0.1 Friedrichs Extension

Let © C R™ be a smooth domain, and let

A= )" auD* a,€C™(Q)

lal<2a

be strongly elliptic. Then,
A:2(Q) = 2(Q)

and
A:2'(Q) — 2'(Q)

are both continuous. For u,v € 2(Q),
a(u,v) = (Au)(7) sesquilinear
= /Au-@
:/ Z aagDo‘uDBE via integration by parts.
lal,|8]<m

L?-inner product

This implies
la(u, v)| S llullam [[v]lmm,

which extends a(-, ) to continuous sesquilinear functional : H*(Q) x HI*(2) — C.
We have proved af(+,-) is coercive, i.e for any u € 2,
Re a(u,u) > cllu||3m — c1ljul|3e (¢>0)

which may be extended to uw € H™ by a density argument. Given w € H}*(£2) where for simplicity
we denote H(Q) = X,

A w—al,w) e X!
A we [v— a(w,v)] € X’
This defines A’ : X — X’ and A : X — X’ bounded and linear.
Theorem 1 (Lax-Milgram). If a is strictly coersive in X, then A’ and A are invertible.

We have B
(Au)(v) = a(u,v) = (Au)(v),

therefore A extends A : 2 — 2 and restricts A : 9’ — 2’ to H™(Q). A is called the energy extension
of A.
Under the assumption that a is strictly coercive,

Au=f

is uniquely solvable on H}*(2) for f € H*(Q2) .
Friedrichs’ Extension: A: L?(Q2) — L?*(Q) can be defined with domain

Dom(A) = {u € L2(Q) : Au € L2(Q)}.



Under similar assumptions, there exists A~ : L2(Q) — L?(Q) since L?(2) — H™ ()" continuously
embedded: If f' € L?, define f(v) = [ f'v, then

()] = ‘/f’v

If A is strongly elliptic, the Garding Inequality guarantees solvability of

< N Nzellvllze-

(A+thu=f

for large t. We may consider —Au + tu = f as an example.

0.2 Friedrichs/Poincaré Inequality
Theorem 2. Let Q bounded, and s > 0. Then for all u € 2(Q)
lullZ> < C/|€|28|ﬂ(§)|2 dé =: cllullf. =: clulf.  semi-norm. (1)
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Without loss of generality, take R < 1,

(€] < /|u| <Vl @lullz (e:= V)

= E < c|jul|3-R".
We have
e < B2 [t [IRE + B < Rl + R ul
[EI>R
To obtain an estimate for R,

1 1
B <2~ vam
1
i~ diam(Q)

R™* ~  diam(Q)*

Corollary 1. A = ag,, (D) strongly elliptic, Q bounded. Then

VfeL?(Q) 3 ue H™Q) s.t Au= f.



Proof.
Re(Au)(u) = /|s|2’”|a<§>|2 = |uffpm 2 Julfm + |JulZ:
—_————

NHuH%[m
1
</|Vu|2 > 5/|Vu|2 +c/|u2> .

0.3 Rellich-Kondrashov Theorem
Q bounded, s > t, then the embedding H3(Q) — H’(Q) is compact.

Example: For m = 1:

Proof. (t = 0) Take {uy} C H(Q) with [Ju|gs < 1. We want a subsequence that converges in
H!(2). Consider a cutoff function x in Fourier space, that is equal to 1 for |¢| < R and equal to 0 for
|€] > R, where R is a large constant to be adjusted.

FIG
Define
a](cl) = Xﬂk
i = (1 X
2 s 2 _92g
lug? e < R Nul? e < Rl (fuellze < 1) (2)
thus
1 ~(1 n/2~(1
W@ [ a0 < R s
[EI<R
< eR™2?|Ug 2 < RV |Gk || e < cR™2.

Moreover,

g (2) — ul (y)] < / lefee — i€y [ag) (€)] de

[€I<R

< [ -t ds
[€I<R

< sup |1 — %@ V|cR/?
|EI<R

where constant ¢ comes from the L' of ﬂ,(fl). Passing to a subsequence:

u,(:) — u uniformly in Q.

= u,(gl) is Cauchy in L?(0Q).

Define

Up, = u,(gl) + uf)



and in (2) choose R such that Huf)HLz <e. Then

€g>€ >+ —0

for g : wugr = u&) + uéi)

for €1 : w11, ui2, w13, ...

for €31 w21, u22, Uas, ...

pick diagonal entries,

(1)

2
= Ugk = Upy, (2)

+ Uy

Then for k < j,
lure — ujjllre < ||u,(clk) — U;;)HL? + O(eg) = 0 as k — oo.

Let A be strongly elliptic. Then for all sufficiently large ¢,
IR (A+tD)™H LA(Q) — HMQ),
is bounded.

Au = f < RtAU = Rtf <— u—tRyu= Rtf
Introduce (+tu — tu)

and Ry : L2(Q) — H™(Q) C] C L*(Q) is compact. Hence
(I — th) u = Rtf
———
Fredholm
The Riesz-Schauder theory implies
dim Ker(I —tR;) = CoDim Range(I — tRy).

It follows that if Ker(A) = {0}, then A : Dom(A) — L?(2) is surjective.
Moreover, consider the eigenvalue problem

Au—du=f < (I —(t+NR)u= R:f.
If {ur} are the eigenvalues of Ry, then {)\;} eigenvalues of A, related by

1
A= — —t.
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