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INTRODUCTION

Ever since Riemann introduces the concept of Riemann manifold, and abstract mani-
fold with a metric structure, we want to ask if an abstract Riemann manifold is a simply
a submanifold of some Euclidean space with its induced metric. This is isometric embed-

ding question.

In this project, we use the book Isometric Embedding of Riemann Manifold into Eu-
clidean Spaces written by Qin Han and Jiaxing Hong, and basically introduce that every
smooth n-dimensional Riemannian manifold admits a global smooth isometric embedding
in the Euclidean space RN, N = maxz{s, + 2n,s, +n + 5}, with s, = n(n +1)/2. This
is first proved by John Nash in 1956 with larger V. Here we use the proof by Gunther,

which simplifies Nash’s original proof.

1. FUNDAMENTAL THEOREMS

Given a smooth Riemannian manifold (M™, g), we are interested in finding a smooth

map u : M"™ — R?, for some positive integer ¢, such that

(1) dudu = g.
with u = (u!,...,u?), this is equivalent to
(2) (du")? + ... + (du?)? = g.

We then call the map u an isometric imbedding or immersion according to whether
is an imbedding or an immersion. There is also a local version of the above problem in
which only a sufficiently small neighbourhood of some specific point on the manifold is

to be isometrically embedded in RY.

Now let us examine (2) closely. Suppose in some local coordinate system the metric g

is given by

(3) 9 = Xi19idxidr; in By CR"

For the local isometric embedding, we need to find

(4) Zizlﬁiukﬁjuk =g, 1<i<j<n, in B

There are s, = "("TH) equations in (4), and s, is called the Janet dimension. In general,

the dimension ¢ of the target space should be bigger than or equal to s,, i.e. ¢ > s,.

Throughout this project, s, will always denote the janet dimension and the dimension ¢



4 SIYUAN LU

of the target space always satisfied ¢ > s,,. There’re three sections in this project. We dis-
cuss the local isometric embedding of analytic Riemannian manifolds in the first section
and that of smooth Riemannian manifolds in the second section. In the last section, we
discuss the global isometric embedding to smooth Riemann manifolds. The main results

are the following.

Theorem 1. Any analytic n-dimensional Riemannian manifold admits on analytic local

isometric embedding in R*".

Theorem 2. Any smooth n-dimensional Riemannian manifold admits a smooth local

isometric embedding in R+,

Theorem 3. Any smooth n-dimensional Riemann compact Riemannian manifold ad-

mits a smooth isometric embedding in R? for ¢ = max{s, + 2n,s, + n+ 5}.

We prove Theorem 1-3 by solving (1). For Theorems 1 and 2, it suffices to solve the

local version (4).

2. LocAL ISOMERIC EMBEDDING OF ANALYTIC METRIC

In this section, we discuss the local isometric embedding of analytic Riemannian man-
ifolds and prove Theorem 1 by solving (4). The proof is based on the Cauchy-Kowalevski
Theorem. We rewrite the equation to apply Cauchy-Kowalevski Theorem. We first
introduce a concept, which will be useful throughout this project. Let M™ be a C? n-
dimensional manifold and let u : M™ — RY be a C? map. For any given point p € M",
we define the osculating space Tg(u) by

(5) T2 (u) = span{d;u(p), O;ju(p);i,j = 1..n}.
Such a definition is independent of coordinates.
Definition 1.1. The map u is free at the point p € M™ if dim(7;(u))=s, + n, or

ou(p), Oiju(p), i,j = l..n, are linearly independent as vectors in R?. Moreover, u is a

free map if u is free at each point in M™.

It’s easy to see that if u : M™ — R? is free, then ¢ > s, + n and u must be an
immersion. Finally, if ¢ : M™ — N™ is a C? diffeomorphism and u : N* — RY is free,
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then the composition u¢ is also free. The map

1 1
6 Ty, Tn) € R" = (21, .., Ty =22, X129, ..., =22 ) € R
271 2" "

gives the simplest example of a free map from R” to R*»*™. From (6) and the local charts
of manifolds, it is easy to see that every C? differential manifold M™ has a local free map
into R¥*". The differential system (4) is highly degenerate. We will transform it to an
equivalent differential system which is easier to analyze. We first express the metric in a

special form, adopting the notation x = (2/, x,,) = (x1, ..., ).

Lemma 1.2. Let (M™,g) be a smooth n-dimensional Riemannian manifold. Then for
anp p € M", there exists a local coordinate system (z1, ..., z,) in a neighbourhood N(p)

of p where ¢ is of the form

(7) g= ZZ;:llgkl(:v', ., )ddr; + da?,
with
(8) gkl(O) = (5kl7 8ngkl(0) =0 fOT anyk,l = 1, ey — 1

Proof. We start with a normal coordinate system (z1,...,x,) centered at p, and let
M™t = {z, = 0} and e be the unit normal field slong M™~' in M". For any ¢ € M"!,
consider the geodesic ¢ = ¢(t) in M™ with the initial conditions ¢(0) = ¢ and ¢/(0) = e(q).
Then (xy,...,x,_1,t) forms a local coordinate system in a neighborhood of p. First, we
note g(d,d;) = 1 since each t- curve is an are-length parametrized geodesic. Next, we
have for any k =1,...,.n — 1

1
0:9(0r, Ok) = g(V0, Ok) + 9(0r, Vi0k) = (0, Vi0) = §akg(at7 ) =0

Hence ¢(0;, 0x) = 0 since it is zero at ¢ = 0. Therefore, the metric g is of the form (7) in

the coordinate (x1,...,2,_1,t). To prove (8), we have for any k,l =1,....n — 1

(9)
0t9(Ok, ) = g(VOk, 0) + g(Ok, V101) = g(Vi0y, Or) + g(Ok, V10r) = Okg(0r, O1) + 019(Ok, O1) — g(O, V1O

Since (z1,...,2n-1,t) are normal coordinates at p, we have V;0,(0) = 0 for all k and [.
Hence we have 0,g(0, 0;) = 0 at the origin.
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Remark 1.3. If n = 2, we may simply take M! as a geodesic parameterized by the

arc-length parameter x;. Then g is of the form
9 = gui (1, z2)dat + da3,

where
911(951,0) = 1732911(331,0) = 0.

Suppose ¢ is a smooth metric given by (7) in B™. In order to construct a smooth

isometric imbedding of ¢ in R?, we need to find a smooth map u : B — R? satisfying

(10) Okudpu = 0
(11) Opulpu =1
(12) akualu = Gki,

in B" for any k,l = 1,...,n — 1. Before proceeding, we derive some identities. By a

straightforward calculation, we have
(13) 8n(8kualu) = Oppulju + Opuly,u = 8k(@lu8nu) + 8;(8k.u8nu) — 20 udpu,

and
(14)
Onn (6ku05u) = 201, U0 U + Oknnudjt + OOt = 204, U0t — 20k UOp, U + ak(alu&mu) + 81(8ku8,mu)

By differentiating (10)-(12) with respect to x,,, we get for any k,l =1,...,n — 1

(15) OOyt = 0
(16) O uOpp = 0
1
(17) akluannu = aknualnu - §anngkl-

We call (15)-(17) the Janet system. There are s, equations in this system, and , as we
know, we should require that ¢ > s,. Now we prescribe Cauchy data for (15)-(17) as

follows:
(18) Uz =0 = U0, O] 5, —0 = 1.
By (10)-(13), ug and u; satisfy in B"~*

(19) IuoOiuo = gra(, 0),
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(20) Oxuour = 0,

1
(21) Ouguy = —5 g, 0),
(22) uruy =1

We want to show that the Janet system (15)-(22) is equivalent to (10)-(12). It’s clear
that we can derive (15)-(22) from (10)-(12), just the way we did. Now, we want to
derive (10)-(12) from (15)-(22). Suppose u is a C? solution to the Cauchy problem of
the Janet system (15)-(22). Then (16) together with (22), immediately implies (11). In
a similar way, (10) follows from (15) and (20). To prove (12), we first note (19) implies
gk — Oudyu = 0 at x,, = 0. Considering the initial condition (20) and (21), we have, by
(13),

8n(gkl — 8ku81u) = —28kluou1 + 28klu0u1 — 8k(u181u0) — al<ulakU0) =0
at z, = 0. Next by (14),(17),(15), we have
8nn(gkl — 8ku81u) = —8k(8lu8mu) — 8;(8ku8,mu) =0

Hence (12) is valid. Therefore, we have proved the equivalence of them.

If Opu, Opu, Opu, 1 < kI < n — 1, are linearly independent, we can solve 0,,u from
(15)-(17) to get

(23) Opnu = F(z, Ogu, Opu, Ogu, Ogpu)nearx, = 0,

where [’ is smooth in x and analytic in other arguments and k,[ run over 1,...,n — 1.
Moreover, F' is analytic in x if g ia an analytic metric. Note that there are s, equations
in (15)-(17). If ¢ = s,, then 0,, can be solved uniquely, for ¢ > s,, solutions may not
be unique. If g is an analytic metric, the Cauchy-Kowalevski theorem implies that (23)
always admits an analytic solution in a neithborhood of the origin with the given Cauchy

data (18). Hence we have the following result.

Lemma 1.4. Let g be an analytic metric of the form (7) in B" C R" and q > s,.
Suppose that there exist analytic functions ug, u; : B"! — RY satisfying (19)-(22) and
that Oyug, O, w1, 1 < k1 < n—1, are linearly independent in B"~!. Then g, restricted

to a neighborhood of the origin 0 € B", admits an analytic isometric embedding in RY.

Sometimes we are interested in free isometric embeddings.
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Lemma 1.5. Let g be an analytic metric of the form (7) in B* C R™ and ¢ > s,,. Sup-
pose that there exist analytic functions wug,u; : B"! — R satisfying (19)-(22) and that
O, Opitio, U1, Opur, 1 < k,1 < n—1, are linearly independent in B"~!. Then g, restricted

to a neighborhood of the origin 0 € B", admits an analytic isometric embedding in RY.

Proof. We look for a free isometric embedding u : B” — RY of the following form:

1
(24) u(w) = (a(x), 527).
By (15)-(17), @ satisfies for 1 < k,l <n —1
1
(25) 8kﬁ8nnﬂ = O@nﬂﬁma = —xnﬁklﬂ&mﬂ = 8knﬂ8mﬂ — §8nngkl

By the Cauchy-Kowalevski theorem, there exists an analytic solution « in a neighborhood
of the origin 0 € B"™ with the Cauchy data

ﬂ’|l'n=0 = Uy, aTl,iv1/|1'n:() = Uuz.

Then by the derivation of (25), the map u solves the Janet system (15)-(17) and satisfied
(18)-(22). Hence u is an analytic isometric embedding for g. Now we need to prove only
that u is free in a neighborhood of x,, = 0. By the assumption, Oyu, 0,u, Ogu, Ogpu, 1 <
k,l <n—1, are liniarly independent at z,, = 0. By (24), the last components of all these
vectors are 0 at z,, = 0 and O, u = (..., 1). Hence Opu, Opu, O, Ogntt, Oppu, L < m — 1 are

linearly independent for x,, = 0.

The following is the main result in this section.
Theorem 1.6. Any n-dimensional analytic Riemannian manifold admits a local analytic

isometric embedding in R*" and a local free analytic isometric embedding in R+,

Obviously, Theorem 1 is a part of Theorem 1.6. Proof. We prove Theorem 1.6 by an
induction on n. We first consider n = 2. Suppose g is given in a local coordinate system
by

g = g11(x1, T2)dx? +das  inB?,
where gq; satisfies g11(x1,0) = 1 and 0yg11(21,0) = 0. This can always be arranged by
Remark 1.3. Now let
(26) uy = (coszy,sinxy,0),u; = (0,0,1).

Then wug, u; satisfy (19)-(22) and dyug, d11up, u; are linearly independent in B'. We may

apply Lemma 1.4 to get a local analytic isometric embedding of g in R?. Now we prove the
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existence of a local free analytic isometric embedding for n = 2. In this case, s, +n = 5.
Set

(27) ug = (coszy,sinxy,0,0),u] = (0,0, cosxy,sinzy).

Obviously, ug, uj still satisfy (19)-(22) and 0yug, O uf, ui, Oyui are linearly independent.
We may apply Lemma 1.5 to get a free local analytic isometric embedding of ¢ in R®.
Now let us assume Theorem 1.6 holds for n — 1 for some integer n > 3. We consider the

case n. By Lemma 1.2, we assume that the metric g is of the form
(28) =g +di? = EZ;:llgkl(x', r,)drydr; + dz?  inB",

with 0,,gr(0) = 0 for 1 < k,Il < n —1. Note s, = s,_1 +n and §(,0) is an analytic
metric in B"~!. By the induction hypothesis, we may assume there exists a free analytic
map f : B"! — R*» satisfying dfdf = g(,0). To prove the existence of a local analytic
isometric embedding in R*", we consider ug = (f,0) and u; = (0,...,0,1) € R*. It is
easy to see that

Oruoty = 0, Opuguy = 0,uyuy = 1.
To ensure that ug and u; satisfy (19)-(22), we take u; = 1y + 0, where 6 : B"~! — R*» is

a perturbation of 0 satisfying
1 1
(29) Ortigd = 0, Opigd = 5 Gkl U0 = —555.

Note that 9,,gx,(0) = 0. By the implicit function theorem, we can get an analytic solution
d to (29) near ' = 0. Obviously, Jxug, Oxug, u1, 1 < k,1 < n—1, are linearly independent.
We may apply Lemma 1.4 to get a local analytic isometric embedding of g in R**. Next
we prove the existence of a local free analytic isometric embedding in R**". Let uf =
(f,0,...,0) : B*"! — R*»*+"~1 with all the last n components zero, and take u* = (0, ¢)

for some smooth vector e : B"! — §"~! C R"™. Then uf, uj satisfy
Okugu; = 0, Ougu; = 0, ujuj = 1.

We may choose e such that dpug, Opug, ut, Oput, 1 < k,1,< n—1, are linearly independent.
Analogously, by the implicit function theorem we can select an analytic map u* = u* + 0*

where §* : B! — Rs»+"~1 gatisfies
1 ~ 1
8,&8(5* = O,@klugé* = —§3ngkl,u‘{(5* = —5(5*(5*

Therefore, uj, ul : B"1 — R~ gatisfy (19)-(22), and Opu, Opug, ui, Opul, 1 < k1 <
n—1, are linearly independent in B"~!. Now we may apply Lemma 1.5 to get a free local

analytic isometric embedding of ¢ in RS»*",
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3. LocAL ISOMETRIC EMBEDDING OF SMOOTH METRICS

Turning to the smooth case from the analytic case, the seential difficulty we encounter
is finding a technique to replace the Cauchy-Kowalevski theorem. As far as the existence
of solutions to partial differential equations is concerned, there are essential differences
between the analytic case and the smooth case. As is well known, even a linear partial
differential equation with smooth coefficients may have no local solutions. The crucial
step here is to solve a perturbation problem for the isometric embedding. The nonlinear
partial differential equation for such a perturbed problem exhibits a loss of differentiabil-
ity. By applying the Laplacian operator, rearranging the equation and then applying the
inverse of the Laplacian operator, we may transfrom this equation into an equivalent one
which is essentially elliptic. Then there is no loss of differentiability and we may solve it

by a standard iteration.

We begin our discussion with the following question: If a given metric is isometrically
embedded, can we isometrically embed nearby metrics? Let u € C*°(B" R*"*") be a
smooth map and h = h;;dz'dz; be a small smooth quadratic differential form in B". We
look for a small map v € C*°(B™, R**™"), such that

(30) d(u+v)d(u+v) = dudu + h.
To this end, we need to solve the following differential system for v:
(31) 0;udjv + O;v0ju + 0wdjv = hij,1 <i,j<n
To proceed, we rewrite (31) as
(32) 0;(0;uv) + 0;(0juv) — 20;;uv = hy; — Owojv,1 <i,j <n
In place of (32), we consider a new system
(33) Juv =0,i=1,..,n Ojuv = _%hij + %&vajv,i,j =1,..,n.
The left-hand side of (33) is a linear algebraic system. If u is free, we can rewrite (33) as
(34) v = E(u)F(h,v),
where F'is given by
F(h,v) =(0,...,0, ... —%hij + %aﬂ]aﬂ}, )T e Rt

When we attempt to solve (34) by an iteration, there is a loss of order one derivative at
each step. This is obvious since only v itself appears at the left-hand side, while first order

derivatives of v appear at the right-hand side. Hence, we cannot prove the convergence
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of the sequence generated in the iteration. In order to overcome this difficulty, we rewrite
the system (33). As we have observed, the difficulty arises from the nonlinear terms

0;v0jv. Applying the Laplacian operator yields
A(aﬂjﬁj’(}) = 81(Av8jv) + (9j(('9,-vAv) + 28@11)83'[’0 — QAU&-J-U

If we could invert the Laplacian operator A, we could then have
(35) Owdju = A0, (Avd;v) + A partial; (O, Av) + 2A7H (0000 — Avdi;v)
Instead of (33), now (32) becomes the following system
(36)

1
aiuv = —Afl(Av(?iv),i = 1, ., n aijUU = _§h’l] + Afl(&-lvaﬂfu — Av@ijv), Z,j = 1, S, n.
Here is an important observation. The expression for v on the left-hand side of (36)
has the same regularity as the expression for v on the right-hand side, by the regularity
theory for elliptic equations. To be specific, if v is C™* for some m > 2 and 0 < a < 1,
then the right side expressions for v are also C"™*. There’s no loss of derivatives. Hence,
if h;; is small, we may solve (36) by the contraction mapping principle. When we try
to make the above procedure rigorous, a series of difficulties arises in inverting A to get

(35), since the boundary values involved. To remedy this, we try to use cutoff functions.

We assume u + a®v is a solution of (30), then like the calculation before, we get
1

(37) 8iUU:Ni<U,&>,i: 1,...,n @juv: —§hij+Mij(v,a),i j = 1,...,n.

where

(38) N;(v,a) = —aA™ (aAvdw) — adzalv|?,

(39)
1
M;i(v,a) = §aA_lrij('U, a) — (adya + d;ad;a)|v|* — ;(@aA_l(aAv@jv) + 0;aA " (aAvdw)),
(v, a) = Aadvd;v — O;alAvd;v — 0;a0;vAv + 20,a0,(0;v0;v) + 2a(0yv0jv — Avd;;v).

Let v : B — R*"*" be a solution of (38)-(39) in B". Obviously, v satisfies the isometrically
embedding. We assume u : B" — R*"*" is free and write (38)-(39) as

(40) v=E(u)F(v,h),

where

E(u) = ((Oiu, Oju)) ™

F(U, h) = (NZ-(U, a), _%hij + Mij(v, a))
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We should point out that E(u) involves first order and second order derivatives of u, not

u 1itself.

Theorem 2.1. Let u € C%*(B" R*"*") be a free map and h be a C?* quadratic
differential form in B", 0 < o < 1. For any a € C>°(B"), there’s a positive constant 6,

depending only on |a|sq, such that if

(a1) 0, 1) = | Bl E@)F (0, )]0 < 6.,
there exists a map v € C?*(B", R*"*") satisfying (38)-(39) and
(12) olan < CIE@)F(O, Bl

where C' is a positive constant independent of u and v. Moreover, v € C"™*(B") or C*
if u,h € C™*(B") or C*°, for some m > 3.

Proof. We need to solve (38)-(39), or (40), for v. Letting v = pw, we rewrite (40) as
1
(43) w = pE(u)F(w,0)+ —E(u)F(0,h).
i
Set

¥ = {w € C**(B",R*""); |wla.q < 13,
and

1
Tw = pE(u)F(w,0) + ;E(U)F(O, h)
In the following, we take
E(u)F(0,h)|aa. 1
:U’:<| () ( )|2, )2.
|E(u)|2.a

We claim that 7" : ¥ — ¥ is a contraction mapping if 6 = 6(u, h) is small. First, we have

for any w € X

(44)
1

Tl < HB@]sal F@ Ol + s = VA F(w, 0 +1) = VAC,

where C is a positive constant depending only on |a|sq, and 6 is as in (41). Hence, T
maps X into ¥ if # < #;. Next, we note that F(w,0) is quadratic in w. Then we have
1

for wy,wy € X

(45) [ Tw; — Twalse < | E(w)|2.0F(wi,0) — F(ws, 0)]s0 < VOCs|wy — wslaa,
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where Cs is a positive constant depending only on |a|s,. Therefore, T' is a contraction if

0 < ﬁ By the contraction mapping principle, we have a fixed point of 7" in X. To
1 2

prove (42), we rewrite (43) as
v =p*E(u)F(w,0) + E(u)F(0,h)

Then (42) follows easily from the definition of y and the boundedness of F(w, () in C%*-
norm. The higher regularity is a consequence of regularity result for elliptic differential

equations. By setting w = E(u)W and applying A to (43), we obtain
1
(46) AW — pA(F(w,0)) = ;AF(O, h).

Note that A(F(w,0)) can be considered as a bilinear form in the derivatives of w up to
the second order, with coefficients given by derivatives of a up to the second order. Then

the linearized operator associated with (46) is given by
(47) AW + Zw:gp/lﬁ(w)E(u)@ﬁW + lowerorderterms,

where AP (w) is a matrix whose entries can be viewed as linear combinations of derivatives
of w up to the second order, with coefficients involving derivatives of a up to the second

order. in view of |w|z, < 1 and the expressions of N;(w,a) and M,;(w, a), we have
1
Vjgj=2lp A’ (w) B(u)] < pCs|B(u)|a < CsV0 < 7,
if

1
O+ 03+ 1603

If (48) holds, then (47), and therefore (46), are elliptic differential systems. Then, the

(interior) regularity of W an dthus that of w follow from the regularity theory for non-

(48) 0 <0,

linear elliptic systems.

Remark 2.2. For a fixed free map u as in Theorem 2.1, we may conclude u + a®v is

freeif |hy o| is small depending also on w. This can be seen easily from (42).

Remark 2.3. For any smooth function a in B" with compact support, let v € C>*(B", R¥"*")

be the solution as in Theorem 2.1. Then, v satisfies isometric embedding.

Now we state the main result of this section.
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Theorem 2.4. Any smooth n-dimensional Riemannian manifold admits a smooth local

free isometric embedding in R»*",
Note that Theorem 2.4 implies Theorem 2 easily.

Proof. We prove Theorem 2.4 by an induction on n. We start with the assumption
that it holds for n — 1,n > 3, since the proof for n = 2 can be formulated easily from the
following argument. We divide the proof into two steps. Step 1. Suppose the metric g is
of the form (28) in B! x (—1,1). We claim that, for any m € Z", we may find a free
map u, : B"! x (=1,1) — R*"*" such that

(49) g = dupmdu, + 2mh™ (z)inB" ! x (—1,1)

for some smooth quadratic differential form h(™. In an argument similar to the proof
for the second part of Theorem 1.6, we can find smooth maps fy, fi : B" ! — R~
such that fy and f; satisfy (19)-(22) and Ok fo, Okt fo, f1, Ok f1,1 < k,l < n—1, are linearly
independent. Here we used the induction hypothesis. If n = 2, fy, fi were constructed
in the proof of Theorem 1.6. Now we prove inductively that for any integer m > 1
there exists a smooth map u,, : B"™! x (=1,1) — R*"*" such that the following hold for
k.l=1,..,n—1:

gkl = 8kum81um + O(%?Jrl),

Gnn = OpUmOptiy, + O(z).
By taking w, = (wp,, 322), we need to find a smooth map wy, : B" ™' x (=1,1) — RenF!

n

for which the following hold for k,l =1,...,n — 1:

(50)
Gt = OpWi Oy, + O™, gron = Ok Op W + O(T™), Gpn = OpWiOpwn, + O(z™).

where G, = gnn — 2. We prove (50) by induction on m. For m = 1, we set w;(2/, z,) =

fo(x") + fi(z")x,. Tt’s easy to check that w; satisfies (50) by (19)-(22). Suppose (50)
holds for some m > 1. We write (50) as

(51)
Gt = OOy + gy a7 4+ 0@ ), g = DDt + g 27+ O@IT), G = OOy + g
where gi(;n) are smooth functions in B"~1. We set

merl(x/a xn) = wm(xla xn) + ferl(x/)xnerl'
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From a straight forward calculation, we require

1

1 1 1
a - _ (m) a Y _ - (m) a (m) a (m) - _
i fof, +1——m 19;m, i fof, +1—_29kz _—Q(m 1) k91 _—Z(m 1) 19kn Jifmar =

This is an algebraic linear system for f,,.1. We may solve for f,,.; since the coefficients
are linearly independent. Therefore, w,, 1 satisfies (50). In the following, we simply
write u instead of u,, for a fixed m to be determined. Obviously, u is free, at least in a
neighborhood of the origin.

Step 2. Set = ey and u.(y) = u(ey). In the y-coordinate, we may write (49) as
g = ducdu, + fz,
where h(y) = €™y"h™ (ey). Now we seek a solution @ with the form

a(y) = ue(y) + a’(y)v(y) = uley) + a*(y)v(y)
where a € C§°(B"™) with a = 1 on BY,,. Then (38)-(39) takes the following form:

3/4°
(52) 0u(ey)v = eNy(v, a),
1-
(53) 0iuley)v = —§h(y) + M;j(v,a).

In this case, we have
|E(te) |2,0l B (1) F (0, h)]2,0 < Crae™ ™,

for some constant (), independent of €. Therefore, if m = 5 and € is small, the re-
quirement fulfilled. By Theorem 2.1, there exists a smooth solution v : B" — R**" to
(52)-(53). By Remark 2.2 and 2.3, we get dwdw = g.

4. GLOBAL ISOMETRIC EMBEDDING OF SMOOTH METRICS

In this section, we discuss the global isometric embedding of smooth Riemannian man-
ifolds in Euclidean spaces. We divide our discussion into two parts. First, we prove
that any n-dimensional smooth Riemannian manifold admits a global smooth isometric
embedding in some Euclidean space. Second, we seek to determine the lowest dimension

of the target space.

The discussion of global isometric embedding consists of two steps. First, for any Rie-
mannian metric g on a compact manifold M"™, we find an embedding uy : M"™ — R? such
that g — dupduy is also a metric. Second, we modify uy to get u to satisfy dudu = f.

During this process, we need to be sure that u remains an embedding. The technique

1
m+1g

(m)

nn °
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developed in the previous section plays an important role. The starting point of the
second step is to localize the problem so that we need to modify ug in each local chart
is very similar to that in the proof of Theorem 2.4 of the previous section. Both steps
are quite easy if we are content with finding an isometric embedding in some Euclidean
space. However, the second step becomes extremely complicated when we attempt to

find the lowest target dimension.
First of all, we localize the global problem.

Lemma 3.1. Let (M",g) be a compact smooth n-dimensional Riemannian manifold.
Then there’s a (finite) open covering {U;} and smooth functions ¢; € C°(U;) and (; €
C>°(U;) such that

(54) g = Y¢2dc:.

Proof. For any p € M", there is a local chart (V,,n,), where n, : V, — B" is a
diffeomorphism. By Theorem 2.4, there exists a neighborhood N of n,(p) in B" such that

(n,')*g = $5mq"da? inN,
for some smooth function 1, ..., x5, 1+, on N. Hence we have
g=n,(n, ") g =X d(zmp)*  inUy,

where U, =1, Y(N) C V}, is a neighborhood of p. Since M,, is compact, we can complete

the proof by using the partitions of unity.

Remark 3.2. Let (M", g) be a precompact smooth n-dimensional Riemannian manifold.
Then (54) still holds. Moreover, (54) can be written in the form

9= X¢;d¢;.

This is useful for later discussions.

Lemma 3.3. Let (M™, g) be a compact smooth Riemannian manifold. Then there exists
a smooth free embedding u : M™ — R*»*2" such that g — dudu is a smooth Riemannian

metric in M™.

Proof. It suffices to prove that there is a smooth free embedding of M™ into R*»*", In
fact, if u is such a map, by the compactness of M™, it follows that ¢ — c?dudu is positive

definite on M™ if ¢ is sufficiently small.
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The proof consists of two parts. First, we prove that there is a smooth free embedding
from M"™ into RY for some g. Second, we prove that the existence of a smooth free
embedding from M™ into RY for ¢ > s, + 2n implies the existence of such a map into
R,

By Whitney’s embedding theorem, there exists a smooth embedding ¢ : M™ — R,
Set o : R?* — R*» 2" by

o (11, ..., 00n) = {X1, ..., Top, T], T1 T3, ..., Tap }-

Obviously o is free, and hence o¢ is a smooth free embedding of M"™ into R? with
q = Sop + 2n.

Next, we assume ¢ is a smooth free embedding into R? with ¢ > s, + 2n. We denote
by ¥(¢(p)) the unit sphere of the osculating space T77(¢) C T.(R?) and by ¥ the smooth
submanifold of M™ x RY consisting of {(p,X(é(p)));p € M"}. Denote by P the smooth
map : (p,e) € ¥ — e € ST71. Since dim{X} = s, +2n — 1 < ¢ — 1, it follows that
P{X} is of measure zero in S9~!. Hence S9!\ P{X} is not empty, and we may take an
e, € S771\ P{X}. We denote by P., the projection of R? onto the subspace perpendicular
to e,. Then P, ¢ is a smooth free embedding of M™ into R?!,

Now, we prove that any smooth compact Riemannian manifold admits a smooth free
isometric embedding in a Euclidean space. The dimension of the target space could be
large. We include this result to illustrate how to get the global isometric embedding from

the local version.

Proposition 3.4. Any smooth n-dimensional compact Riemannian manifold admits a

smooth free isometric embedding in R? for some integer q.

Proof. Let (m", g) be a smooth n-dimensional compact Riemannian manifold. By
Lemma 3.3, there exists a smooth free embedding u : M™ — R% such that g — dudu is
positive definite on M™, where ¢ = s, + 2n. By Lemma 3.1, there is a finite collection
of open sets {U;} of M"™ with ¢, € C>(U,), m € C*=(U;) such that

9 — dudu = S, 57 diy;,
for some positive integer L. Set u, : M™ — R?L by
m L
).

ue = €(¢py cos m,gbl sin —, ..., ¢y, cos 77_L,¢L sin —
€ € € €

We then have
g = ducdu, + dudu — €*(des + ... + do7).
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Now we claim there is a smooth free embedding w : M"™ — R such that
(55) dwdw = dudu — X dg;.

If (55) holds, then (w,u.) : M™ — R%T2L is a smooth free isometric embedding of g.
It suffices to prove (55). To present the idea clearly, we discuss only the case L = 1.

In the sequel, we omit the subscript [ and consider the equation
dwdw = dudu — €*d¢?

in the unit ball R", with ¢ € C>*(R"). Assume w = u + a?v for some a € C>*(R") with
a = 1 on supp¢. Then according to the proof in previous section, if € is small enough, we

can find such v. Thus we can find w. Proof done.

The dimension ¢ in Proposition3.4 depends on the manifold M" itself, and not just n.

In the rest of the section, we try to find the best q. We first state the main result.

Theorem 3.5. Let (M™, g) be a smooth n-dimensional Riemannian manifold and let
ug : M™ — R? be a smooth free map such that g — dugdug is positive definite, with
q > S, +n+5. Then there is a free map u € C*°(M™,R?) such that g = dudu. Further-

more, if ug is an embedding, so is u.
Theorem 3.5 holds for both compact and noncompact Riemannian manifolds.

Corollary 3.6. Any smooth n-dimensional compact Riemannian manifold admits a

smooth free isometric embedding in R? for ¢ = maz{s, + 2n,s, +n+ 5}.

Corollary 3.7. Any smooth 2-dimensional compact Riemannian manifold admits a

smooth free isometric embedding in R,
Before proving Theorem 3.5, we need to introduce several lemmas.

Lemma 3.8. Suppose ey, ..., e, are m vectors in R?, with ¢ > m. Then ey, ...,¢,, are

linearly independent if and only if
det(€ie;)mxm # 0

It’s just some linear algebra stuff, we omit the proof.
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Lemma 3.9. Let ey, ..., €,,.5 € C®(B",RY) be linearly independent for any 2 € B", with
g > n+ 5, and let P, be the orthogonal projection

P, : R? — span{ei(z), ..., eny5(2)}.

Then there exist u,v € C>=(B",RY) N span{e;(z), ..., ens5(x)} such that, for any = € B,
s € R! and (a,b) € S,

u(z),v(x), e;(x) + sPy(ad, + bov),1 <i <n,

are linearly independent.

Proof. Consider the unit ball B" as a subset of
™ ={(z1,...,2,) € R"; —1 < z; < 7}
Set
fi(x) = sinay, fi(r) = T} (cos w4-2) sin g, k = 2, ..., 0, fryi(x) = I} (cos 244-2) cos ..

Define f = (f1, ..., fat1). Obviously, f : R™ — R™""! is a smooth and periodic. Moreover,
o f(x),...,0nf(x) are linearly independent for any x € T, and

(56) ifi=0 forn>i>1+12>2.
Set

(57) u(z) = B €fl( 5)er1(T) + €nia
(58) v(z) = E?Hﬁfl( Jer2(T) + ents

where € is a small parameter to be specified. A differentiation of (57)-(58) yields

(59) duu(x) = THHO( S )era(x) +O(1)

(60) O0(x) = TS B G)eria(x) +0(1)

Combine (59)-(60)gives
1
adyu + b0, = =X (aeq + beyin) + O(1)
For any (a,b) € S' and any z € IE%", define

(61) wy(z) = aeji1(x) + bepro(x),l =1, ,n+ 1, w(x) =ey2(x),l=n+2,n+3
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Then, wy(),...,wny3(x) are linearly independent for any z € B". To prove this, we
consider constants c, ..., c,+3 such that E?;Lf’clwl(x) = 0 at some point € B™. This

implies ¢,12 = c,43 = 0 and
craes(x) + (c1b 4 coa)es(z) + ... + (cub + Cpi1a)eni2(x) + cpirbenis(z) =0

Thus, we get ¢; =0, =1,...,n + 1, since a® + b* # 0.
Similarly, we define for € B” and y € T"

'Uj)l(y,l') = E?:—’—llalfl(y)wl(x%z = 1a ey Ty ’L[)Z(y,l') - wi—i—lai =n+ 17n + 2.

Then, 0, (y, ), ..., wy42(y, ) are linearly independent for any x € B" and any y € T".

To prove this, we consider constants 1, ..., ft,+3 such that
S B 0 fily)wi(@) + B pnjwneja () = 0
first we get pp41 = pinao = 0, and

S difily) = 0, for any 1=1,..n+1

by the linear independence of 0; fi(y), we get uy = ... = u, = 0. Therefore, Lemma 3.8
yields to
(62) det(Wil;) (nt2)x (nt2) = 0,

for some positive constant § independent of x € B", y € T" and (a,b) € S*.
In the following, we prove that u(z),v(x) defined above satisfy the requirements of this

lemma. For each s € R! and (a,b) € S', consider (n + 2) vectors

(63) Vi = d;(x) + sP,(adu+ bd,),i =1,...,n
(64) Vos1 = u = epyq + O(e),
(65) Voo =0 = e,15 + O(e)

We may write

s x
Vi= e+ —i,
e e

x)+s0(1),i=1,...,n,

we consider two cases |s| > €!=(1/27) and |s| < €!=(/2Y) For the first case, we have

V; = z[wl(gwx) + O(Ei)],l = 17 w1, Vn-i—l = wn-ﬁ-l + 0(6)7 Vn+2 = wn+2 + O(E)
In view of (62), it follows that
82n o n 1 g 9
deb(ViV;) = g Adet(iaiy) + O(e)} > {0 — Cedi} >
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if € € (0,¢] for some universal constant ¢y. By Lemma 3.8, {V},...,V,12} is linearly

independent as € € (0, €] and |s| > ' =(1/27),

1—(1/2n)

For the second case |s| < € , we assume for some z € B”

E?jfcﬂ/i(x) = 0.
Set
suple;| = A

We may write
o1+ O(A =22) = 0,
c2 + Claalfl( ;) + O(Ae 1_7) =0,

1

¢+ El 1cl[a8le 1( )+b@lfZ ( )]+O(Ael_%):0,

Cnyp1 + O(Aet 2n) =0,
Cnra + O(Ae 2n) =0,
Consequently, there hold for some constant C' independent of €
le1] < CAe™2 [ey| < CAe 2 |e;| < CAe7 i =3, .om, [enpl, [nra] < CAS .
Then we have |¢;| < C'Ay/e for all i, and hence
A= suple] < CAVE < SA
for any e € (0, ¢] with C/ey < % Therefore, A =0 and V4, ..., V, o is linearly indepen-

dent as |s| < e2=(/27) and € € (0, €.

Remark 3.10. With the aid fo the normalizing procedure, we may assume |u(z)| =

lv(x)| =1 and u(z)v(z) = 0, since this procedure does not affect linear independence.

Lemma 3.11. There exist two smooth functions 3;, 3, on S!' such that

(66) Br(t)B3(t) — B (t)Ba(t) # 0,
(67) | Aos0d=0ii=12,
(68) /S Pl =0, =12
where

(69) = V/Bi(t)* + B5(1)
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is positive on S*.

Proof. Set f(t) = cost — 3 cos 2t + b, B5(t) = sint + sin 2t + a. Then, we have
B ()5 (t) — By (t)B5(t) = 3(sin2tsint — 1) < 0
It’s easy to check that [, B.(t)53;(t)dt = 0. It is easy to see that p is positive on S'. Thus

a special choice of constants a and b implies (68).

Lemma 3.12. Suppose ug € C=(B",RY) is a free map, ¢ > s, + n + 5. Then there
exists a vy (t,z) € C°(S' x B", R?)) such that the following hold for u; = ¢uv;, for any
¢ € C(B"):

(70) 6ku0u1 = O, 8ku0(9tu1 = 0,1 S k S n, &-juoul = 0, 2 S i,j S n,
(71)
8¢u0, @juo, 2 < Z,j < n, 81u0 + s@tul, 811'&0 + 238t1u1, au'LLo + Sam"u,l, 2 < ) < n, 8{01, 8ttvl

are linearly independent for any (t,7) € S' x B" and s € R,

and

(72) O |* = ¢ () p* (1)

for any (¢,z) € St x B", where p(t) is a positive function on St.

Proof. Since g is free and ¢ > s, +n + 5, there exist fi, ..., fs € C*°(B", RY) such that
(73) 8ku07aklu07]- S k7l §n7f1a“'7f5

are linearly independent in B”. Denote by L, the space spanned by Ozuo, 1 < k < n and
O;jug,2 < 1,j <n, and the projection operator by

(74) P, :RY — L.
Here L} is contained in the linear space spanned by functions in (73). Set
(75) ei(r) = Pooyuoe(z),i =1,...,n,e;(z) = Pofin(x),i=n+1,...,n+5.

Obviously, e1, ..., e,45 are linearly independent. By Lemma 3.9, there exist u,v € C*(B", R?)N

span{ey, ..., e,15} such that
(76) u(z),v(x), e;(r) + Pr(adiu(x) + bou(x)),i =1,....n

are linearly independent for any = € B”, a,b € R', a® + b*> # 0.
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By Remark 3.10, we may assume |u(z)| = |v(z)| = 1 and u(z)v(z) = 0. With i, fBs
constructed in Lemma 3.11, we set
(77) vi(t,x) = Pi(t)u(z) + Ba(t)v(x)
Obviously, (72) holds since u; = ¢?v; satisfies
|Opua (¢, 2)[* = ¢*(B1(6)* + B3 (t)*) = &"p*(1)

Since u(z),v(x) are in L, (70) holds too. By (66), we know that dyv1, 0yv; are linearly
independent and that

(78) span{ vy, Oy} = span{u,v}

Note P,{01ug + s0yv1} = e;(x) + sP.{ 81 (t)0;u(x) + 85(t)0;v(x)}, thus (71) follows from
(76).

Now we may assume that
(79) 8th1 = —(p@luo + Gtul)alul, 8thl = —p@lulﬁiuo — (08111,0 + atul)aiul,i = 2, . n

The key step in proving Theorem 3.5 is the following result.

Theorem 3.13. Suppose ug € C®(B", RY) is a free map and ¢ € C>(B") is a smooth
function, with ¢ > s, +n + 5. Then there exists a compact set C' C B" with suppp C C'
such that the following holds: For any k € Z*, there is a positive constant €, such that

for any € € (0, €] there exists a smooth free map u, : B” — R?) such that

(80) duekduek = dUQdUQ + ¢4d$% + 6k+1g€k,
where

(81) Uy — Uy € C’EO(IE%",RQ’), supp(ger) C C
(82) [uer — uo| < ce

for some constant ¢ independent of €.

Remark 3.14. As we see in the proof, the function u; is of the form

T

Uek = ﬂ/ek(ey ?7 ZZ')

for some @, € C°((0,¢ek] x St x B"). Here @i(,t,) is considered to be a function in

t € S, or a 2m-periodic function in ¢t € R. A similar form holds for g..
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Proof. We prove by an induction on k that wu. can be taken in the form
(83) Uep, = (1) + eur (t, ) + Ewy(e, t,2) + ... + Fwpe, t,x) with t= v(ﬂ)
€

where u; is as in Lemma 3.12 and wy(e,t,z) = w(t,z) + ey (t,x) will be determined,
1=2,...k []p(s)ds =t defines 7.
We begin with k£ = 2 an look for a function u.y of the following form:

Uy = ug(x) + eur(t, ) + Ewo (e, t, x)
for some smooth function ws(e, t, z), yet to be determined. Then, we have
O1teg = (Orug + %atul) + e(O1uy + %Gth) + 201wy, Oty = Osug + €dsuy + €20ws
By (70) and the definition of h, yields

2 1
81U6281u62 = ’61U0|2 + ¢4 + f(—@thl -+ (81u0 -+ ;(‘%ul)@twﬂ

1 1
+62|61U1 + ;8tw2|2 + 262(81U0 + ;@ul)alwg + O(EB)

81u628iu62 = 81U08¢U0 + %(_afhz -+ 81'1110815’11}2)

1 1
+62(3¢U031w2 + (Oyug + ;aﬂU?)aiUl + (Oruo + ;aﬂh)) + 0(63)
8iu628ju€2 = aﬂboaon + 62(aiU18jU1 + &-uoﬁjwz + 8ju081-w2) + O(Gg)
We claim all the above holds if wy satisfies

1
(81U0 + ;&tul + 681U1>w2 = h1 + 0(62)

(@»uo -+ e(()iul)wg = ]’LZ + 0(62)
2 1
(Or1ug + ;atIUJl)wQ = §(|31U1|2 +201h1) + O(e)

1 1
(81in -+ ;&iul)wg = 5(81u18iu1 -+ @hl + 31h1) -+ O(G)

1
@-juowg = 5(8Z-u18ju1 + @h] + @hz) + 0(6)

€
Ouiwy = 0, Opugwe = §|3tw2|2 + 0(52)

Note that it’s an algebraic system for ws, while the above involves derivatives of w,. To
prove the claim, we rewrite it so that no differentiation is applied directly to ws. We do
this for 0, first and then for 0; and 0; for ¢ = 2,...,n. We may omit this calculation, as

it’s clear and not hard.
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To solve the algebraic system of ws, we consider
wa(€,t,x) = us(t, ) + eva(t, x)
By substituting w, in the algebraic system and comparing the order of ¢, we require

1
(84) (Orug + ;&ful)wZ = hy, Qiugug = h;

(85)
2 1 1 1
((911710 + ;3ﬂu1)u2 = §(|81U1|2 + 281h1), ((’)Muo + ;)UJQ = 5(81’&182'114 + &hl + 81h1)

1
(%6) Oujtiottz = 5(&“187“1 + O;hj + 0;h;), Opvrug = 0, Oypvrup = 0.
and
1
(87> (51U0 + Eatul)vz = —81u1u2
2
(88) Ojugvy = —0jurtiz, Jv1vy = 0, Oyv1vy = |8§Z§|

According to Lemma 3.12, the coefficients of wus is linearly independent and of full rank
in S' x B". Thus we may find a uy € C®(S' x B") satisfying the above algebraic system.
Besides, suppus C S' x suppp. So we can find v, € C®(St x B"). And thus we have

proved the case for k = 2.

Now, we assume Theorem 3.13 holds for £ > 2 and then prove it for k + 1. Suppose
. x
i) (1) = uer(w) + (et @), with = 5(=)
for some smooth function wg,1(€,t, ) to be determined. Like what we do in k = 2
case, we find some conditions for wy.1(€, ¢, ), and derive a equivalent algebraic system.
Then we let wgi1(€,t, ) = ug1(t, ) + eve1(t, x) and again get a algebraic system for
Ugt1, Vg+1- And happily, we find the coefficient is just as we stated in Lemma 3.12. So

we can solve these w1, vky1, which leads to the statement of the Theorem.
Now we are able to prove Theorem 3.5.
Proof of Theorem 3.5. By Lemma 3.3 and Remark 3.2, we may assume that the metric

g is given by
g = dugdug + L1k,
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where h¥) is a smooth symmetric covariant 2-tensor on M such that in a suitable local
coordinate system z : U — R”

hD = ¢tda]
with ¢ € C°(UW). The support of hD is in U®, and the family {UV} is a cover of M.
To prove Theorem 3.5, it suffices to consider the case where there is only one term in the
summation for the expression of g.

In the following, we assume
g = dugdug + ¢*da?,
for some ¢ € C°(UW) and some local coordinate system x : U — R". We may identify
U with B". By Theorem 3.13, we may find a compact set C' C B" with supp¢p C C, a

smooth free map u., : R* — R? and a smooth symmetric covariant 2-tensor g, in R”

such that suppga. C C and
dugrdug, = dugdug + ¢*dr? + g

Now suppose u = ug, + a’w for some a € C>*(B") with a = 1 on C. Then dudu = g is

equivalent to

(89) d(ue + a*w)d(ug + a*w) = dugdug, — € g

k+1in front of g, as in the section 2, we can find w satisfying the equation.

Since we have €
Thus u = u, + a®w is a free map if € is small enough. This ends the proof of Theorem

3.5.
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