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Overview

@ Linear operator equatiofu = gwith A: H — H’

o Riesz basigV = {1} of H, e.g.u= ), Uy

Infinite dimensional matrix-vector systefiu = g, with u = (uy)x
andA : {r — 52

Convergent iterations such a8t = ul) + o[g — Au®]

We canapproximateAu(!) by a finitely supported vector

How cheap can weomputethis approximation?

The answer will depend oAt andWV
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Outline

Qo

@ Linear operator equations
@ Discretization
@ Convergent iterations in discrete space

o

@ Uniform methods - convergence, complexity
@ Nonlinear approximation

@ Optimal complexity

@ Computability

@ Optimal complexity with coarsening
@ Optimal complexity without coarsening
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o Let’H be a separable Hilbert spad¢, be its dual
o A:'H — H'is boundedly invertible
@ g€ H' is alinear functional

Problem
u € ‘H is such thalAu =

@ Forve Handh € H, (h,v) = h(v) theduality pairing
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o Let be ann-dimensional domain or smooth manifold
o H =H'c HY(Q) is a closed subspace
@ H' = H'the dual space
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Convergent iterations Complexity analysis An adaptive Galerkin method
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Linear Differential Operators

Summary

o Partial differential operators of ordet 2

Auv) = 3 (207U, 07),

laf,|B]<t

@ Example: The reaction-diffusion equatidn= 1)

(Au,v>:/Vu-Vv+ K2uv,
Q
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Convergent iterations
men nm

Boundary Integral Operators

@ Boundary integral operators

(Au, v) / / (y)d2,dQy

with the kerneK(x, y) singular ax =y

o Example: The single layer operator for the Laplace BVP in 3-d
domain = ——)
1

K(x,y) = arlx—y|
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Gradient Iterations
ui+d) = u® + Bi(g — Au), Bi:H —H

o u—u™D =u—u® —BAU-u®) = (I — BA)(u— ud)
0 flu—ult D5 < (|1 = BiAl|p—pellu — u® 3

Convergence
pi ‘= ||| — BiA||H—>'H <1
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Summary

Convergent iterations Complexity analysis An adaptive Galerkin method
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Observation
LetR: H' — H beself-adjoint (Rf h) = (f,Rh) forf ,h e H’

and?{'-elliptic: with somea > 0 (Rf,f) > «f |3, for f € H'.

ThenA'RA: H — H' is self-adjoint and-elliptic.

Normal Equation

Au=g = A'RAu= A'Rg

Alis self-adjointand-elliptic. l
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Convergent iterations Complexity analysis An adaptive Galerkin method Summary
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Riesz bases

V = {4, : A € V}is aRiesz basifor H
— eachv € 'H has a unique expansion

V=) d(Wen st clvi < Y ldWv)? < Clvii

A€V AEV

o dy € H' anddy(1u) = dau
@ {dy: X € V}is aRiesz basis fok/’
o U = {1} := {dy\} is thedual basis (15, ¥,) = x,

Forv e H, we havey = {v,} := {d\(V)} € l2(V) ]

N
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Convergent iterations Complexity analysis An adaptive Galerkin method Summary
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@ V Riesz basis foH = H!
© Nestedindexset§gC Vi C...CVjC...CV,
o § =spar{iy: A € Vj} C Hand§ = spar{vy : A € Vj} € H/

Locality, Polynomial exactness and Vanishing moments

diam(suppyy) = O(279) if A € Vj \ Vj_1
All polynomials of degre@ — 1,Pq 1 C So

P, C So more precisely(P5_,, )i, € So

o {Sj} has a goodipproximation property
@ If A e V\ Vo, we have(P;_,, %)L, = 0~ cancellation property
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IRREEETREEiete Proble

[Cohen, Dahmen, DeVore '02]
@ Wavelet basigh = {¢) : A € V}
o StiffnessA = (A, Pu)a,, andloadg = (g, ¥y)a

Linear equation in ¢5(V)

Au = g, A : ez(V) — ﬂz(V) SPD an(g € Ez(V)

@ u=),u, isthe solutionof Au=g

0 [[u = Vllgwy = [lu— Vil with v =3, vahy

@ A good approx. ofs induces a good approx. af

@ V defines @opological isomorphisrbetweer{ and/,(V)
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Richardson’s iterations

ul+D) =y 4 afg— Au(i)] i=01,...

o u—ult) =u—u® — AU —ul) = (I - aA)(u—ud)
o fu—utDp, < Il = aAlgppfu— uOfl,

Convergence
pi= Il = aAlgpmr, < 1

o gandAu( areinfinitely supported
@ Approximate them byinitely supported sequences
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Approximate right-hand side
RHS[g, <] — g- satisfies|g — gc|lr, < ¢

Approximate application of the matrix
APPLY [A,v,e] — w, satisfied|Av —w,|l,, < e

Approximate Richardson'’s iterations

@ =0
00D = 0 + o (RHS[g, 5] — APPLY[A, i, e])  i=0,1,...

@ Choose; such thatju® — 0| = [ju — u®)||
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Convergent iterations
un |

Convergence

RICHARDSON [i(?), gf] — 0

for i=0,1,...
gi := Cpl; F) .= RHS[g,&] — APPLY[A, i), &]
it ||[FM]lg, 4+ 251 < efin then terminate;
g+ .= g 4+ or®

endfor

RICHARDSON [i(?), ¢] — @ terminates with|g — Adi||¢, < ¢

@ Computational cost d®RICHARDSON[ii(?, £] depending or?
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Convergent iterations Complexity analysis An adaptive Galerkin method Summary
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o Wavelet basiglj := {1 : A € V;} of §
o StiffnessAj = (Ax, Yu)a ey,
° Loadgj = <ga QZJA),\er

Linear equation in ¢»(V;)

Ajuj = gj, A : 1r(V;) — €2(Vj) SPDandg; € ¢>(Vj)

o U = >, [uj]Az¥\ € S approximates the solution éfu = g

@ With the orthogonal projectd?; : £2(V) — (2(V;), the above
equation is equivalent tB;Au; = Pg
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Convergence and Complexity

If ue H*MSfor somes € (0, 91

= U= Uil < Cinf [ju— vl < 0278
g = e < veSjH [t < O(277%)

o Nj =dimsj = 0(2")

0 ¢ < O(Nj_s)

@ SolveA,u; = g; with Cascadic CG~ complexityO(N;)
@ Similar estimates for FEM

N
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Complexity analysis
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Best N-term Approximation

Givenu = (uy)x € ¢2, approximates usingN nonzero coeffs )

Re= | L)

ACV:#A=N

Ny is a nonlinear manifold

Letun be such thafju — un||s, < [[u—Vv]lg, forv e Ry

Uy is a best approximation af with #suppuy < N

un can be constructed by pickidglargest in modulus coeffs from
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Convergent iterations Complexity analysis An adaptive Galerkin method Summary
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 Nonlitear v, ncarapproximation

Nonlinear approximation

If ue BEMS(L,) with 2 = 3 + sfor somes € (0, &1)

en = [Jun — ul| < O(N79)

Linear approximation

If u e H"sfor somes € (0, 4], uniform refinement

& = luj —ull < O(N)

@ H'MSis a proper subset & "S(L,)
@ [Dahlke, DeVore]:u € BE"S(L, ) much milder tharu € HH"S
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@ Approximation spaced® := {v € £ : ||[v — Vn]l¢, < O(N75)}
@ Quasi-semi-nornv| 4s := Supyer N°||V — Vn || ¢,
o ue BYS(L,)with 1 = 1 + sfor somese (0, %) = u e A

d—
u € AS for somes € (0, 1) I

Best approximation

lu— V|| < e satisfiesi#suppy < e Y/s|u|'4
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Complexity of RHS

RHSJg, €] — 0. terminates with|g — 9., < €

o #suppg. < e VoulS
o flops, memory< e V/s|u'S + 1

Complexity of APPLY

For #suppv < oo
APPLY [A, v, e] — w, terminates with|Av — w_||,, < ¢

o #suppw. < e VoV[YS
o flops, memory < 5_1/S|V|%: + #suppv + 1
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Complexity analysis
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Complexity of RICHARDSON

RICHARDSON [i(®), gfq] — ()

for i=0,1,...
gi := Cp'; 7 := RHS[g,&] — APPLY [A, (), &]
it |[F0) 4+ 25||g, < nin then terminate;
G0+ .= g 4 or®

endfor

RICHARDSON (9, £] — @ terminates with|g — Adi||s, < e.

0 o= [lu—uO,,

o #suppl < e YsjuYfe

o flops, memory< the same expression
NN
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COARSE[v,¢] — w
v — wl|| <eand#suppvis minimal

Lemma

6 < 1/2. Let||u — v|| < fe. w = COARSE]|v, (1 — 6)¢] satisfies
#suppw S =~ Yo[ul%S and|ju — w| < s
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Complexity analysis
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Complexity with coarsening

SOLVE [gfin] — TG0
0© = 0; g := ||
for i=0,1,...
€it1:=¢€i/2
Vv := RICHARDSON (), fe; , 4]
a(+1) .= COARSE[v, (1 — 0)i 1]
until  gi41 < €fin

SOLVE[¢] — G terminates with|g — Al|l¢, < e.

o #suppi < e Yojule
o flops, memory< the same expression
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Complexity analysis

Computing the Right Hand Side

RHSJg, €] — 9. terminates with|g — ., < ¢
o #suppg. < e Vol

o flops, memory < 5—1/S|u|11¢(sS +1

A naive approach:
@ Computed = (g, ¥x)ren for someN C Vst |lg— 8| <
@ Arrange the coeffs i in modulus beforehand
@ RHSJ[g, ] := COARSE[g, ¢ — d]

i,
N
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Complexity analysis

The Subroutine APPLY

Matrix A is calledq*-computablewhen for eachN one can construct an
infinite matrixAy S.t.

o foranyq < g, [[An — Al < O(N79)
@ having in each colum®(N) non-zero entries
@ whose computation take&3(N) operations

Recalls € (0, %). Let A beq*-computable withg* > s. Then we can
constructAPPLY satisfying the requirements.

@ A needs to be approximated well by computable sparse matrices

NI
= b = Universiteit Utrecht Gantumur, Stevenson
I\

LN



Complexity analysis
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Compressibility

AssumeA, A’ : HiFo — HtHeo
Level |A| := ] such that\ € V; \ Vj_1
[allar = 2N forr € [—d, ), v := sup{q : ¥ € HI}
r<min{t+d,o}andr <vy—t |ul > |\
(A, D) | < [IAOA =t [y e S lToallmee [yl fe—r
< 2-r(lul-IAD

© 6 6 ¢

©

{1} are piecewise polynomial wavelets that argficiently smooth
and havesufficiently many vanishing moments

©

Ais eitherdifferential or singular integrabperator
@ any entry ofA can be computed spendidg(1) operations

; * s d—
thenA is g*-computable for somg* > -t (> s)

o

N
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Complexity analysis
o

Computability

Any entry of A can be computed spendiig(1) operations

@ Only satisfied for very special cases: differential operators with
constant coefficients, single layer potential operatoRon

@ Numerical quadraturis needed

o {4, } are piecewise polynomial wavelets that aréficiently smooth
and havesufficiently many vanishing moments

o Ais eitherdifferentialor singular integrabperator

thenA is g*-computable for somg* > % (>9)

A2 e
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An adaptive Galerkin method
[ amni

Galerkin solutions

{(-,-) := (A-,-yis an inner product ofy, || - || := (-, ~))%is anorm
Letl € ¢2(A) be an approx. to insideSOLVE

Ap = P/\A|g2(/\) : 52(/\) — Ez(/\), andg/\ =Ppg € fz(/\)

ua € £2(A) is the solution tAA Ux = Oa

© 6 6 o

lu = uall = infuegya) flu — vl |

@ In a sensey, is the best approx. frorfp(A)
o The next sef\ generated bsOLVE can be too big, not optimal
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Galerkin orthogonality
U—up La ﬁz(/\)

Lemma

w € (0,1), w € £, andA D suppw s.t.

IPA(9 — AW)| > pllg — Aw]|

Then we have

_ 1
llu — uall < [1— w(A) %2 lu — wi|
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An adaptive Galerkin method
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Adaptive Galerkin Method

GROW([W] — [A, 1]:
r := RHS[g, (] — APPLY [A, W, (]

vi=|r|l+2¢
determine a set A D suppw, with minimal
cardinality, such that IPAF|| > wl|r]|

GALSOLVE [E] — Wk
k:=0;wx:=0
while  with [Axy1, ] := GROW [wy], v > € do
Solve Ap, Wki1 = Oa,y
k:i=k+1
if k=0(modK) then w3 = COARSE[W1,¢]
enddo

Sy
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Theorem [Cohen, Dahmen, DeVore '01]

Letk < oo suitably chosenGALSOLVE [e] — w terminates with
lg = Awllg, <e.

o #suppw < e MSjul’ys
o flops, memory< the same expression




Lemma [Gantumur, Harbrecht, Stevenson '05]

p e (O, /-c(A)‘%), W € /2. Thenthe smallest sek D suppw with
IPA(9 — AW)| > pllg — Aw]|

satisfies

#(A\ suppw) < [lg — Aw|YSjulfS
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Theorem [Gantumur, Harbrecht, Stevenson '05]

LetK = co. GALSOLVE [e] — w terminates with|g — Aw||,, < e.
o #suppw < e MSjul’ys
o flops, memory< the same expression




Summary

Summary

@ There exist asymptotically optiméllly discreteadaptive wavelet
algorithms for solving linear operator equations.

@ There exist adaptive Galerkin methodghout coarsenin@f the
intermediate iterands.
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