0.1 Gronwall’s Inequalities

This section will complete the proof of the theorem from last lecture where we had left omitted
asserting solutions agreement on intersections. For us to do this, we first need to establish a technical

lemma.

Lemma 1.

a Lety € AC([0,T],Ry), B € C([0,T),R) with y'(t) < B(t)A(t) for almost everyt € [0,T]. Then

y(t) < y(0) - exp (/OtB(s) ds) , vt e[0,T).
by, B e C(0,T),Ry) with A >0 and y(t) < A+ [ B(s)y(s) ds for t € [0,T]. Then,
y(t) < Aexp (/OtB(s) ds) , Vtelo,T].
Proof.  a Define
2(t) = y(t) exp (—/O B(s) ds> — z€ AC

2 (t) = y/(t) exp ( /0 t B(s) ds) — y(t)B(t) exp ( /O t B(s) ds> <0 ae.

= z(t) < z(0).

a4 (A +f B()u() ds) — Bt)y(t) < B() (A - Bls)us) is)
y(t) < A+ / " B(s)y(s) ds < Aexp ( / " Bls)u(s) ds) .

We now proceed to completing the proof from last time.

Lemma 2. Suppose under the conditions of the last theorem,

Oruy = p(Dm)ul + f(ul) on [077—1]
Oyug = p(Dy)us + f(uz) on [0, 7]

Then,
ur =uz on[0,7] N[0, 7]

Proof. Consider the subtraction of both equations,

Ao = By (ur — uz) = p(Dy)(u1 — uz) + f(ur) — f(uz)

(1)



and consider the iteration
t
wnlt) =P b [ et TpD,) (1)) d
0
We have .
Jollae < [ att = 7)) - fua)a- dr
0

where f is assumed to be locally Lipchitz, so it follows that

t
< C/ alt —n)||v(T)||g- dr.
0
By Gronwall’s lemma, ||v(t)||g= = 0 for all ¢ € [0, min{74}]. O

0.2 Classical Solutions
Theorem 1. Let k > 0 be an integer. Suppose s > § +k, then H® — C* continuously embedded and
luller S llullas,  Vue H®. (3)

Proof. (k = 0). Suppose u € S, then
u(z)] < C/Iﬂ(f)\ d€ = C/Iﬂ(f)\ (€)° (€)™ d¢
1/2
< Cllulr ( [+ 16y ) < cclul

where integrand (1 + |£]?)™% is integrable for 2s > n. Now more generally, for u € H?, take {v;} C S
such that v — @ in L'. We use a density argument.

lor = v)illco S N0k = jllLrs

thus {vy} defines a Cauchy sequence in Cy(R™); that is, there exists v € C}, such that vy — v in C,.
For all p € S,
<Uk _’U7$> = <6;€ _aa<)0> —>O

and therefore u = v as a distribution and thus v = v almost everywhere; equivalently H* < C*. O
Concequences:

e ue C%0,T],H®) with s > 2 = u e C°([0,T] x R™).

(NS

e ue C°[0,T], H®) with s > % +¢, where ¢ is order of p(D;) = w € C°([0,T],C9), u e C°C1.

o If Oyu = p(D,)u in the distributional sense = d,u € C°([0,T] x R"), u € C*C9.



0.3 Multiplication in Sobolev Space

Theorem 2. Suppose s > 5, then the following estimate holds for all u,v € H®

vl ae (4)

[wvllas S llull s

Proof. Consider the identity
(€ @)(© = (" [ (e - notn) d. (5)

Using the fact that (a+b)P < 29(a? 4 bP), where ¢ = max{0, p— 1}, we have (£)* < 2% (£ —n)®+2° (n)®
and thus equality (5)

€ @)© <2 [ (6~ )" @l watnl dn+2 [ 1@~ )l )" o) do
<2[( ) al«[3l+ 2l |- ) D

and thus

Jwvllzs < llullzeVllLe + @l (o]l a2

where ||~ |lpr S| - [|ms if s > 5. O
An example were the theorem applied is f(u) = uP. For p > 0 integers, the function f is locally

Lipschitz. Results may also extend to smooth enough functions.

0.4 Derivative Nonlinearities

Consider the Navier-Stokes term f(u) = u - Vu. We have

f:HTY 5 HS (s > g + 1) continuous.
| ——
loss of regularity

We revisit the iteration:

t
upt1(t) = PP g +/ e(t_T)p(Dw)f(Uk(T)) dr.
0

N (uk)

What we really need is N : H® — H? contractive on Bp.

t
N(u) = / et=mIPDa) f (7)) dr.
0
Assume that f: H® — H*7 is locally Lipschitz, and that the operator p(D,) is Shilov h-parabolic:
eP(D=)| < Celer=dlE™t (550, h>0).

Petrowsky g-parabolic implies Shilov g-parabolic.

—

N(a)(B)(€) = / E=TPE) f (7)) dr < / / =1 Fu(7)) (€)dedr (6)

0



for large |¢]. The propagator e*?(P=) has strong smoothing effect for ¢ > 0, but this effect degenerates

as t — 0. Multiply both sides of (6) by (£)” to obtain

€ :/-~<5>”<5>H dcdr.
~——

I

The maximum of e~(#-7)3l¢l" |€]¢ is located around:

0

—(t—T1 P elo o—1 —(t—1 h B ot N
8|§|<8 (t—=7)3l¢| i )_CT§| 1= (t=T)3¢| — (t—7)ShlE|P T ¢|7e (t-m)slel* _ g

g

|€|h=m

It follows that ;
I~ [e-nt @ F
0
L2—integrable

integrability provided o < h. We have
N A [

In the particular case of Navier-Stokes equations we have h = 2 and o = 1.



