More on Solvability: Proof Revisited
Consider the Cauchy Problem:

Ou=P(Dy)u+f in [0,T]xR"  u(0)=g. (1)
The last theorem from the last class will be proved again in more detail.

Theorem 1. Assume |etP(5)| < aft) forall £ €e Rt > 0, a € C(@Q. Let g € H%, f €
L' ([0,T],H®). Then the Cauchy Problem has a unique solution u € C° ([0,T], H®), which satisfies

Hs dr.

o / alt— )| £(7)

[u(@)]| e < a(t)llg]

Some clarification:

o uc L' ([0,T],H®) <= u(t) € H® for almost every t € [0,T] and fOT [lu(t)]

Hs dt < oo.

e So L}

loc

((0,T), H?) can be defined.
e ucC((0,7T),H?) < u:(0,T)— H* is continuous.

e ucCY([0,T),H®) < ueC’((0,T),H*) and limy o u(t) exists in H*.

Claim:
Li,. ((0,T),H*) C D' ((0,T) x R").

The reason for that requires some technical results. Define

T
(u, ) :== /0 (u(t), (-, 1)) dt,for u € Li,, ((0,T), H*), » € D'((0,T) x R™).

It follows from Parseval that (u(t),¢(:,t)) = C (u(t), p(t)) for almost every t € (0,7) where
o(t) == @(-,t) and u(&,t) := u(t)(§). Explicitly this is equal to

we lp () |- (2)

— [t 0@ (©7 Bt de < Jutt)
by Cauchy-Schwartz. Recalling that under the Fourier transform

Do) = (i€)°$(6) = [0°0(&)| = |€a]™ -+ |Eal™ - 6(E).
Moreover,
61 = [+ PGP d = [ 187 + Braf + - +15,9P,
by Parsaval

- / 6 + 12102 + - + [0n0]? = / 6 + Vo2, 3)

More generally, using elementary inequalities such as 2ab < a? + b? we have

61 = [+ IERMBOR de~ [ 3 6Pl RO de

|| <K



= > 10%6l3 ~ lIgllz- + > 10%¢]3.

o <k la| <k
= eIt S Y 10%¢ll7 < Cligllzr, C = C(vol(supp ¢)).
lal<k

e u e Lj (0,T; H*): Taking Fourier transform (on spacial coordinates)

(B, ) = (Oru, ) = — {u, Do)

= —/0 <u(t)7at$(t)> dt
T —

__ /O (u(t),80(1)) dt

= 7/<a(t),8t¢(t)> dt

= — (@, 0pp) = (D04, ) .

We may now proceed in proving the Theorem.

Proof. To show uniqueness suppose u € C°([0,T), H*) solves the Cauchy problem. Then

B(&,t) = P(OU(E,t) + f(£,¢) in the distributional sense
u(-t) =g as t \(0 in H*®.

(YU, t) = (- )*gin L? and uniqueness follows. To establish existence, recall that

t
(e, 1) = POG(E) + / TP (e 1) dr
g (&,t)

(&)
solves (4) for almost every £ € R™. Given
(&, )] < a@®)g)] = lluo(®)llms < alt)llglla:-

The continuity property follows from [ug(¢,7) — w(€,t)| — 0 as |7 — ¢t| = 0 for almost every £ so by
Lebesgue’s Dominated Convergence Thoerem we have

/<5>25 [wo(€,t) — to(&,7)> dé — 0 as 7 — t.

It follows that ug € CY([0,T), H*) and ug(0) = g. We can show u; € C°([0,T), H*) and u1(0) = 0. O

Lemma 1. Let maxy Re A, < —0 for some positive § and Ny, are eigenvalues of Py(n), n € S"~1.
Then
‘etp(g)‘ < Celer—01lel™t for some C,cq1,01 > 0.



Proof. Schur tells us that one may decompose any matrix P, into

A1 bix

SP,S™! = .

0] An
=A+B

with b;; < e for any given € > 0 independently of n € S?~!. Define H = S*S. We aim to invoke a
previous lemma in the previous lecture by establishing HP, + Py H < 2aH.

HP,+ PyH = S5*SS™'(A+ B)S + 5*(A* + B*)S™*5*S
= * * < -
S*(2Re A+ B+ B*)S < —41.

<—20 e small

Given any y for Q = Q(¢)
v (HQ+Q H)y < C(|QI +1Q*Ny*y < (C+crlé|* Ny*y

which follows from decomposing Q@ = Q4—1 + Qq—2 + --- into homogeneous parts. P, = P,(¢)
HP, + PyH < —6[¢|71

HP + P*H < (—0[¢]7 + C + ¢, [¢|7 )T < (C = §')¢|9)]I.
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