PROBLEMS AND SOLUTIONS 3

ProBLEM 3.1:1

Statement. Let u(z,t) be a solution of u; = kuy,. Show that the following facts hold.
(a) For constants a, zo and tg, the function v(x,t) = u(ax — zg, a’t — to) satisfies vy = kv,.
(b) For any constant k', the function v(z,t) = u(z, (%)t) satisfies vy = k'vgy.
(c) The function v(z,t) = 3 exp(—f—;) -u(%,—1) satisfies v; = kvg,.

Solution. (a) By a direct computation we have

2ut(ax — zg, a’t — to), Ve (T, 1) = azum(aa: — zg,a’t — to),

v(z,t) =a
which confirms
vi(z,t) = a®uy(ax — x0, a’t — to) = a®kuge(ax — zo, a’t — tg) = kvge(z,t),
where we have used the fact that u; = kug,.
(b) Similarly to the preceding case, we have

K K K

ve(x,t) = Eut(x, ( k )t), Vg (T, 1) = gy (x, (?)t),
and so . . . .
k k k k ,
ve(x,t) = Eut(az, (E)t) = Ekum(x, (E)t) = K'vgy (2, 1).
(c) Let w(z,t) = 3 exp(—f—;), so that v(z,t) = w(z, t)u(%, —1). We have
1 3 z? 1 x? x?
wi(z,t) = —575 2 eXP(—m) +t 2 eXP(—m) TR
_1 x? x
w:v(xvt) =t 2 eXp(_m) : (_Tkt)’
and ) ) )
_1 T _1 T 1
wm(x,t) =t 2 eXp(—rkt) . W +t 2 eXp(—rkt) . (_Tkt)
We note that .
W = kwgy, and wy(z,t) = —%w(x,t). (1)

Let us calculate v and vy, as

vt(x’t) = wt(x?t)u(%? _%) + w(xa t) <_xum(.?> _%) + t%“ﬂf(%? _1)> ’

t2
r 1 1 r 1
Ux(l‘,t) = wx(x’t)u(¥7 _E) + w(l‘vt)guw(;a _Z)a
and
r 1 1 r 1 1 r 1
Vg (x, 1) = wm(x,t)u(? —;) + 2wx(x,t)¥ux(¥, —;) + w(m,t)t—zum(z, —;)

Now by comparing the expressions for v; and v,,, and taking (1) into account, we conclude

vy = KUgg.
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PROBLEMS 3.1:6BD

Statement. Solve the problem
Ut = Ugg, (t > 0)7

with the initial condition u(z,0) = f(z), where the functions u(x,t) and f(z) are assumed to
be 2m-periodic in the x variable. The function f is given in each case by

(b) f(z) = 3 + cos(2z) — 6sin(2z),

(d) f(x) = 6sin(z) — 7cos(3z) — 7sin(3x).
Solution. We know that the solution of the above problem with the initial condition

N

f(z)= Ao+ Z(an cos(nz) + by, sin(nx)),

n=1

is given by
= Ao+ Z e "(an, cos(nz) + by, sin(nz)).

A direct application of this formula gives
(b) u(z,t) = 5 + e cos(2z) — 6e* sin(2z),
(d) u(x,t) = 6e tsin(x) — Te % cos(3z) — Te ¥ sin(3x).

PROBLEM 3.1:8

Statement.
(a) Consider the problem

ut:kuxm; (w207t20)7
_ (2)
u(0,t) = cos(wt), (t>0).

This is a heat conduction problem for a semi-infinite rod (x > 0) whose end (at x = 0)
is subjected to a periodic temperature variation u(0,t) = cos(wt). Use the particular
solutions
u(z,t) = Ae* cos( A 4+ 2kX%t) + Be M sin(Az + 2kA2t), (3)

to find a solution of this problem which has both of the additional properties:
(P1) u(z,t) - 0 as z — oo,
(P2) u(z,t+ 2) = u(a, t).

(b) Show that the solution of (2) is not unique, if either (P1) or (P2) is omitted.

(c) Assuming that w = 7 and k = T, roughly sketch the graph of the temperature distribution
in the xu-plane when t =0, 1 ,3, 4, paying attention to where u(z,t) = 0.

(d) Show that at any fixed time t, the distance between consecutive local maxima, say 1
and x, of u(x,t) is 27r\/2wz, and show that the ratio u(xa,t)/u(z1,t) is e 2™ ~ 0.00187,
regardless of the positive values of k and w.

Solution. (a) In view of (3), the boundary condition u(0,t) = cos(wt) gives
u(0,t) = Acos(2kA*t) + Bsin(2kA\*t) = cos(wt), t>0,
implying that A =1, B=0, and A = j:\/g, i.e., we have the solution
u(x,t) = exp(£/572) cos(£/ 572 + wt). (4)
In order to satisfy (P1) we need to choose the minus sign in 4,/57, so we finally have

u(w,t) = exp(—/55.x) cos(—/ 554 + wt). (5)
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It is clear that this solution satisfies (P2).

(b) If (P1) is omitted, we can choose either plus or minus sign in (4), which means that
the solution is not unique. On the other hand, if (P2) is dropped, we can add any v(z,?)
satisfying

Uy = kv:ﬂxa (:U Z 05 t Z 0)7
v(0,t) =0, (t>0),

to u(x,t). For example, we can take

(¢) The time snapshots are depicted in Figure 1. To give a better idea of how the solution
looks like, a spacetime graph of the solution is shown in Figure 2.
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FIGURE 1. Time snapshots of the solution for 3.1:8c. Legend: t = 0 blue,
t =1red, t =2 yellow, t = 3 green, t = 4 blue again.

(d) The z-derivative of (5) is
= — /5 exp(—+/5%2) (cos (=550 + wt) — sin(—+/57z + wt))
—fexp —/55%) cos(—/5rx +wt + §)
Since exp(—+/5zx) # for all z, the zeroes of u,(z,t) coincide with the zeroes of cos(— /557 +
wt+7). The latter function is periodic in x with period 27/ %’“ This implies that the distance

between consecutive local maxima is 277\/%1‘: (there are two zeroes of u, in one period, but
one of the zeroes corresponds to a local minumum). As for the ratio of the values, we have

ex x9) cos( 2xotwt+ 2
u(e,t) _ oxp(=y/5rr2) cos(—y/ 52 4)zexp(—\/%'%\/%26727r

u(:c1,t) exp(—+/5721) cos(—+/5r21 + wt + 7)

where we have taken into account the periodicity of cosine and the fact that zo —x1 = 27

i

2k
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1]

FIGURE 2. Spacetime graph of the solution for 3.1:8¢c. The t-axis is the one
from left to right, the z-axis is from top to bottom, and the u-axis is directed
towards the reader.

PROBLEM 3.2:1

Statement.

(a) Let v(z,t) be any C? solution of v; = kvg, (0 < x < L, t > 0), which satisfies the
boundary conditions v(0,¢) = 0 and v(L,t) = 0 (without initial condition). Show that for
any tl, t2, with tQ Z tl Z 0,

L L
2 2
/O (192 < /0 [w(z, 41)]2dz. (6)

(b) Explain why the conclusion (6) still holds when the boundary conditions are replaced by
any of the following pairs of boundary conditions:
(i) vx(ovt) = vaz(Lvt) =0,
(ii) v4(0,t) = v(L,t) =0,
(iii) v5(0,t) = h-v(0,t) and v(L,t) = 0, where h > 0.

Solution. Let us define the function
L
B = [ o0,
0

which can be called energy. Then (6) can be rephrased as
E(tg) < E(tl), for tg > tl > 0.
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In other words, we have to show that E is a nondecreasing function of . Let us calculate the
time derivative of E as

L L
El(t):/o 2v(x,t)vt(:c,t)dx:/0 2v(x, t)kvgy(z, t)de

= 2kv(L, t)vy(L,t) — 2kv(0,t)v,(0,t) — 2k /OL [vg (2, 1) 2da ()

< 2kv(L,t)vy(L,t) — 2kv(0,t)v5(0,1).

We will show below that E’(t) < 0 in various cases, which will then imply that F is nonde-
creasing. Note that each case requires a slightly different reasoning.

(a) We have
E'(t) < 2kv(L,t) vy (L,t) — 2k v(0,t) v,(0,t) = 0.
=0 =0

(b)(i) Similarly, we have

E'(t) < 2kv(L,t) vy (L, t) —2kv(0,t) v,(0,¢) = 0.
=0 =0

(b)(ii) We have

E'(t) < 2kv(L,t) v (L,t) — 2kv(0,t) v,(0,¢) = 0.
=0 =0

(b)(iii) We have

E'(t) < 2kv(L,t) ve (L, t) — 2kv(0,1) v(0,t) = —2kh|v(0,t)|* < 0.
=0 =hv(0,t)

PROBLEM 3.2:2

Statement. State and prove a uniqueness theorem for the problem
Ut = Ugy,

with the boundary conditions u,(0,t) = a(t) and u,(L,t) = b(t), and the initial condition
u(z,0) = f(z).

Solution. We will prove that any two C? solutions u; and us must be equal to each other.

Supposing that u; and uy are two C? solutions of our problem, let us define v = u; — us.
Then by subtracting the equations satisfied by us from the corresponding ones for u;, we see
that v satisfies v; = v, with the boundary conditions v,(0,t) = v,(L,t) = 0, and the initial
condition v(z,0) = 0. We want to show that v is zero everywhere. From Part (b)(i) of the
previous problem, we have E(t) < E(0) for all ¢ > 0, that is

L L
B(t) = /0 (e, 1)]2dz < E(0) = /O w(z, 0)]2dz = 0.

Since v(x,t) is a continuous function of x, this implies that v(z,t) =0 for all 0 <z < L, and
as t > 0 was arbitrary, we conclude that v = 0 everywhere.
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PROBLEM 3.2:3

Statement. Use maximum/minimum principles to deduce that the solution u of the problem

up = ktgg, (OSJUSWJZU),
u(0,t) = u(m,t) =0, (t>0),
u(z,0) =sinz + 1 sin 2z, (0<x<m),

satisfies 0 < u(zx,t) < %\/g forall0 <z <mandt>0.

Solution. We will show that 0 < sinz + % sin 2z < %\/g for all 0 < x < 7, which would then
imply by the maximum and minimum principles the desired bounds for the solution u. First
of all, the representation

f(z) =sinz + }sin2z = sinz + sinz cosz = (1 4 cosz)sinz,

reveals that f(x) >0 for 0 <z < 7. Let us find the maximum of f(z). We calculate

f'(z) = cosx + cos 2z = 2cos® x + cosx — 1,
whose zeros are given by cosx = %ﬂ. This implies x = 2% and x = w. The point x = 7 is

clearly not a maximum because f(mw) = 0. The other candidate gives
fE)=(1+cos%)sin2f =3 §

It is easy to see from the behaviour of the function f/(z) or from an inspection of f”(z) that

0
T = %’T is the only maximum point in the interval 0 < x < 7.

PROBLEM 3.3:5
Statement. Solve
U = DlUgy, 02 <10,82>0,
uzy(0,8) =2,  wuy(10,t) = 3,
u(x,0) = %:ﬁ + 2z + cos(mz).

Solution. First of all, we need to shift the unknown function so that the boundary conditions
are homogeneous. Looking for a polynomial p(x) = Az? + Bux satisfying p/(0) = 2 and

P/ (10) = 3, we find A = % and B = 2. Now define the new unknown v = u — p, so that

u = p + v. Then since u; = vy and Uy, = vV + 24, we see that v must satisfy

vy =bvgp + 3, 0<2<10,¢>0,
v.(0,8) =0, v,(10,t) =0,
v(z,0) = u(z,0) — p(x) = cos(mx).
Next, we want to get rid of the inhomogeneous term (—l—%) in the right hand side of the heat
equation. This can be achieved by modifying v by a linear function of t. Namely, if we put
v(x,t) = w(z,t) + %t, then v; = wy + % and vg; = Wy, SO that w satisfies
wt:5wl’x7 O§w§107t207
wg(0,t) =0, wz(10,t) =0,
w(x,0) = cos(mx).
Note that we have used the properties w;(0,t) = v,(0,1), w,(10,t) = v,(10,t), and w(z,0) =
v(x,0). The problem for w can be solved easily, as

—572t

w(z,t) =e cos(mx),
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which yields

1 1 1
u(z,t) = w(z,t) + it +p(x) = Et + %x +2x+e cos(wx)

PROBLEM 3.4:3

Statement. Solve
U — Uge = e Hcos(t)sin(2z), 0<az<mt>0,
u(0,t) =0, w(m,t)=0,
u(x,0) = sin(3x).
Solution. Let us decouple the effects of the initial condition and the inhomogeneity, by
writing u(z,t) = v(x,t) + w(z,t), where v satisfies
Vg —VUpe =0, 0< <, t>0,
v(0,t) =0, wv(mt)=0,
v(x,0) = sin(3x),
and w satisfies
Wy — Wy = e Hcos(t)sin(2x), 0<z <7 t>0,
w(0,t) =0, w(m,t)=0,
w(z,0) = 0.
From separation of variables it is immediate that
v(z,t) = e Y sin(3x).

To find w, for each fixed t > 0, we expand w(z,t) as a function of x € [0, 7], in terms of a
Fourier sine series, as
Z an(t) sin(nx)

Now our task is to find the (time-dependent) coefﬁc1ents an(t). If we also similarly expand the
right hand side f(x,t) = e~ cos(t)sin(2z) in the equation w; — wg, = f, then it is obvious
that the coefficients b, (t) in

Z by (t) sin(nx)

all vanish except for the case n = 2. The n—th coefficient of w; — wy, is al,(t) +n2a,(t), which
leads to the equations

ap (t) + n’an(t) = 0 (n #2),
ab(t) + 22az(t) = e=* cos(t).
Note that since since u(z,0) = 0, we have a,(0) = 0 for all n = 1,2,3,.... Hence for n # 2,
we get a,(t) = 0. For n = 2, we have
(eMay) = e*(ah + 4ag) = cost,
and so
efay(t) = az(0) +sint = sint,
or
ag(t) = e *sint.

Finally, we conclude
w(zx,t) = e sin(t) sin(2z),
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and thus
u(z,t) = e sin(3z) + e ¥ sin(t) sin(2x).
PRrROBLEM 3.4:9

Statement. Solve

Up — Upy = T — 22 + 2 + e—im?t cos(2rx), 0<z<1,t>0,

uz(0,t) =1t, ug(mt) = —t,

u(z,0) =0.
Solution. First, we need to shift the unknown function so that the boundary conditions are
homogeneous. The function p(x,t) = (x — 2?)t satisfies p,(0,t) = t and p,(1,t) = —t. Now

define the new unknown v = u — p, so that v = p +v. Then since u; = v; + = — 22 and
Upr = Vgp — 2t, we see that v must satisfy

Vp — Vg = e 4Tt cos(2rx), 0<z<1,t>0,
v:(0,8) =0, wvy(1,t) =0,
v(z,0) = 0.

This can be solved by using the Duhamel principle. The coeflicients of the expansion

v(z,t) = Z an(t) cos(mnx),
n=0

must satisfy

dh(t) + m22%ag(t) = e 47,
and a,(0) =0 for all n =0, 1,2,.... Hence for n # 2, we get a,(t) = 0. For n = 2, we have

(¥ ay) = '™ Hah + A7ay) = 1,

{a;(t) + 72n2a,(t) =0 (n #2),

and so

ey (t) = ax(0) + t = ¢,
or

as(t) = te=Amt,

Finally, we conclude

v(x,t) = te4m’t cos(2mx),
and thus

u(z,t) = t(z — x?) + te= 4 cos(2mx).

PROBLEM 4.3:9

Statement. (a) Find a formal solution of the problem

up = kg, 0<x<1,t>0,
u(0,t) =0, wu(l,t)=0,
u(z,0) = f(z),

where

T ifOSxS%,

f(w):{ux ifl<z<l
(b) If u¢(x, t) is formally computed by differentiating each term of the formal solution with

respect to t, then show that u¢(3,0) = —oo results. Provide a physical explanation of this
p 2
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observation by considering the flux of heat through the ends of a small interval centred at

-1
x=3.

Solution. (a) The formal solution is given by
00 1
t) = Z bpe "kt sin(nmz), with b, = 2/ f(z)sin(nmz) dz.
n=1 0
Note that sin(nm(1 — x)) = sin(nm — nmz) = sin(nwz) when n is odd, and sin(nm — nrx) =

— sin(nmz) when n is even. Using this symmetry, and taking into account that f(1—x) = f(x),
we infer

by, = 2/02 f(z)sin(nmz) de + 2(—1)" /02 f(x)sin(nrz) de.

So b, =0 for even n, and

1 1
1 4 o4 h
by, = 4/2 f(x)sin(nrz)de = — — cos(nmx)| + — i cos(nmz) dzx
0 nm 0 nm Jo
4 4
— = (=)™
o (=1) n?m?’

for odd n, with n = 2m + 1. Putting everything together, we conclude

[ 4 4
20 .
u(z,t) = Z (mr + (_1)m7127r2) e "k gin(nnz),
m=0
where n depends on m as n = 2m + 1.
(b) Formally, we compute

[e.o]

4k
u(w,t) = — Z (47rk + (—1)mn> e " Ht sin(nmz),
m=0

and so

™\ . 2m+ 1)
= 4k -
Z( 2m—|—1)bm 2
. 1
:—4k:z (-1) T =) =~
m=0

= oo. This result suggests that the temperature at the point

since k > 0 and )~ 2m+1
1

x = 5 drops infinitely fast for a very short (in fact infinitesimal) time near ¢ = 0.
As suggested in the statement, we can also formally compute the flux as

ate $+e 1ie
/ wg(z,0)dr = k;/ Uge(7,0) dz = kug(x,0)| ] = =2k,
1 1 1_.
27¢ 27 ¢ 2

where € > 0 is small. We see that no matter how small the interval [§ —e, 1 +¢] is, the integral
of u; over it is a fixed negative number. Therefore, the function u; must become negative
infinity at x = %

PROBLEM 4.3:12

Statement. Find a formal solution of the problem

up = kg, 0<x<10,t>0,
Um(0¢t) =2, um(lovt) =3,
u(z,0) = 0.
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Solution. First of all, we need to shift the unknown function so that the boundary conditions
are homogeneous. Looking for a polynomial p(z) = Az? + Bz satisfying p/(0) = 2 and
P/ (10) = 3, we find A = % and B = 2. Now define the new unknown v = u — p, so that
u = p + v. Then since u; = vy and Uz = Uz + 2A, we see that v must satisfy

vt = kvge +2kA, 0< 2z <10,t >0,

v,(0,t) =0, v,(10,t) =0,

v(z,0) = —p(z) = —Az? — Bux.
In order to use separation of variables, we assume

nnx

v(z,t) = Z an(t) COS(W),
n=0

and formally substitute it into vy = kv, + 2k A, to get

ap(t) = 2kA,
and ) o
N
a,(t) = 100 an(t), n > 0.

Note that the cosine series of 2kA involves only the constant term, so it does not affect at
all the equations for n > 0, which remain the same as the equation for the homogeneous case
v = kvg,. The equations are easily solved as

n’n2k
ap(t) = ao(0) + 2k At, and an(t) = an(0) exp(—wt), n > 0.
Obviously, a,,(0) for n > 0 are the cosine series coefficients of the initial datum v(z,0) = —p(z),

which are given by

1 10 1 10
ap(0) = 10, p(z)dx, and a,(0) = —/0 p(x) COS(@)CL”L‘, n > 0.

Let us do the computation. We have

10 Az®  Ba? 50
do = il = — 4100,
[ e (G4 50| -3
and
10 10 10
nmwT 10 nmwx 10 nwx
——)dr = —wsin(—-)| —— BT
/0 x cos( 10 ) dx mr:csm( 10 )O e n( 10 )dx
100 nrz | 100
= 22 os( 10 )0 = (=" 1)m7
as well as
10 10 10
nmwx 10 nmwx 20 nmwx
TN = —— 2 -7 - = —)d
/0 mcos(lo)x acsm(lo)0 A x sin( 10):1;
200 nrx |10 200 10 nmw
= 27T2$COS( 10 ) n271'2/0 ( 10 )dfl}'
2000
= (_1)nn27T2?
leading to
35 400 20 40 + 60(—1)"*!
ao(0) = 37 an(0) = _(_1)RWA + (1= (_1)n)n27r2B - n?m? .
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Therefore, we conclude

35  k .40 4+ 60(—1)"H!
v(z,t) = 3 + Et Z (=1) exp(—

n—

and so

35 1
u(zx,t) = 5 + 2z + 2—0562 + 1—0t

n=1

T
n2m Too D eos(g):
k 2. 40 4 60(—1)"H! n?n2k nwx
> n2n2 exp(= 551 cos( 57
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