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1. INTRODUCTION

In this chapter, we will be concerned with the eigenvalue problem
— Au = M, (1)

in a bounded open set 2 C R", with either the Dirichlet v = 0 or the Neumann d,u = 0
condition on the boundary 9. The unknown in the problem is the pair (u, A) where u is a
function and A is a number. If (u, \) is a solution then u is called an eigenfunction, and A is
called the eigenvalue associated to u. Let us note the following.

e Since the right hand side involves Au, the problem is not linear.
o If (u, \) is a solution then so is (au, \) for any number a.
e We exclude the trivial solution v = 0 from all considerations.

We have studied the problem —Au+tu = f with the Dirichlet or Neumann boundary conditions,
where t € R and f € L?(Q) are given. Since (1) is equivalent to —Awu +tu = 0 with ¢t = —\, we
can give the following weak formulation for (1). Let V be either H}(2) or H'(€2), depending
on the boundary condition we wish to impose. Then the problem is to find u € V and A € R
satisfying

/Vu'Vv:)\/uv for all v e V. (2)
Q Q

We know that a unique weak solution u € V to —Au + tu = f exists if ¢ > tg, where tg = 0 for
the Neumann case, and ¢y < 0 for the Dirichlet case. This shows that if (2) has a nontrivial
solution, then we must have —\ < tg. In particular, if they exist, the eigenvalues must satisfy
A > 0 for the Neumann case, and A > 0 for the Dirichlet case. If u € V satisfies (2) then
the regularity results imply that © € C¥(2), and so in particular u is a classical solution of
(1) in ©, and moreover that u satisfies the desired boundary condition in the classical sense
provided the boundary is regular enough. Finally, if u € H'(Q) satisfies (2) with A = 0, then
putting v = u necessitates that v must be locally constant. The dimension of the space of
locally constant functions is equal to the number of connected components of €2, meaning that
the multiplicity of the Neumann eigenvalue A = 0 is equal to the same number.
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Now we want to write (2) as an abstract operator eigenvalue problem. We introduce the
linear operator A : V — V' and the bilinear form a: V x V — R by

(Au,v) = a(u,v) = / Vu - Vo, u,v €V, (3)
Q
where (-, ) is the duality pairing between V' and V. Recall that a is continuous
la(u, )| < [[ull (vl e, u,v €V, (4)
symmetric
G(U,U) = G(U,U), u,v € Vv (5)
and satisfies
a(u,u) + t{u,u)r2 > a||u|]%{1, u€V, (6)

for all £ > ty, with o > 0 possibly depending on t. The operator A is called the energy extension
of —A with the given boundary condition, in the sense that it is an extension of the classical
Laplacian acting on a dense subset of V. We can check that it is bounded:
(Au,v) a(u,v)
[Aullyr = sup ——"—= = sup = < ||uf| g1 (7)
vev vl vev [Vl

In terms of the operator A, the problem (2) can be written as

Au = \Ju, (8)
where the inclusion map J : L?(Q2) — V' is defined by
Uy = [ o, wev. 9)
Q

Obviously, .J is injective because Jf = 0 implies f = 0 for f € L?(2) by the du Bois-Reymond
lemma. It is also continuous:

I
1l = sup 2200 < g 210
vev vl ~wev  v)lm

<[ fllz2() (10)

and hence J defines a continuous embedding of L?(£2) into V’. In what follows we will identify
L?(2) with a subspace of V' through J. So for instance, we write (8) simply as

Au = \u. (11)
For u € H?(Q) NV and v € 2(Q), integration by parts yields

(Au,v) = —/QvAu, (12)

meaning that Au = —JAuwu, or simply, Au = —Auw. It is in this sense that A is an extension
of the Laplacian. On the other hand, if Au € L*(Q) and if O is smooth enough, we know
from regularity theory of the Poisson equation that u € H?(Q). Thus, if 9Q is smooth enough,
u € V satisfies Au € L*(Q) if and only if u € H?(Q).

By the Riesz representation theorem, A+ I is invertible for ¢t > tg, and (A+tI)~t: V' =V
is bounded. In what follows, we fix some t > ty. Then adding tu to both sides of (11), and
applying (A +tI)~!, we get

w=(t+\)(A+t) u. (13)
At this point, we introduce the resolvent*
Ry = (A+tD) Y20 : LA(Q) = L*(Q), (14)
which is the restriction of (A + ¢I)~! to L?(Q). Hence if u € V and X € R satisfy (11), then
(t+ \)Ryu = u. (15)

IThe usual definition is (A —tI)™!, but we are using the plus sign for convenience.
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Conversely, if u € L?(Q) and A € R satisfy (15), then by applying A + tI on both sides, we
derive (11), proving the equivalence of the two formulations.
Let us derive some straightforward properties of the resolvent.

e The resolvent is bounded as an operator R; : L?(2) — V, because

1Refllv < el fllve < ell flle2 (s (16)

where the constant ¢ may have different values at its different occurrences.

e The resolvent is positive, in the sense that (R;f, f) > 0 for f # 0, where (-,-) is the L?
inner product on . To see this, let f € L?(2) and let u = R;f, so that f = (A +tI)u.
Then the strict coercivity property (6) gives

(Ref, f) = (u, (A+th)u) = au,u) + t{u, u) > allul|F. (17)

e The resolvent is injective: If R, f =0 then f = 0.
e The resolvent is symmetric, in the sense that (R f, g) = (f, Rig) for f,g € L?(2). With
u = R,f and v = R.g, we have

(Rif,9) = (u, (A +th)v) = a(u,v) + t(u, v), (18)

which clearly shows the claim.
e A function u € L?(f2) is in the range of R; if and only if Au € L?(f2). To show this, first
let u be such that Au € L?(£2). Then (A+tI)u € L?(f), hence u = R;(A+tI)u, which

means that u € ranR;. Second, let u € ranRy, i.e., let u = Ry f for some f € L?(Q). It
is obvious that f = (A + tI)u. From this, we have Au = f — tu € L?().

Remark 1. The natural setting for eigenvalue problems is to consider complex eigenvalues
and complex valued eigenfunctions. To this end, we complexify the function spaces under
consideration, as follows. Given a real function space X, such as L?(Q2) or H'(f2), we define its
complexification XC by

X ={u+iv:uveX} (19)
For example, we have

L2(Q,C) = L) = {u +iv : u,v € L*(Q)}. (20)

The inner products must be extended accordingly to Hermitian inner products. For example,
we define

o= [ fa. feer.0), (21)
and
(u,v) g1 = /(uv + Vu - Vo), u,v € H'(Q,C). (22)
Q

Note that with the identification that L?(2) (or H'(£2)) is the subspace of L?(2,C) (or
H1(Q,C)) consisting of real valued functions, the Hermitian inner products reduce to the usual
(real) inner products for real functions. Moreover, linear operators can be extended to act on
these spaces by linearity:

A(u +iv) = Au + iAv, and  Ri(u+iv) = Ryu+ iR, (23)
et cetera. The resolvent is self-adjoint, in the sense that (R.f, g) = (f, Reg) for f,g € L?(Q,C).

Apart from these simple properties, a crucial property we would like to have for the resolvent
is compactness. Since Ry : L?(€)) — V is bounded, the resolvent sends bounded sets in L?(12)
into bounded sets in V. Therefore, if the embedding V' < L?(€2) is compact, that is, if bounded
sets in V are relatively compact in L?(Q), then the resolvent as a map R; : L2(Q2) — L?(2)
would be a compact operator. Recall that a subset S of a metric space X is said to be relatively
compact if any sequence {x,} C S has a subsequence that converges in X, and a linear operator
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is called compact if it sends bounded sets into relatively compact sets. As for the compactness
of V.— L?(), we will prove in the next section that the embedding H}(Q) — L?() is
compact, provided €2 is bounded. Hence in the Dirichlet case, boundedness of €2 is sufficient
for the resolvent to be compact.

For the Neumann case, however, the situation is a bit more involved, and one needs additional
assumptions regarding the regularity of 2.

Our strategy to solve the Laplace eigenvalue problem (11) will be through the equivalent
formulation (15) in terms of the resolvent. The main feature that makes this formulation
attractive is the fact that the resolvent is compact under some very mild assumptions on §2.

2. RELLICH’S COMPACTNESS LEMMA

In this section, we will establish compactness of the embeddings H}(Q) — L*(Q) and
HY(Q) < L?(Q) under some assumptions on €. Either of these results is traditionally
known as Rellich’s lemma. More generally, compactness results on embeddings of the type
WHhP(Q) — L(Q) are called Rellich-Kondrashov theorems.

Example 2. a) Let ¢ € Z(B) be a nontrivial function, where B = B,(0) with r > 0, and let
o1, k=1,2,..., be translates of ¢, with their supports not overlapping. Suppose that {2 C R"
is a domain that contains supp ¢y for all k. In particular, {2 is necessarily unbounded. Now,
the sequence {¢x} C H} () is bounded in H{ (). However, since |¢; — ¢kllr2 = 2|62 > 0
whenever j # k, no subsequence of {¢;} converges in L?(£2), meaning that the embedding
H(Q) <= L%() is not compact. Furthermore, the sequence fi, = (A+tI)¢y, k € N, is bounded
in L2(Q), as || fxllz2 = [|[(=A + tD)$]| 2, but ¢ = Rifx, k € N, has no convergent subsequence
in L2(£2). Thus the resolvent Ry : L?(Q) — L%(Q) is not compact.

b) Let © C R™ be an open set with infinitely many connected components. Let us denote
those components by Q, k € N, and let ¢, = |Qk\_1/2, k € N. Tt is clear that the sequence
{¢1} is bounded in H'(), but there is no subsequence that converges in L?(2). Moreover,
the resolvent R; : L?(2) — L?(Q) is not compact.

c)Let 0 < a<1,andlet U = (277,277 +a277) x [0,1) for j € N. We form a bounded
domain as Q = (0,1) x (—1,0) UU; UUy U.... Pick a nontrivial function ¢ € Z(I), where
I =(0,1), and define ¢; € €°(U;) by ¢j(z,y) = 27/%(y), for j € N. We set ¢; = 0 in Q\ Uj,
which yields ¢; € €°°(Q2). Moreover, we have

60y = [ 16, = [ 10P. (24)

The norms [|8,¢;| 12 and [|92¢;| 2 are also constant, since dy¢; = 21/24 and D2¢; = 20/ 24",
This means that the sequence {¢;} is bounded in H'(£2), and the sequence {(—A + t)¢;}
is bounded in L?*(Q2), but no subsequence of {¢;} is Cauchy in L?(2). Thus, neither the
embedding H'(Q) < L?(2) nor the resolvent R; : L?(Q) — L?(2) is compact.

We shall approach the compactness problem from the metric space standpoint. The most
basic compactness criterion for metric spaces is the following: A metric space is compact if
and only if it is complete and totally bounded. By definition, a metric space is totally bounded
if it admits a finite e-cover for each € > 0, and an e-cover is an open cover consisting of sets
of diameter not exceeding €. The aforementioned criterion will be sufficient for our purposes,
but we will spend a little additional effort and prove below in Lemma4 a slightly more general
criterion. If the reader is convinced of the total boundedness criterion, by skipping Lemma 4
they would not lose the main thread of the section.

Definition 3. A metric space X is said to be precompact if any sequence {z,} C X has a
Cauchy subsequence. A subset S of a metric space X is said to be relatively compact if any
sequence {z,} C S has a subsequence that converges in X.
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Note that for a subset of a complete metric space, the two notions coincide. The total
boundedness criterion basically says that compactness can be established by approximating
the given set by finite sets. The following criterion extends this result to approximation by
compact sets.

Lemma 4. Let (X, p) be a metric space, and let S C X. Suppose that {X,} is a sequence of
relatively compact subsets of X, satisfying

sup inf p(z,y) — 0 asn — 0o. (25)
z€S YEXn

Then S is relatively compact in X.
Proof. We will show that any sequence {x;} C S has a Cauchy subsequence. For each n, let

— £ 26
en = Sup nf p(z,y). (26)

Without loss of generality, assume that &, > e€,41 for all n. Pick a sequence {zy} C S,
and let d1,02,... be a sequence of positive reals converging to 0. Then for each k there is
yr € X7 such that p(xg,yr) < €1 + d1. Since X is precompact, we have a Cauchy subsequence
{yk,} C {yx}. In particular, there exists N; such that for all indices i > N; and j > Ny, we
have p(yi;, Yr;) < €1 + d1. This means that

P(Tr;s Thy) < p(Thys Uny) + Pk Yk;) + P(Uky» ;) < 3(e1 4 01), (27)
for all i > Ny and j > Nj. Let us denote the subsequence {xy,} by {x1,;}. Then by applying
the above procedure to {z;;}, with X; replaced by Xy and €1 + 6; by €2 + J2, we extract a
subsequence {z;} C {1}, with the property that

p(w2,i,725) < 3(e2 + d2), (28)
for all ¢ > Ny and j > Na, where Nj is some integer. We continue this recursively, and get
nested sequences {z} D {z11} D {x2x} D ..., such that

p(xn,iv xn,j) < 3(871 + 577,)7 (29)

for all ¢ > N,, and j7 > N,,. Without loss of generality, we can take N1 < Ny <

Now we consider the “diagonal” sequence {z;;}. This is obviously a subsequence of the
original sequence {xj}. Moreover, given any n and i > n, we have x;; = x, ) for some k > i.
Hence we infer

P(mz’,z’v w],]) < 3(571 + 671,)7 (30)
for all ¢ > N,, and j > N,,, meaning that {x;;} is a Cauchy sequence. O

The following general criterion is known as the Kolmogorov-Riesz criterion.

Theorem 5. Let Q C R™ be a domain. A subset S C L*(Q) is totally bounded if and only if S
satisfies the following conditions.

e Boundedness: There is M < oo such that ||f||p2) < M for all f €S,
o L2-equicontinuity: ARl z2(0,) — O uniformly in f €Sash—0,
e Uniform decay: HfHLQ(Q\K].) — 0 uniformly in f € S as j — oo, for some sequence
K1 C Ky C...CQ of compact sets satisfying Uj K; =Q.
Proof. We first prove the “if” part. Let € > 0, and let j be so large that
||f”L2(Q\KJ) <e€ forall feSs, (31)
and pick 6 > 0 so small that

ARSI 2200,) <€ forall he Bs, fe€S, (32)
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where we recall Q, = {z € Q: [z,2 + h] C Q}. Consider the partition
Grx={ X a+[0,\]" :a €Z"}, (33)

of R™, consisting of cubes of sidelength A > 0, and collect the cubes ) € G satisfying
Q N K; # @ into the collection {Q1,...,Qm}. We link A to § by 2An = 6, and lower the value
of § > 0 if necessary, to ensure the following two conditions.

e All Q; C Q, ie., that ¥ =, Q; satisfies ¥ C Q.
o § < dist(3,09).

The first condition is satisfied if A > 0 is sufficiently small. Then the second condition is
granted by reducing § > 0 further, because X would only shrink as A gets smaller. Note that
2 n = ¢ implies [0, A]" C Bs.

Next, let X = span{xq,} be the space of piecewise constant functions subordinate to the
lattice {@;} and hence supported in ¥, and define the projector P : L?(Q2) — X by

Pr=% <|Q1‘ /Q f> xar (34)

Then for f € S, we have

1 2
1PAE =% (i / 1) iy L= < Wy (35)

where we have used the Cauchy-Schwarz inequality in the second step. This shows that the
image P(S) of S under the projection P is contained in the ball Xy = {¢p € X : ||¢||z2 < M}.
Proceeding further, for f € S, we have

1f = Pfllzzi < If = Pfllezsy + If = Pfllzzes)
=[flle2nz) + IIf = Pfles) (36)
<e+|[If = Pl

because Pf = 0 outside £, and Q\ ¥ C Q\ K. The last term can be estimated as

IF = P2, = Z/( - sz>2dx
=¥ A <‘QZ KCE f(y))dy>2dx (37)

< Z/ 01, V@)~ sy,

where we have invoked |, o (x)dy = |Q;|f(z) and applied the Cauchy-Schwarz inequality. At

this point, we replace the domain @; of the inner integration by Bs(z), and take into account
the fact that 2An = 9, to get

I7 = Pilsy <3 [ gr [ W) - f)Payas
2
= Z/Z/B(s f(z + h)|*dhda (38)

|B§‘EQ
)\n

HAthLQ(E dh < = |B1|(2n)"e’

)\n
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To conclude, given any £ > 0, and any f € S, there is a finite dimensional subspace X C L?(Q),
and g € X with [|g][z2(q) < M such that ||f — g[|z2() < 5. Then any (5)-cover of the ball
{9 € X :[|gllz2(0) < M} induces an e-cover of S.

Now we prove the “only of” part. Total boundedness of S trivially implies boundedness. To
prove L2-equicontinuity and uniform boundedness, note that

A9l L2, — 0 as h — 0, and ||g||L2(Q\Kj) —0 asj— oo, (39)

for any g € L%(Q), where K1 C Ky C ... C § is any sequence of compact sets satisfying
U ;K= Q). These properties can be “planted uniformly” on S with the help of total boundedness
as follows. Let {K;} be a sequence of compact sets with the aforementioned properties, and
let € > 0. Suppose that Sy,...,S,, C L*() is an e-cover of S, and pick g, € Sy for each k.
We can choose j so large, and § > 0 so small that

HngLz(Q\Kj) <e, and ”Ahgk”LQ(Qh) <e¢ forall he Bg, (40)

for all k = 1,...,m. Now, for any given f € S, there exists j such that ||f — g;llz2@q) < e
Thus we have

[fllz@x;) < I1f = gillznk;) + 19ell2@\k;) < 26, (41)

and
ARl 2,) < AR = gi)lz2(0p) + 1ARGE I L2(0,) < 36, (42)
for all A € Bg, concluding the proof. O

Corollary 6. Let Q C R be an open set. A bounded subset S C H'(Q) is relatively compact
in L2(Q) if and only if it satisfies the uniform decay condition.

Proof. Boundedness of S in H'(Q) trivially implies boundedness in L?(f2). Recall that

1AL fllz2@,) < IV @), hER™, feHY(Q), (43)
where Qy = {z € Q: [x,2 + h] C Q}. Since S is bounded in the H'(f), we infer
AR fllz2(0,) < MIR],  f€S, (44)

for some constant M > 0, yielding L?-equicontinuity of S. Given that we have boundedness
and L?-equicontinuity, the uniform decay condition is equivalent to total boundedness. O

Corollary 7. The embedding HZ(Q) — L?(Q) is compact, if Q@ C R" is a bounded domain.
Proof. Let E : 2(2) — Z(R"™) be the extension operator defined by

w, in ),
Fp = 45
4 {0, in R™\ Q. (45)

Since [|Ep| g1 @ny = ¢l 1) for Z2(2), this operator can be uniquely extended to an isometry
E: H}(Q) — HYR"). Now let S C H}(2) be a set bounded in H(Q2). Then E(S) is bounded
in H'(R™). Moreover, if 7 > 0 is sufficiently large, then supp f C B, for all f € E(S), and
hence E(S) trivially satisfies the uniform decay condition with respect to R". Thus E(S) is
relatively compact in L?(R"). Finally, since the restriction L?(R") — L%(Q) is continuous, S
is relatively compact in L%(). O

To adapt the extension approach to H'(2), suppose that Q C R" is a bounded domain,
and that there erists a bounded extension operator E : H*(Q)) — H'(R"). Let ¢ € 2(R™) be
such that ¢ = 1 in Q. Then we can define a bounded extension operator £ : H*(Q) — HA(U)
by Fu = ¢Eu, where U is a bounded domain containing supp ¢. Since the embedding
H}(U) = L*(U) is compact, it would show the compactness of H*(Q) < L%(Q).
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It is a fundamental result in analysis that any bounded Lipschitz domain €2 admits an
extension operator that is bounded as a map E : WkP(Q) — WkP(R") for all k € N and
1 < p < co. These operators give rise to a streamlined approach to the theory of Sobolev
spaces on domains, but in many cases one can obtain better results by working intrinsically.
Here is an example where the extension approach would not work.

Example 8. Let Q@ = {(z,y): 0 <z < 1,0 <y < 2*} and u(z,y) = 1. We have

) ) 11
”UHL2(Q) + ||V“HL2(Q) = 0 (

+
meaning that v € H'(2). Suppose that there is an extension of u satisfying @ € H'(R?). Then
we must have yii € L?(R), where v : H'(R?) — L?(R) denotes the trace map onto the line
{y = 0}. However, this contradicts with

1
- - dx
Pl 2 il = ulfeen > [ 55200 ws e @D

£

and so we conclude that there is no bounded extension operator E : H'(Q) — H'(R?).
The domain in the preceding example has a continuous boundary, in the following sense.

Definition 9. An open set €2 C R" is said to have a continuous boundary, or to be of class
¢, if for each y € OQ there is an open neighbourhood U of y, B, C R*! with » > 0, and
a continuous function ¢ € € (B,), such that under a rigid transformation of the coordinate
system, we have QNU = {(2/,z,) : ¢ € By, , > ¢(2')} NU.

Note that by choosing 7 > 0 smaller, and shrinking U if necessary, we can always assume
that ¢ € €(B,), and that

Un = {(¢',20)  y/ € By, 6(a") < 2 < 6(a) + h} = N, (48)
for some h > 0.

Theorem 10. Let Q C R™ be a bounded domain, with a continuous boundary. Then the
embedding H'(Q) — L*(Q) is compact.

Proof. In view of Corollary 6, we only need to prove the uniform decay condition. Without loss
of generality, let u € 2(R™). We will work locally, i.e., we assume (48). For x = (2/, x,,) € Uy
and 0 < s < h, we have

u(z) = u(z', s) —i—/ Opu(a’, t)dt, (49)
which, upon squaring and invoking the Cauchy-Schwarz inequality, yields
d(z")+h
lu(z)|? < 2lu(z’, s)|? + 2h/ |Opu(a’, t)[dt. (50)
#(z')
Now we integrate over s € [¢p(z'), p(z') + h], to get
d(z")+h o(x')+h
hlu(z)[? < 2 / (s, 5)[2ds + 2h2 / Opu(a’, 1) 2dt. (51)
#(z') #(z')

Finally, an integration over z,, € [¢(z), #(z’) + 0], followed by integration over 2’ € B,., give

/ luf? < 2‘5/ ]u\2+2h5/ Vul, (52)
Us h Up, Un

where 0 > 0 is small, meaning that [[ul|z2q,) < ¢6||ul| g1 (q) for some constant c. This readily
implies the uniform decay property by a covering argument. O
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The estimate HuH%2 ws) < M6 from the preceding proof suggests that the theorem should
hold under much weaker conditions. The following is one possible improvement.

Corollary 11. Let Q C R™ be a bounded domain, with a quasi-continuous boundary, which
means by definition that € is a finite union of domains with continuous boundaries. Then the
embedding H'(Q) — L2(Q) is compact.

Proof. The underlying phenomenon here is the fact that compactness of embeddings is stable
under finite union of domains. Suppose that Q = Q; U Qg, where both H(;) < L?*(Q;) and
H'(Qy) — L?(2) are compact. Let {ui} C H'(2) be a bounded sequence. Then {ug|q, }
is bounded in H'(£2;), and hence there is a subsequence {ug,} converging in L?(Q;). Now,
{ur, |, } is bounded in H* (), which means that we can extract a subsequence that converges
in L2(Q2). This new subsequence is clearly Cauchy in L?(Q). O

Example 12. By the preceding corollary, H(Q) — L?(Q) is compact for simple slit domains,
such as the unit disk with the line segment [0,1) x {0} removed.

3. SPECTRAL THEORY OF COMPACT SELF-ADJOINT OPERATORS

In this section, we will prove the spectral theorem for compact, symmetric operators in a
real Hilbert space H. This theorem will then be applied to the resolvent of the Laplacian in
the next section. In the following, H will denote a real Hilbert space.

Lemma 13. With D C H, let A : D — H be a symmetric operator, in the sense that

(Au,v) = (u, Av) for all u,v € D. Then we have the following.

a) If u,v € D\ {0} and A\, u € R satisfy Au = Au, Av = pv, and X\ # u, then (u,v) = 0.

b) Let {u,} C D be a complete orthogonal basis of H, such that Au, = \yu, for each n.
Suppose that u € D satisfies Au = Au with A & {\,}. Then u = 0.

Proof. a) By symmetry, we have A(u,v) = (Au,v) = (u, Av) = pu({u,v), hence (A — p)(u,v) = 0.
b) By completeness, we can write

U= Z(u, Up YUy with the convergence in H, (53)

n

but since A € {\,}, the preceding paragraph shows that (u,u,) = 0 for all n. O

Exercise 14. Let H be a complex Hilbert space, and with D € H, let A : D — H be a

self-adjoint operator, in the sense that (Au,v) = (u, Av) for all u,v € D. Prove the following.

(a) If w e D\ {0} and A € C satisfy Au = Au, then A € R.

(b) If u,v € D\ {0} and A, u € C satisfy Au = Au, Av = pv, and A # p, then (u,v) =0.

(c) Let {un} C D be a complete orthonormal basis of H, such that Au, = A\,u, for each n.
Suppose that u € H satisfies Au = Au with A € {\,}. Then u = 0.

Lemma 15. Let B : H — H be a bounded operator.

a) Any eigenvalue X € R of B satisfies |A\| < ||B||.

b) If B is a positive operator, in the sense that (Bu,u) > 0 for all w € H \ {0}, then all real
eigenvalues of B are positive.

c¢) If B is symmetric, then the norm of B satisfies

Bu,u
18] = sup (Bl

Proof. We will only prove ¢). For any u € H we have
|[(Bu,w)| < || Bulll|ul| < | B|ul*, (55)
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which shows that

[(Bu, u)|
uw=sup ——— < ||B|. 56
wed  [lull? 7l (%)

On the other hand, from the parallelogram identity

4(Bu,v) = (B(u+v),u+v) — (B(u —v),u — v), (57)
we infer

4(Bu,v) < pllu+ ] + plu = ol* = 2u(|lul? + [lo]?), (58)

for u,v € H, and putting v = aBu with a > 0 yields
204\|Bu||2 < /L(HUHQ + aQHBuHQ), u € H. (59)
We choose a = ||u||/||Bu|| when Bu # 0, and, say, & = 1 when Bu = 0. In either case, we get
[1Bull < pllul], (60)
which implies that ||B]| < p. O

Lemma 16. Let K : H — H be a compact operator. Then we have the following.

a) Each nonzero eigenvalue has a finite multiplicity.
b) The only possible accumulation point of the set of eigenvalues is 0.

Proof. a) Suppose that there is an eigenvalue p # 0 with infinite multiplicity, i.e., let {vg} be
a countable orthonormal set of vectors satisfying

Kuv, = pog, k=1,2,.... (61)

1 1

We can interpret the latter as {vi} being the image of the set {u ™" v} under K. Since {p™ vy }
is a bounded set, the set {vy} is relatively compact, meaning that after passing to a subsequence,
vk converges to some element of H. However, we have |[v; — vg||? = 2 for j # k, which leads to
a contradiction.

b) Note that this part contains a) as a special case. If a # 0 is an accumulation point of
eigenvalues, then there exists a countable orthonormal set {v;} of eigenvectors with corre-
sponding eigenvalues puy, satisfying infy |ux| > 0. The latter condition ensures that {,u,;lvk} is
a bounded set, and the argument we have used in a) leads to a contradiction. g

We are ready to prove the main result of this section.

Theorem 17. Let H be a real Hilbert space, and let K : H — H be a compact, symmetric
operator. Then K admits a countable set of eigenvectors {uy} that form an orthonormal basis
of (ker K)*. Moreover, assuming, without loss of generality, that the corresponding eigenvalues
are arranged as |p1| > |p2| > ... > 0, we have the variational characterization

K K
lpn] = sup | K] = [(Ku, u)] u,2u>|7 forn=1,2,..., (62)
u€Hp 1 ||UH u€H, _1 HU’H
where H,_1 is the orthogonal complement of span{uy, ..., up—1} in H.

Proof. If K =0, then ker K = H, so the theorem is trivial. Suppose that K # 0, and let {v;}
be a sequence in H such that ||v;]| =1 and

| (Kvi, vi)| = || K| > 0. (63)
Possibly passing to a subsequence, we may assume that

<K’U7;,UZ'> — M1, (64)
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where (11 is a number satisfying |u1| = || K||. Since the set {Kv;} is relatively compact, passing
to a subsequence if necessary, we have Kv; — w in H. On the other hand, we have

0 < [[Kv; — moi|? = [[Kvil|* + pf = 24 (Kvy, 07)

65

< 2p1 (1 — (Kvi, i) — 0, as 1 — 00, (65)

which shows that ujv; — w, that is, v; — uy := py w in H, hence |jui| = 1. Tt is easy to
check that Ku; = w = pjuy, because

[Kur — wl < [[Kur = Kvil| + | Kv; — wl| < [[K][[lur — vil| + [ Kvi = w]] = 0. (66)

Now let H; = {v € H : (v,u;) = 0}, which is a closed linear subspace of H. Moreover, H;
is invariant under K, because

(Kv,u1) = (v, Ku1) = py1{(v,u1) =0, for v € Hj. (67)
So if K acts on H; is nontrivially, we can construct as above an element ug € Hy with ||us|| =1
and a number po satisfying |uz| = || K|g,|| > 0, such that Kus = pous. By induction, we

have a (finite or infinite) sequence {(un,u,)} C R x H with {u,} orthonormal, satisfying
Ku, = ppuy, and the formula (62). This sequence is finite only if either H,, is trivial, or
K|p,, =0, for some m. In the former case, we have H = span{uy,...,uy,}. In the latter case,
we infer ker K = H,,, and so span{ui, ..., u,} = (ker K)*.

It remains to show that {u,} is a basis of (ker K)*, in the case the sequence {u,,} is infinite.
Note that we have p, — 0 as n — 0. Let u € H be in span{u,}*, i.e., let (u,u,) = 0 for
all n. Then u € H,, for each n, and hence |Ku| < |un|||lu| — 0 as n — 0. This shows that
u € ker K, or span{u, }* C ker K. On the other hand, if u € ker K, then

(U, Up) = (u, Kup) = (Ku, up) =0, (68)
for all n, meaning that ker K C span{u,}*. We conclude that ker K = span{u, }*. O

Corollary 18 (Positive operators). If K is positive, then pu, > 0 for all n, p, — 0 as n — oo,
and the eigenvectors {un} form an orthonormal basis of H.

Corollary 19 (Spectral decomposition). For any u € H, we have
Ku = Z P (U, U YUy, (69)
n

with the convergence in H.

Proof. 1t is obvious that the map P; : H — span{uy, ..., u;} defined by

Pju = Z£:1<u7 Un ) Un, (70)
is the orthogonal projector onto span{ui,...,u;}. In particular, we have w; = u — Pju € H;.
In view of
Kwj = Ku — Zj P (Uy Uy YUy (71)
we need to show that Kw; — 0 as j — co. But this follows from
| Kwy | < gl < g lilul] = 0, (72)
since H; is invariant under K and |p;1| = || K|g;||- O

Corollary 20 (Fredholm alternative). Let € R\ {0} and let B = ul — K. Then we have
dimker B < oo, and ran B = (ker B)*. In particular, one and only one of the following is true.

e B: H — H is surjective.
e B: H — H is noninjective.
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Proof. For uw € H, Corollary 19 gives
Bu = (ul - K) Z<U7 Up)Un = Z(N — in) Uy U ) U, (73)

n n
This makes it clear that

ker B = span{u, : p, = u}, ran B = span{uy, : p, # p}, (74)
establishing the claim. O

4. APPLICATION TO THE LAPLACE EIGENPROBLEMS

It is time to apply the general spectral theory to the Laplace eigenvalue problems. To this
end, it will be convenient to introduce an intermediate level of abstraction, as follows. Let V'
and H be Hilbert spaces, with the embedding V' — H compact, and V dense in H. Keep in
mind that our main examples are H = L?(Q0), and V = H*(Q) or V = H}(Q). It is easy to see
that H is continuously embedded into V'’ through the injection J : H — V' given by

(Jf,v) ={(f,v)m, feH veV, (75)

where (-, -) is the duality pairing between V' and V| and (-, -) g is the inner product in H. We
will identify H with a subspace of V', and write (-,-) = (-, )y if there is no risk of confusion.
Let a:V x V — R be a symmetric, continuous bilinear form, and define A : V' — V' by

(Au,v) = a(u,v), u,v € V. (76)

Then we assume that the operator A +t.J : V — V' is invertible, whenever t > ty, where t is
some constant. In what follows, we fix a value t > tg, and introduce the resolvent

Ri=(A+t)) ' g:H— H, (77)

which is the restriction of (A +tJ)~! to H. Since (A +tJ)~ |y : H — V is continuous and
V — H is compact, the resolvent is a compact operator.

Remark 21. In all applications that will follow, we have H = L?() with £ C R™ an open
set. Moreover, as we know, the main examples of V are

e V = H}(Q) for the Dirichlet boundary condition, and
e V = H(Q) for the Neumann boundary condition.

Rellich’s lemma guarantees the compactness of the embedding V' < H if ) is bounded in the
Dirichlet case (Corollary 7), and if €2 is bounded and has a quasi-continuous boundary in the
Neumann case (Corollary 11). In both cases, a : V x V' — R is given by

a(u,v) = / Vu - Vo, u,v € V. (78)
Q

We can take g = 0 for the Neumann case, and ¢y < 0 for the Dirichlet case.

Getting back to the abstract setting, one can show as in §1 that R; is symmetric and positive.
Therefore, the results from the preceding section imply the existence of an orthonormal basis
of H consisting of eigenvectors of R;. Moreover, each eigenvalue has a finite multiplicity, they
are all positive and accumulate at 0. Now if Ryu = pu or (A +t.J)"'u = pu with w € H, then
u = p(Au + tu), yielding Au = (i — t)u. This leads us to the following result, which can be
regarded as an abstract version of the Hodge theorem.

Theorem 22. There exists an orthonormal basis {ux} of H consisting of eigenvectors of A.
Each eigenvalue has a finite multiplicity, and with {\;} denoting the eigenvalues, we have
A > —t for all k, and A\ — 00 as k — oo.
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Furthermore, the eigenvectors {uy} form an orthogonal basis of V' with respect to the inner
product (-,-)y = a(-,+) + t(-,-)g. In particular, for w € V, the expansion

w="Y (u,upup, (79)

k
converges in V.

Proof. Let {uy} be an orthonormal basis of H consisting of eigenvectors of Ry, and denote by
{pr} the corresponding eigenvalues. Then by the above discussion, the vectors {uy} are also
eigenvectors of A, with the eigenvalues {\;} given by

M= 4t (80)
22
Positivity of pg implies A > —t, and pr — 0 implies A\ — o0.
For the second part of the theorem, orthogonality of the eigenfunctions with respect to the
inner product (-,-)y follows from

a(uj, ur) = (Auj, ug) = \jdjj. (81)
For v € V| we have
a(uj,u) = (Auj,u) = Aj(uj,u), sothat (u,u;)y = (Aj +t)(u,u;). (82)
This means that the H-orthogonal projector
Pru =300 (u, ug)ug, (83)
is also a V-orthogonal projector sending V' onto span{ui, ..., un}, as
(u = Pou,uj)y = (u, uj)v — D00 (u, uk) (ug, uj)y = 0. (84)
Hence we get the Pythogarian identity
lu = Poull + || Bully = ullfy,  weV, (85)
which implies Bessel’s inequality
1Pmullf = 225 K w) Pllully < Jlull,  weV. (86)
Bessel’s inequality in turn guarantees that P,u — v in V as m — oo for some v € V. However,
since Pp,u — u in H, we conclude that v = u. O

Remark 23. In the Dirichlet case, since we can take t = 0, all eigenvalues are strictly positive.
In the Neumann case, we can take any t > 0, hence all eigenvalues are nonnegative. The
latter estimate is sharp, since A = 0 is a Neumann eigenvalue with the eigenfunction v = 1.
In both cases, by the regularity theory of Poisson’s equation (with a lower order term), the
eigenfunctions are real analytic in 2, and smooth up to the boundary if 92 is smooth.

As discussed in the introduction, the Neumann eigenfunctions corresponding to the eigenvalue
A = 0 are locally constant, and hence the multiplicity of A = 0 is equal to the number of
connected components of €2. Since the eigenfunctions are pairwise orthogonal, all the other
Neumann eigenfunctions (i.e., the ones corresponding to nonzero eigenvalues) must change
sign in at least one of the connected components of 2. We will prove later that on a bounded
domain, the first Dirichlet eigenfunction does not change sign, which means by orthogonality
that all the other eigenfunctions must change sign.

Example 24 (Periodic boundary condition). Classically, a periodic boundary condition on an
interval [0, 27] is the collection of requirements

u(0) = u(2r), W' (0)=u'27r), ..., u®(0)=uP(2nr), (87)

for some k. In a variational setting, there are two equivalent ways to realize this:
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e Make sense of the space H'(S'), where S* C R? is the unit circle.
e Consider the subspace V' C H!(R), satisfying the property u(x + 27) = u(z).

It can be argued that the first approach is a natural way (in the technical sense), while the
second one is an essential way to impose the boundary condition. We will choose the second
approach. Let L2 (R) = {f € L2 (R) : 75 f = f}, where 7, is the translation operator

per loc
Th(x) = x + h, and let H* (R) = HF (R)N L2..(R). A function f € L2 (R) is completely

per loc
determined by its restriction on a given interval (a,b), as long as b — a > 2, since f can be

recovered by the formula f(z + 27m) = f(z) for m € Z. It can be shown that H;’fer(R) is a
Hilbert space for each k > 0, with H) (R) = L2 . (R), and that
b b
(u,v) 2 —/ uv, and (U, V) gk —/ (uv—i—u(k)v(k)), (88)
a a
are inner products in L%er (R) and in HI’fer(R), respectively, whenever b — a > 27. Finally, we
let V = Hl..(R), and define A: V — V' by

2
(Au,v) = /0 u'v, u,v € V. (89)

It is obvious that A +tI : V — V' is invertible for any ¢ > 0. Moreover, the embedding
V— Lger(R) is compact, and hence the resolvent R; = (A + tI)|2 : Lger(R) — Lger(R) is
compact. This guarantees an orthogonal basis of Lger(R), consisting of eigenfunctions of A.

To find these functions, we consider the problem
—u” = A, u(0) = u(2n), u'(0) = /(2m), (90)
on (0,2), whose solutions are
¢n(x) = cosnz, Y (z) = sinnz, Ay = n?, n=0,1,.... (91)

Here the eigenvalue A\g = 0 is a simple eigenvalue with the eigenfunction ¢g(x) = 1, while
A, = n? for each n € N is a double eigenvalue with the eigenfunctions ¢, and 1,. The
system {¢y,, 1, } forms an orthogonal basis, because by the Weierstrass approximation theorem,
trigonometric polynomials are dense in %per(R) = {f € F(R) : f(xz + 27) = f(z) Yz € R},

which implies that span{¢,,1,} is dense in Lger(R).

Example 25 (Intervals). It is easy to see that on the interval I = (0, 7), the sequences

Yn(x) = sinnzx, i = 12, n=12.... (92)

and

¢n(x) = cosnz, vp = n2, n=20,1,..., (93)
respectively solve the Dirichlet and Neumann eigenproblems. Their completeness can be seen
as follows. Take the Dirichlet case, and for f € L?(I), extend it so that it is odd and periodic,

that is, let f € L2_(R) be defined by

per
= ) fl=) for x € (0,7), (94)
—f(=x) for xz € (—m,0).

By the preceding example, f can be approximated by trigonometric polynomials in L%er(R).
Since f is an odd function, the resulting series will involve only the sine terms, which shows
that span{v,,} is dense in L?(I). The completeness of {¢,} can be established similarly.
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Example 26 (Rectangles). Consider the Dirichlet eigenvalue problem on @ = (0,a) x (0, b).
Looking for eigenfunctions of the form u(x,y) = ¢(x)y(y) yields
wny)
— 95
(59). (95)

U (2, Y) = G ()1 (y) = sin (%) sin

with the corresponding eigenvalues

Pmn = <?)2 + <%)2, m,n € N. (96)

To show completeness, working as in the proof of Theorem 22, for u € H&(Q), we get the
expansion of u in terms of wy, ,, converging to some v € HJ(Q) in the H'-norm. It then remains
to be seen that v = u. Because v is constructed so that its component along u,, , matches
with the corresponding component of u, we have the orthogonality

/ Wy, = 0 for all m,n, (97)
Q

where w = u — v. Now Fubini’s theorem gives

([ i y)n(w)dy) dm(@)dz = 0, (98)
[ )

and on account of the completeness of {¢,,} in L?(0,a), for each n, it implies that

b
Gn(x) = /0 w(z, y)in(y)dy = 0, for a.e. x € (0,a). (99)

Hence |J,{z : G,.(x) # 0} is a null set, meaning that for almost every x € (a,b) and for all n,
we have G, (z) = 0. By completeness, this in turn implies that for almost every = € (a,b), the
set {y : w(z,y) = 0} is of full measure. In other words,

b
/ x(z,y)dy =0, for a.e. x € (0,a), (100)
0

where x is the characteristic function of Z = {(z,y) : w(x,y) = 0}. An application of Fubini’s
theorem finally guarantees that Z is of full measure.
Thus the full set of eigenvalues of @ = (0,a) x (0,b) is given by (96). We do not have an
exact formula for the k-th eigenvalue, but we can derive a good estimate. Let
N(r?) = #{pimn * ftmm < 12}, (101)
denote the number of eigenvalues not exceeding 2. Then it is easy to see that

mr—90? 7w = 2

. <. 2. N(r?) < - (102)
where § = \/W . This leads to the asymptotic formula
N(r?) = a;bﬂ +0((a+b)r) = ‘?r? +0(10Qlr)  as oo, (103)
which gives, upon “inverting”
“k:ﬂ+o(ﬁ) as k — oo. (104)

The exact same asymptotic is true for the Neumann eigenvalues. Moreover, for the n-dimensional
rectangle @ = (0,a1) x ... x (0,ay), we have

N(r?) = ¢, |Qr™ + 0(|0Q|r" ) as T — 00, (105)

. . |Sn—1| . 1
with en = 3omm = GuarrET
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Remark 27 (Rectangles are extension domains). The Neumann eigenproblem on the rectangle
Q = (0,a) x (0,b) is solved by

U (T,Y) = cos <mz$) cos (%), (106)
and ) )
Vi = (%) + (%) . myneN. (107)

By the general theory, given any v € H!(Q), we have v; — v in H'(Q), where

vj = Z (U, U ) U - (108)
mAn<j
Now, the fact that uy,,, € €°°(R?) and hence v; € €°°(R?) suggests us a simple way to extend
v to some © € H'(R?). Namely, let x € Z(R?) be a nonnegative function satisfying x = 1 in a
neighbourhood of @, and define ©; = xv;. Then we have

195 — Okl r2y = Ix(v; — ve) w2y < Cllvy — vkl gg), (109)

because v; in R? is made out of translations and reflections of vj|g. This implies that o; — ©
in H'(R?) for some ¢ € H'(R?), with 19/l 51 m2) < Cllvllg(q) and 9|g = v.

Remark 28 (Disjoint unions). Let Uy, ..., U, be bounded, disjoint open sets in R™, and let
(fii,%)x be the Dirichlet eigenvalues of U;. Then the whole collection (fi; )« coincides with the
collection (py) of the Dirichlet eigenvalues of the union U = J; U;. Indeed, each fi;  is an
eigenvalue of U. Moreover, let {u; 1} be an orthonormal basis of eigenfunctions on U;. We
can extend wu; ; € H}(U;) to u;x € HE(U) by assigning u; ;, = 0 on all U; with j # i. Then it
is clear that {u;};x is complete in H}(U) = @, H}(U;), and thus (fi; 1);  are precisely the
Dirichlet eigenvalues of U. The same result is true for the Neumann case, provided that the
corresponding resolvents are compact.

5. COURANT’S MINIMAX PRINCIPLE

Keeping the abstract setting from the preceding section intact, we want to derive variational
characterizations of the eigenvalues in terms of the Rayleigh quotient

p(u) = —“(“’?, u€ev, (110)
il
where || - || = || - ||z is the norm in H. In what follows, these characterizations will provide a

basic device with which we extract precise spectral information.

Lemma 29. Suppose that the eigenvalues are ordered so that A1 < lo < ..., counting
multiplicities. For each k, we have
A = min p, (111)
where Hy_y ={u eV :(u,uj) =0,j=1,...,k—1}, and if u € Hy_1 satisfies p(u) = Ay then
Au = Apu. We also have
A= max p, (112)

span{uz,...,u }

with the mazimum attained only by the eigenfunctions corresponding to A.

Proof. For w € H, the series ), (u,u)uy converges in H to w. This in combination with
continuity of the inner product implies Plancherel’s identity

lull? = (s ) = (305 (s urhur, u) = 3o | {u, ug) > (113)

Similarly, for u € V', by continuity of a : V- x V' — R we get
a(u,u) = a(zk(u, uk>uk,u) = plu, up)a(ug, u) = >, el (w, ug) |2, (114)
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where we have used a(ug,u) = Ag(ug, u).

If in addition, v € Hj_q, i.e., if u L span{uy,...,uj_1}, then we have
au,w) = Nel(wup) P = A D> [w,wg) [P = Ajlfull?, (115)
k>j k>j

with the equality occurring if and only if u is in the eigenspace of A\;. We have established
(111), and the fact that v € H;_; satisfies p(u) = A; if and only if Au = \ju.

The characterization (112) follows from the fact that for u € span{u,,...,u;}, we have

a(u7 u) = Z )\k| <u7 Uk>|2 < )\j Z ‘<u7 uk>|2 = )‘jHuHQ’ (116)

k<j k<j
with the equality occurring if and only if u is in the eigenspace of ;. O
Remark 30 (Jackson and Bernstein inequalities). Let P, : H — Ej be the orthogonal
projection onto Ej = span{uq,...,ug}. Since a(u,u — Pyu) = 0, the inequality (111) implies
lu—Paf2< %Y ey (117)

Akt1

In the context of Fourier series (Example 24), this gives the Jackson inequality

it ool Sn s, we Hig(B), (118)
where ¥, = span{l,...,cosnx,sinnz}. On the other hand, (112) can be written as
a(v,v) < MeJvl?, v € Ey, (119)
yielding the Bernstein inequality
[V llz2 < nlfollge, v €D, (120)

for trigonometric polynomials.

Remark 31 (Friedrichs inequality). Let 2 C R™ be a bounded domain, and consider the
Dirichlet eigenvalue problem on 2. Then the best constant ¢ in the inequality

HUHLQ(Q) < CHVUHLQ(Q) for w € Hy, (121)
is c=1/y/Akr1. As H =V = H}(Q), the case k = 0 is simply the Friedrichs inequality.

Remark 32 (Poincaré inequality). Suppose that 2 C R™ is a bounded domain, and that its
Neumann Laplacian has a compact resolvent. We then have the same characterization of the
sharp constants for the inequalities (121) as in the previous remark, except of course now
V = H'(Q) and \; are the Neumann eigenvalues. Since A\; = 0, the first nontrivial inequality
occurs when k = 1, with the sharp constant ¢ = 1/y/X2. Keeping in mind that u; = 1, let
P : H — E; be the orthogonal projection onto the constants Ey = span{u;}. Note that Pu is
simply the average of u over (2. By construction, we have u — Pu € H; for u € H*(Q), and so

|u — Pullr2(0) < cl|Vullr2(q) for we HY(). (122)
This is called the Poincaré inequality.
Note that the variational characterizations

)\k - uEsparllr{lgf(,...,uk} p(u) - uernHll?,l p(u), (123)
given by Lemma 29 involve the eigenfunctions {u;}, so it is not very convenient if, e.g., one
is only interested in the eigenvalues. In any case, it is possible to remove the dependence
on eigenfunctions altogether by adding one more layer of extremalization, because the space
span{uy, ..., ux} is positioned in an optimal way inside the manifold of k£ dimensional subspaces
of V' (this manifold is called the k-th Grassmannian of V).
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Theorem 33 (Courant’s minimax principle). We have

Ap = 124
i = guin maxp, (124)

where @y, = ®p(V) = {X C V linear subspace : dim X = k}.
Proof. The first equality in (123) shows that

> i .
Ae 2 min max p(w) (125)

On the other hand, if X € &y, then X N Hy_1 is nontrivial by dimensional considerations. This
means that there is a nonzero v € X N Hi_1, hence p(v) > A\ by the second characterization
n (123), that is, max p > Mg As X € &, was arbitrary, we conclude

A 126
k< poin max p(u), (126)

establishing the theorem. O
In what follows, the Dirichlet and Neumann eigenvalues of € are denote by
p(€) <p2() <., and () < () <. (127)

respectively, whenever they make sense.
Since H{(Q) is a subspace of H'(Q), it is clear that ®(H} () C ®x(H'(Q)). This

observation leads to the following simple inequality between Dirichlet and Neumann eigenvalues.

Corollary 34 (Basic Dirichlet-Neumann comparison). If  is a bounded domain with a
quasi-continuous boundary, then we have vi(Q) < uk(Q) for all k.

The next corollary is based on the observation that if Q) C Qa then H} () C H(Q2).

Corollary 35 (Domain monotonicity for Dirichlet eigenvalues). If Q1 C Qo are bounded
domains, then we have puk(Q2) < uk(Qy) for all k.

Proof. For u € H}(£1), let us denote by @ € L?(2) the extension of u by 0 outside ;. We
claim that @ € H}(Qg) with 4]l 1) = llullgio,)- If the claim is true, HZ(94) can be
considered as a subspace of H{(£), and

IVulaqy IVl

p(u,$d2) = = p(u, 1), (128)

ey Tl

for u € H&(Ql), where extension of u by 0 outside €27 is understood in necessary places.

To see that the claim is true, let {¢r} C 2(£1) be a sequence converging to u in H(£2;).
Passing to a subsequence if necessary, we can arrange that ¢, converges almost everywhere in €24
to u. Then we extend each ¢, by 0 outside €21, and note that ¢, converges almost everywhere
in Q9 to . Now the equality |¢; — ¢klla1 () = |65 — dkllar(q,) and the completeness of
H} () imply that ¢y converges in the H1(23) norm to some v € H}(Q2). Again passing to
a subsequence if necessary, the convergence is almost everywhere in €25. Hence v = @ almost
everywhere in Qg, which means that @ € HE(Q2). O

As it turns out, domain monotonicity does not hold for Neumann eigenvalues.

Example 36. The Neumann eigenvalues of the rectangle with sides a and b are

7k)? 7l)?
o= T LT ke (129)

So assuming that a > b, the first 3 eigenvalues are
2 2 2
T (27t T

v =0, v2 =g and vz = mln{?, b—Q} (130)
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We pick 1 < a < v/2, and choose b > 0 small, so that the rectangle can be placed inside the
unit square. For the unit square, the first 3 Neumann eigenvalues are

vy =0, vh =1, and vl =72 (131)

Since a > 1, we have vy < v/, which could not happen if domain monotonicity were true.

Even though domain monotonicity is not true in the strict sense, a very weak form of domain
monotonicity holds for the Neumann eigenvalues.

Corollary 37 (Weak domain monotonicity for Neumann eigenvalues). Suppose that £ is a
bounded domain having the H' extension property, that is, there exists a bounded extension
operator E : HY(Q1) — HY(R™). Let Qs be another bounded domain such that Q3 C Q. Then
there exists a constant ¢ such that vi(Q2) < cvi(Qy) for all k.

With an extension operator £ : H*(€;) — H'(€s) playing the role of an injection, the proof
of the preceding corollary is similar to that of Corollary 35.

6. WEYL'S ASYMPTOTIC LAW

Recall from Example 26 that for an n-dimensional rectangle €2, we have
N(r?) = ¢, |Qr"™ + O(|0Q]r" 1) as T — 00, (132)

where N(r?) denotes the number of eigenvalues (either Dirichlet or Neumann) not exceeding r2,
and ¢, is a constant depending only on n. Inspired by this and other examples, the asymptotic
law of the form N(r?) = ¢,|Q|r™ 4+ o(r") for general domains was conjectured by Arnold
Sommerfeld and Hendrik Antoon Lorentz in 1910, and proved by Hermann Weyl in 1911. This
law is now called Weyl’s law, which we will prove here.

Remark 38. Before proving the precise asymptotic, let us establish the behavior N (r?) ~ 7™
Note that this gives the expectation py, ~ v ~ k2/™ for the eigenvalues. Let @ C R™ be a
bounded open set, and consider a rectangle Q1 contained in €2, and a rectangle ()2 containing €.
Then by the domain monotonicity of Dirichlet eigenvalues, we immediately infer the existence
of two constants a > 0 and 8 < oo, such that

ak?™ <y, < BEF™ for all k. (133)

In addition, suppose that the resolvent of the Neumann Laplacian is compact. As Remark 27
indicates, there is a bounded extension operator E : H'(Q1) — H'(Q), and hence by the weak
domain monotonicity, there exists 3’ < oo such that

vp < BIEH™ for all k. (134)

Moreover, if there is a bounded extension operator E : H'(Q2) — H'(R"), we can compare the
eigenvalues of  with those of ()2, meaning that there exists o/ > 0 such that

v > o'k for all large k. (135)

Example 39. An intuitive reason behind Weyl’s law is that high frequency oscillations in
different “pieces” of  are “decoupled,” and N (r?) is proportional to the volume || simply
because more volume contains more “pieces.” Let 2 be a finite disjoint union of rectangles, i.e.,
2 is given by the interior of Q1 U ... U Q,,, where Q1,...,Q,, are pairwise disjoint rectangles
in R"™. Let (fi;)r and (7 1), be the Dirichlet and Neumann eigenvalues of ;. We denote the
nondecreasing arrangement of (fi; 1); x and (7 1) i, respectively, by

ﬂlgﬂQS..., and 171§172§.... (136)


http://www-history.mcs.st-andrews.ac.uk/Biographies/Sommerfeld.html
http://www-history.mcs.st-andrews.ac.uk/Biographies/Sommerfeld.html
http://www-history.mcs.st-andrews.ac.uk/Biographies/Lorentz.html
http://www-history.mcs.st-andrews.ac.uk/Biographies/Weyl.html
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In light of Remark 28, these are exactly the Dirichlet and Neumann eigenvalues of the union
U=Q1U...UQy. Since H}(U) C H}(Q) c HY(Q) c HY(U), we have

U Svp < < i forall K, (137)
where as usual (py) and () denote respectively the Dirichlet and Neumann eigenvalues of €.
This means that the corresponding eigenvalue counting functions satisfy

Nz <N, <N, <N;. (138)

It is straightforward to estimate N; and Nj as

Np(r?) = #H{ < 17} = Z #{ ik <77}
= Z (Cn\Qz'\r” + O(\BQW”*)) (139)

= cp|Qr"™ + O( > |8QZ~\7‘”_1),
and similarly for N, implying the same asymptote for both N, and N,,.
The second part of the following result is due to Richard Courant.

Theorem 40 (Weyl 1911, Courant 1920). For Q@ C R™ a bounded open set, the Dirichlet
etgenvalue counting function satisfy

N'u('l“2) = ¢, |Qr"™ + o(r™) as 1 — 00. (140)

In addition, if Q has a quasi-Lipschitz boundary, in the sense that it is a finite union of Lipschitz
domains, then we have

N,(r?) = ¢, |Qr™ + O(r" tlog ) as T — 00. (141)

Proof. Given any § > 0, we can construct domains Q~ and Q7 of the form considered in the
preceding example (that is, finite disjoint unions of rectangles) satisfying Q= C Q C Q' and
QT \ Q7| < 4. In particular, for each § > 0, there exists Cs such that

en(|Q = 0)r"™ — Csr™ 1t < NM(TQ) < (|9 +0)r™ + Csr™ 1, (142)

for all r > 0. Let € > 0 be arbitrary. Then we pick § > 0 so small that 2¢,d < ¢, and choose
r+ > 0 so large that 2Cs < rye. This guarantees that

en| Q™ — er™ < N, (r?) < e, |Qfr™ + er™, > Ty, (143)

establishing the first part of the theorem.
To prove the second part of the theorem, we need some control on Cy. In order for this, we
consider the cubical mesh
GA\)={ra+[0,\]" :a € Z"}, (144)
of R™, consisting of cubes of sidelength A > 0 small enough. Our zeroth step is to construct
)y as the union of the cubes contained in €, and Q(J{ as the union of the cubes that intersect
Q nontrivially. In the next step, we consider G()/2), and construct 2] and Q; accordingly, by
using the cubes that are twice smaller than before. As the error term in (139) grows with the
total surface area of the rectangles, we want to keep the number of cubes in the decomposition
of ] and Qf into cubes minimal. To this end, we will keep the original decomposition of 2
into cubes from G(A), and only decompose the differences Q7 \ Qg and Qf \ € into cubes
from G(\/2). It is obvious that at the k-th step, the number of cubes in G()\/2*) that are
contained in Qf \ Q; _, is proportional to the number of cubes in G(\/2*~!) that intersect
0f). By the quasi-Lipschitz property of 0f), this number is bounded by a constant multiple of
2-(=Dk Thus we get
9\ 5| = 02, (145)
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and that the total surface area of the cubes in G(A\/2") that are contained in Q \ Q; , is
bounded by a constant (independent of k). The latter means that the total surface area of the

cubes in Qg (and hence in €2) is bounded by a constant multiple of k. Therefore, in view of
(139), we infer

en(1Q] — A27F)r™ — Ckr™ ™ < N (%) < en(1Q] + A27F)r™ + Clr™ L, (146)

for all » > 0, with some constants A and C independent of k. We pick k € N depending on
r > 0, such that 2% <1 < 2F+1 that is, k = [log, r]. This guarantees that 27 *r = O(1) and
k = O(logr), completing the proof. O

7. PROBLEMS AND EXERCISES

1. Produce a bounded domain  C R™ such that the embedding H*(Q2) < L2() is not
compact for all k € N.

2. Show that the embedding H'(B) < Li(B) is not compact, where B C R" is an open ball,

and ¢ = 2%

n—2"

3 (Kolmogorov-Riesz criterion). Let Q@ C R™ be a domain, and let 1 < p < co. Prove that a
subset S C LP(Q) is relatively compact if and only if S satisfies the following conditions.

e Boundedness: There is M < oo such that || f||zr) < M for all f € S,

e LP-equicontinuity: [|Apf| r(q,) — 0 uniformly in f € S as h — 0,

e Uniform decay: | f[|zr@\x;) — 0 uniformly in f € S as j — oo, for some sequence
Ky C Ky C ... CQ of compact sets satisfying Uj K; = Q.

4. Let Q C R™ be a (possibly unbounded) domain, and let 1 < p < oo. Show that a bounded
set S C WHP(Q) satisfying the uniform decay condition is relatively compact in LP(£2). Is there
an unbounded domain © C R™ for which the embedding WP () < LP(Q) is compact? What
about the embedding Wy (Q) < LP(Q)? Here Wy*(Q) is the closure of 2(€) in W2(Q).

5. Let L2, (R) = {f € L2 .(R) : 73..f = f}, where 7}, is the translation operator 7,(z) = = + h,

per loc

and let HY (R) = HE (R) N L2..(R).

per loc

(a) Show that H (R) is a Hilbert space for each k& > 0, with H?, (R) = L?_.(R), and that

per per per
b b
(u,v) 2 :/ uv, and (U, V) :/ (uv—i—u(k)v(k)), (147)
are inner products in L2_ (R) and in chr (R), respectively, whenever b — a > 2.
(b) Show that 655, (R) = {f € ¢°(R) : f(z) = f(z + 27)} is dense in H{jer(R) for each k£ > 0.
(c) Show that the embedding Héer(R) — L%er(R) is compact.

6. Let Q C R™ be a bounded domain, and consider the Poincaré inequality

[k <c [ v, (148)
Q Q

that is hypothesized to hold for all u € H'(Q) with [u = 0, where C'= C(Q) is a constant.

(a) Is there a bounded domain € for which C is infinite?

(b) Characterize the best constant C' > 0 appearing in the Poincaré inequality via an eigenvalue
problem.

(c) Find the best constant when €2 is the rectangle 2 = (0,a) x (0,b). Exhibit a function u
that achieves the equality in (148).
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7. Let Q C R"™ be a bounded domain with a smooth boundary, and let
a(u,v) = /(aijﬁiuﬁjv + buv),
Q

where the repeated indices are summer over, and the coefficients a;; and b are smooth functions
in Q, with a symmetric matrix [a;;] satisfying the uniform ellipticity condition

azg(m)flf‘j 2 a‘§|27 € S Rn? MRS Qa

for some constant o > 0. We define the map A : H}(Q) — [HF(Q)] by (Au,v) = a(u,v) for
u,v € H(Q), ‘and then we let A be the unbounded operator in L?(2) that is given by the
restriction of A onto L%(Q), i.e., Au = Au for u € Dom(A) where

Dom(A) = {u € H}(Q) : Au € L*(Q)}.
Consider the generalized eigenvalue problem
Au = \pu,
where p is a (fixed) positive smooth function in 2. Prove the following, by using the spectral

theorem for compact self-adjoint positive operators where possible.

(1) The eigenvalues {\;} are countable and real, and that Ay — oo as k — oco. Each
eigenvalue has a finite multiplicity.

(2) The eigenfunctions {u;} form a complete orthonormal system in L?(€2), with respect
to a suitable inner product.

(3) The system {uy} is complete and orthogonal in H}(Q), with respect to the inner
product a(u,v) +t fQ puv, where t is a suitably chosen constant.

(4) The eigenfunctions are smooth in €2, and are smooth up to the boundary if 9 is
smooth.

8. Give a complete proof of Corollary 37.

9 (Maximin principle). Show that

Ar = max inf p(u), 149
= max inf p(u) (149)

where X is understood as {u € V :u L2 X}.
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