Lecture! 2

Topological Space X: Basic Notions

Lemma 1. A collections of subsets of X, o C 2%, is a base if and only if:

i) o is cover of X.

it) VA, B € 0, AN B is the union of elements from o.
Proof. Define 7 = {union of elements from o}. Then,

(UaAa) N (UsBg) = Uy Ug (Ay N Bg).

AeTeVere A dBeostxe BCA.
Let Y C X. relative topology v = {ANY : A e 71}
X1, X5 product topology with base ox,xx, = {A1 X Ay : A1 € 71, Ay € 7o}
A C X is nbhd of z € X if B € 7 such that x € B C A.
N (z) the set of nbhd’s of x.

X vector space. A C X is balanced if AMA C A, VA, |A| < 1. In other words, z € A = Az € A.

Theorem 1 (cf. [RUDIN] §1.14, 1.15). Suppose X topological vector space, 0 < 11,79 < ...y Ty —>
o0o. V e N(0)

a) U,V =X (V is absorbing).
b) 3U € N(0) open such that U +U C V.
¢) 3U € N(0) open balanced such thatU C V.
d) U € N(0) closed such that U C V.
e) K €U compact = K bounded.
f) V bounded = {r;'V'} is local base of X.
Proof. a) x € X. Define A — Az : R — X continuous. e
— ACR, open, A>50stA-zCV
Is>0st|\<s eV = ze X'V, r, > 271
b) +: X x X — X3JA,B C X open such that A+ BC V.U =ANB.
¢c) :RxX —X3p>0, JAecN(0)st D,-ACV, D,={|\ <p}.
— MCV = U= [J McV

IA<p

d) U € N(0) balanced U +U CV.U-UC V. z €U.
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(x+U)NU # D.
Jy,zelUstx+y=2 — x=z—yecV.

e) U,mV2O2K = ImstKcl rV=r,V.

Note: bounded means ViU € N(0) Vt > 0 s.t K C tU.
f) U e N(0). 3s >0tV C s = V Crldif r, > s.

— r\Vcu

Corollary 1. X topological vector space, M C X open subspace. Then M = X.
Proof. M e N(0) = z€ X, IN>0s.tx € AM = M. O
Definition 1. Hausdorff property
z,2yeX,x#y: JA, Bopen stz e A, ye B, ANB=0.
X is Hausdorff TVS: {z} is closed (z € X).

Lemma 2. Suppose {0} is closed in TVS X. Then X is Hausdorf}.

Proof. X\{y} is open. I3V € N(0) s.t V.C X\{y}. y ¢ V. 3U € N(0) balanced, such that U +U C V.
yeU+UC X\{y}.

a,beld = a+be X\{y}.
= a+b#y
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= acUFAy—-bey—-U=y+U 3
= UNy+U)=0. 4
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Lemma 3. X topological space, E Hausdorff TVS. f: X — E continuous. If f =0 on dense subset
Y of X, then f =0 on X.

Proof. f=1({0}) closed. f~1({0}) D Y.

— ) OV =X

Example
Riemann integral: I : C,(R) — R continuous.

|wu=ﬂw LL(R) = C,(R).

the extension of I is Lebesgue integral.

Definition 2. seminorm p: X — R (X wvector space)

i) p(x +y) < p(x) +py)
i) p(Az) = [A|p(x)

norm

iii) p(x) =0 = x =0.
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