.(Q).
Then, u € H M 9(Q).

Proof. We first consider the case u € H§+q71(BT), with r > 0 small. Suppose

A= Zaa(m)ﬁo‘.

Define
A? = Z aq(x + €e;h)0

= A;‘u(x +e;h) = f(x +ejh) (Note f € Hj(S)).
We have

Ag? —A N .
A u(zr +e;h)  + Adju = o f
—— <~
converges in H°~! converges in Hs=!'  —9;f in H=-1 by lemma
because §)aq—..In ¢
and 8% u(z+ejh)—...in H>~1

|oullszeras < NAS Ul gros + (60 o
N——
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— 5;-1 — v in HST9!



and
6§Lu — Oju in Hetal

Oju=ve HTI 1,
j arbitrary, hence u € H*T4. For the general case, take ¢ € 2(B,),
pAu=of = g:= Alpu) = of +[4, ldifferential operator of order ¢g—1%
[A, ¢] differential operator of order g — 1.
wel? = ge H'¢
— puec H'

— uc H,

Remark: Results does not depends on boundary conditions.

Corollary 1. f € C®(Q) = u € C®(Q). In most generality,

fFEWSP —= e WST9P 1< p< 0.

0.2 Regularity at the Boundary

Suppose f € HE(b,), u € Hy'(B;). (s > 0 integer). We claim that u € HjF>™(By) for A strongly
elliptic operators of order 2m.

Proof. ¢ € P(By) : locally, pdJu € HJ*(Bs) |v] < m+ s. By using similar finite difference techniques
in differential tangential to boundary.

pAu=pf = 0 (aoa)ym((pu) + Z c%ka;agu) + Bu = of
|k|<m—1
Iv[+k<m
B is order 2m operator and order m in y. By ellipticity, ag > ¢ > 0, for simplicity assume s = 0,
dNgeL® |y <m.
of, Bue L* = 0;'g € L*.
= 0% €L62 |ao]<m
agdy" (pu) + q(@™ tu,...) =g (boot strap).

Lemma 3. u € H}(Q2), 00 € C'.

2l
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Proof. By coordinate transformation,

UGCI, u‘mn:():(]
u(z) = / Opu dzy, =0
0

W2 (z) = (/)2 gh/oz"(anuf dz)n |an| < hin Q

/ u? < _h? / (Onu)? = true for u € H} () by density argument
@ Q

Q

1

—/u2 §/|8nu|2—>0as|Q|—>O
1Ql Jg Q

——
—u?(0) as |Q|—0

= u?(0) =0.

Corollary 2. v € H*(Q), 00 € C™
ue C™" Q) = 0%lpno =0 |af<m—1.

Reason: 9%u € HJ' 1*(Q) c HL(Q).



