Finite element methods Adaptive FEM Convergence for nonlinear PDE

CRM/McGill Applied Mathematics Seminar
Local convergence of adaptive finite element
methods for nonlinear problems

Gantumur Tsogtgerel

McGill University

Joint with Michael Holst and Yunrong Zhu

November 2, 2009



Finite element methods Adaptive FEM Convergence for nonlinear PDE

Model problem

—u’(x) =f(x) in I=(0,1), and u(0) =u(1) =o0.
Define A : C%(I) — C°(I) by

Au=—u" for ue C3(I).

Let D = C(1)*. Then C°(I) c L}(I) € D by
1
(w,v) :J wv < [[w|1 V]| co for w e L}I), ve CP(I).
0

We can extend Ato A: D — D by
(Au,v) = —(u,v") for any v e Cg°(I).

Note that if u € C2(I) we have

1 1 1 1 1
—uv=—u"v| +| WV =uV| —| w’”.
0 0 0 0
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Weak formulation

1 1 1
W = w| +j WV < 2V 2
0 0

(Au,v) = —J

0
is an inner product on Cg°(I). The induced norm is

1

2 = (A, ) = j (w)?

and the completion of C (1) wrt to this norm is denoted by H3(I).
Thus A : HY(I) — H™*(I) = H}(1)* is bounded, linear, and invertible.
In particular, for any f € H1(I) the following equation has a unique solution

Au = f.
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Galerkin method

Let X be a Hilbert space, and A : X — X* be a bounded linear operator satisfying
(Av,v) = o?|v||3%  forany veX (a>0).

Then (A, -) is an inner product on X, inducing a norm || - ||a equivalentto || - ||x.
So A is invertible.

Au=f = (Au,v) = (f,v) forall veX
Let X;, C X be a linear subspace. Consider u;, € X}, such that
(Aup,v) = (f,v) forall ve X.
This gives the Galerkin orthogonality
(Alu—up),v) =0 forall ve Xy

oru—1up La Xp.
[u—uplla = inf [[u—v]|a.
VEXH
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Finite element method

X =H(I). Let T, = {[0, h], [h, 2h], ..., [1 — h, 1]}, and
Xy, ={v € C3(I) : vis linear on each of e € Ty, }.
Let {¢:} be a basis of X;,, and put up, = 3 ; Ui

> Ui(Adi, di) = (f, dx) k=1,...,m.

lu—unlla = inf [u—v[a Sh ullus  forany s <2
veXy
In general, and piecewise polynomial elements of order d, we have
lu—unlle Sh Hullps  forany s <d.
In n-dimension, the number of degrees of freedom N ~ h™™, so

u—unflpe SN ulps forany s <d.
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Saddle point problems

—Au+gradp =f _
gracp or  Au=f with A:( A grad).
divu=0 div 0

Set X = (H{)™ x L2. Let X;, C X, and consider uy, € X;, such that
(Aun,v) = (f,v)  forall veXy.
The following theorem is due to Jinchao Xu and Ludmil Zikatonov.

Theorem (Babuska-Brezzi-Ladyzhenskaya condition)
The above problem is uniquely solvable if and only if

Aw, v
inf sup u =on >0
weXn vexy, [[Wllx[vix

Moreover, the latter implies

Al

_ < 2y _ .
o= < 5 inf =
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Semilinear problems

—Au+ud=f in QcR? with u=0 on 0Q.
. 5—
ueH' = uell=ud el¥9 = uf e H ' with S:Tq.

If f € L2, then (—A)~(f —u9) € H*s. Hence
¢ Hp — Hg:u— (—A) H(f—ud)

is compact if ¢ < 5. By Schauder, there exists u € H} such that ¢(u) = u.
Galerkin approximation of a locally unique solution is locally quasi-optimal.
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A posteriori error estimates
X = Hg(I). Let T = {[0,x1], [x1,%z], . .., [xm, 1]}, and
Xp ={v € C3(I) : vis linear on each of e € Ty, .

For any v € X and its linear interpolant vy, € X;,, we have

1
<f*Auh,V> = <f*Auh,V7Vh> = JO f(V*Vh) 7U{L(V7Vh),

Xi41 Xi
=3 v [

Xi

Xi

i
< CZ ||f||L2(xi,xi+1)||v _vh||L2(xi,xi+1)
i
< CZ Il 2 g s 0 P VI e x4 )
i

implying that
Hf*AU]—LHﬁf ) CZhZHf”L? (xi%xi41) an
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Lower bound

Let f be piecewise constant wrt Ty,, and ¢ be a “bubble” function supported in

(X, Xi41)-
Xi+1 X{i41
T J fofp= J (=) (Fo)’
< Hu_uh”Hl(xi,xiJrl)Hf(pHHl
s Hu*U’h”Hl(xi,xiH)HfHL2(xi,xH1)hf1
implying that

M= Rl fll2pe xS 0= Wnll e x 0)-
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Interior node property

Let f be piecewise constant wrt Ty, and ¢ € X, (£ < h) be a “bubble” function
supported in (xi, Xi41).

Xi41 Xi+41
e S| foto =] e w) o)

xXi Xi
< e _uhHHl(xi,xin]Hf(pHHl
S e — uhHHl(xi,le) Hf”Lz(xi,xi+1]h;1

implying that

M= il ez ) S e = Wnlln g x4 )-
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Adaptive finite element method

Start with some initial mesh Ty. Set k = 0, and repeat
e Solve for the Galerkin solution w;. on the mesh Ty
e Estimate the error indicators {n;} over the elements of T,
e Refine the elements of Ty with largest error, to get Ty 1
® k++

Questions:
e 1 — u?
® flu —ufur S p* with p <17

® dimXy ~7?
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Linear convergence

From the Galerkin orthogonality
(Alu—uiy1),v) =0 for all v € Xi 1,
taking v = w11 — uy, we have
[ —willa = lw—wiald + uea —wii

So if
luis: —willa = cllu—uif|a,

with constant ¢ € (0, 1), we have

= w3 = =i — i —wli < (1= flu—wlf.
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Quasi-orthogonality for semilinear problems

Let us consider
a(uw,v) + (f(u),v) =0, YveH

We have

u—will2 = [lu—wipal2 + i —will + 20w —wipr, win —us)

(flu) = fluir), Uiy — uq)
ClIf(w) — fluipa)lliz [wirs — will iz

alu—Uit1, Uiy — W)

Cllu— w2 lwirs — will 2

IN NN

Chipflu— il [t — Wil
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Abstract argument

Let F : X — X* be continuous, and consider
(F(u),vy =0  forall veX.

Suppose that an AFEM generated the following

® subspaces Xg, X1,... C X

e approximations g, uy, . . ., solutions to (F(uy), vi) = 0 Vvi. € Xy
Let Xo, = U; Xy, and let u,, € X, be such that (F(uy),v) =0 Vv € X
If uy are locally quasi-optimal, then

Moo —uk||x S inf Jue —V[x =0 as k— oo.
veXy

For any v € X, we have

(Fluce), v) = (F(uoo) — F(ui), v) 4 (Flux), v)
[[F(Uoo) — Flu) [x+ [IvlIx + [{(F(wx), v)f = 0,

N

provided limy_ (F(uy),v) = 0.
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Error estimate and marking

X =H}(Q). nk : Tx — R error estimator corresponding to Ty, and .
If D C Q is a union of some elements in Ty, then

(Flwi), v) S (D) Vl[na o) + QA D) [IV[[ro\p).
and for some f € L?(Q)
k(D) < [lukllvr oy + Ifllz o)
Let My C Ty be the marked elements to refine. Then

Me(T) < C max Ny (o) T T\ My
oceEMy
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Convergence

The elements in T; that are not refined anymore, and the others

Th={teTi:teT, V=i, T =T\ T,
Qf = U T, QY = U T.
TeTiJr TET?

Forj < i we have

0 _
TPCcTfcT and Q0= |J

)
-reTi\T;r
Forany v € X and ¥ € X; such that ||v — V|1 (qo) < € with Q% =n; Q9
(Flug),v) = (F(w),v—=9) < ﬂi(Q?)”V _\_)HHl(Q?) +ni(Qj+)HV_\_)HH1(Q;r)'

V=9l @) S IV =¥lnrao) + IV =¥lna\00) < 2e
i j
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Convergence

n(09) il ooy + Iz < williia) + Il (o)
< i = Uoollnr () + (Mool o) + Ifllza)
< 2| lhizia) + I1fllza)-
We have for T € T;r
Mi(1) < Cmaxny(o).
ceT?

andfor o € T?

Mi(0) S lwillrr o) + Iflliz(o)

< = UeollH1 (o) + Mool (o) + Il 20
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