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Elliptic boundary value problem

o W= HY(Q)
e A:'H — H linear, self-adjoint, H-elliptic
((Av,v) > c||v||%{ v € H)

Findue Hst. Au=f (feH)

» Example: Reaction-diffusion equation H = H}()

(Au,v) = / Vu- Vv + &*uv
Q
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Equivalent discrete problem

[Cohen, Dahmen, DeVore '01, '02]
e Wavelet basis W = {¢, : A € V} of H
o Stiffness A = (Ayx,¥,)x, and load f = (f,¥y)

Linear equation in ¢,(V)

Au =f, A €2(V) — 62(V) SPDandf e gz(V)

o u=>",uypy is the solution of Au = f

o flu—=vlle, = [lu— vl withv =737, vxihs
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Galerkin solutions

I -1l == (A-,-)2 is anorm on £,
ANCV

Ia: 52(/\) — gz(V) incl., Py = I;"\
Ap = PpAI, : 6(N) — 6(N) SPD

frn .= Ppf € (5(N)

Lemma
A unique solution up € 4,(A) to Ajup = f, exists, and

u—upl = f Jlua—v
Ju =l = inf fu—v]

N

N
N

N

g,
N
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Galerkin orthogonality

e suppw C A, Apup = fp
° <f — Aup, V/\> =0 for VA € 62(/\)

flw = wi* = Ju —ual® + [lup — wi?
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Error reduction

lu —uall® = lu— w[* — [lun — w|>
Lemma [cpbpo1]
Let u € (0,1), and A be s.t.
[PA(f — Aw)[| > pl[f — Aw||
Then we have

[ —uall < /1= k(&) 12 flu —w|
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Ideal algorithm

SOLVE[¢] — w;

k:=0;Ng:=10

do
Solve A/\kllk = f/\k
Iy = f— Allk
determine a set Agy; DAk, with minimal
cardinality, such that |[Pa, 1|l > p//r«]]
k:=k+1

while ||rg]| > e
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Approximate lterations

Approximate right-hand side

RHS[e] — £. with |[f —f.]|, < e

Approximate application of the matrix

APPLY4[v, ] — w. with [[Av — w.||,, <&

Approximate residual

RES|[v,¢] := RHS[¢/2] — APPLY[v, ¢/2]
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Best N-term approximation

Givenu € H, approximate u using N wavelets

N = {Zaw»\ cH#N<N,a)y € R}

AEA

e Yy is a nonlinear manifold
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Nonlinear vs. linear approximation in H'(£2)

Using wavelets of order d
Nonlinear approximation
If u € B (L,) with - = 5 + s for some s € (0, %)

n

EN = diSt(I/t, ZN) 5 N~*

Linear approximation
If u € H'+ for some s € (0, <=!], uniform refinement

n

g = llwy —ul S N;

e [Dahlke, DeVore]: u € BL”_"S(LP)\H[""”S "often"
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Approximation spaces

o Approximation space A°* := {v € H : dist(v, Xy) S N*}
e Quasi-norm |v| 45 := ||v|| + supyen Ndist(v, Ly)
o By (Ly) C ASwith J = 5 +sfors e (0,4)
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Complexity of the problem

e U:fr—u algorithm for solving Au = f

cost(U, F) := supycp cost(U, f)

e(U,F) := suprep [|U(f) — ull

comp(e, F) := inf{cost(U, F) : overall U s.t. e(U,F) < €}
Bl :={ve A : |v|as <r}

U(f) lin. comb. of Nwavs. = cost(U,f) 2 N

Since v € A* & dist(v, Zy) < N°|v| 4+, we have

comp(e,A(BY)) = A5 o=1/s
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Requirements on the subroutines

Assume: u € A’ for some s € (0, £1)

Complexity of RHS
RHS[¢] — f. terminates with ||f — f.||,, < ¢

o #suppf. < 5_1/5]u|}4/f

e cost < 5*1/S|u\%f +1

Complexity of APPLY 4
For #suppv < oo

APPLY 4 [v,c] — w,. terminates with ||Av — w.[|,, < ¢

o #suppw. < e VTV

e cost < 5_1/S|VT\IJ|%S + #suppv + 1
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The subroutine APPLY ,

e U is piecewise polynomial wavelets that are sufficiently
smooth and have sufficiently many vanishing moments

e A is either differential or singular integral operator

Then we can construct APPLY, satisfying the requirements.
Ref: [cDDo1], [Stevenson '04], [Gantumur, Stevenson '05,06], [Dahmen, Harbrecht,
Schneider '05]
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Optimal expansion

Lemma [Gantumur, Harbrecht, Stevenson '05]

1
Letu € BS and p € (0,k(A)~2). Then the smallest set
A D supp w with

[PA(E — AW)[| = pi|[f — Aw]]

satisfies
#N — Fsuppw < /S| — Aw|| /S
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Optimal complexity

Theorem [GHso5]
SOLVE[c] — w terminates with ||f — Aw||,, < . Whenever
u € BS with s € (0, %), we have

o #suppw < pl/se=l/s

o cost < rl/se=1/s

Further result

e Can be extended to mildly nonsymmetric and indefinite
problems [Gantumur '06]

N
£ 1Y % Universiteit Utrecht
i

£



Sketch of a proof

K
#HN\gt1 = Z#Ak—H — #/M\i
=0

K
< rl/*‘ZHf—AukH_l/s
k=0
< rVS|IE - Aug e
< rl/sg_l/s

B = Universiteit Utrecht



Algorithm with truncated residuals

[Harbrecht, Schneider '02], [Berrone, Kozubek '04]

SOLVE[¢] — w;

k:=0;Np:=10

do
Solve A/\kllk = f/\k
rz = P/\;(f- Auk)
determine a set Agy; DAk, with minimal
cardinality, such that |[Pa, 15| > plrg]]
k:=k+1

while ||r5|| > ¢
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Error reduction

o 1y = Pp-(f— Awy) truncated residual
k "
o1, =f— Au full residual

Suppose A = V(M) is such that
[PA; (F— Aug) || > n|f — Aug|
then we have
IPac il = [IPA, X% = w2 gl
— error reduction
A
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Cardinality of expansion

A=V(AA), A C Atrees
o [luz —uall = nllug — wall
« ACACV(AV)
o #V(A V) S #A
o #(AN\A) S #(A\N)
Lemma

Letu € B and 11 € (0, nx(A)"2). Then with A* = V(A, V), the
smallest tree A D A with

BR[| = gl

satisfies 5
#ANA) S Vo ju—up 7
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Optimal convergence rate

Theorem
SOLVE[¢] — w terminates with |ju — w||,, < . Whenever u € B
with s € (0, 1), we have

o #suppw < rl/se= /s

o cost < pl/sg=1/s
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Activable sets

N = V(A V):

o H#N S HN
o [[Pa+(f— Aup)[| = n|f — Aup|

[Berrone, Kozubek '04]:

e For A € A, add p to A* if ¢, intersects with a contracted
support of ¢, and |u| = [A| + 1
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FEM error estimators

[Verfiirth], [Stevenson '04], [Dahmen, Schneider, Xu '00], [Bittner, Urban '05]
o f€L(Q)
S :=span{y) : A € A}
7T mesh corresponding to S
Er(w) 2 |If — Awl|g-1(q) forweS

A is a graded tree
Duals W are compactly supported
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Saturation

[Verfirth], [Morin, Nochetto, Siebert '00], [Stevenson '04], [Mekchay, Nochetto '04]
With §* = span{ty : A € A* D A}

Er(w) < lluss — wllgi(q) forweS

e fis a piecewise polynomial w.r.t. 7
« “Bubble functions” are in S*, i.e., duals W are compactly

supported

[PA- (£ — Aup)|| luss — usl|g(q) 2 E7(us)

Z
2 M —Aus|g-1q)
2 f—Auy|

A
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Activable sets

N =V(AV):

o For A € 7, add yu to A* if ¢, intersects with A and
lul < A[+N
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