


1) Avant- propose: Instantons

Yang-Mills functional
:

let F(A) c- Ñ(M
,
and P )

t.CA ) =/ I Fall ?u = fm Fan * Fa dooly (A)

A is stationary point of (* ) iff

{
da * F = 0

OLAF =
0 (Bianchi)

ht (M , g) be dim 4 oriented Riemannian

manifold .

Thin *
2
= id and one

chas the decomposition

shilm ) = ICM) ② I - (M)
1-

eigenspau : we Ñ±
,
* w =±w

It ={ self dual space}



i

r? = { anti self dual }

WE RYM) can be decompose

W = W + + W -

By nth ;

( Wi , W-3 = < W
-

,
W -17 =

0

We can apply it 1.* Fat NLM ;adP)

FA = Fit Fni

Thin L( A) = A Fat 112 + IIFA-112

Gf Fa = FE we say that the

gauge field describes an (anti)- instantons

ÉEonA .

Notice that if FA = FE

thin dA*FA= dAFA± =D ( Bianchi

identity ] .



Hence instantons are solutions to ⇐ M)

Notice that Fa±=o is a first order

PDE
,
where dart FA =p is 2nd order

.



ADAM construction :

recall that the opuatumionic Stiefel bundle

it
, 5*111 , kid IS

"bt>
→ Gµ ( I ,k+D= Afp

"

is k - classifying for the principal

5pct) - bundle P→ S " = HIP
'

Take the canonical spa ) - connection

we = 9+0101
on skill > her) and pull it back

via a family of classifying mappings

f- i s " → Ittpk

i
- e sit P I f-

"

51+1 (1,2+1)

W = f-
•

we

9f this family is suitable then this

yields to a family of (anti) self
dual Spa) connections



p F- gutta

it / / ñc
v v

su
f-

Alper

Quaternions ADAM data ; (1)

V : IH
'

→ Luth
,
11th" )

VCR
,
,
212) =

CX
, + Dxz

where C
,
D c- Mean ,n ( H)

satisfying :

a) rankmulti , xD = In
,
it @ i.⇒ c- Hill}

b) vtcx , ,xi) V14 , Xu) is real
,
Hla

, ,
>a) C- 11-12

the mapping u defines a smooth classifying

mapping



U : Shy HIP
'
→ Gay (1,1+1){ ulcx , , xD ) : = im(v( [ xi , xD ) )

"

W := u* we = Ut du

complex ADHM data : (2)

9 obntifginy 11-12=0 "

A

:{
①
"
→ L (W

,
V) W = ①

K
; V

=
①
2h-12

4

Atg )= IAi3i
i=1

U is endowed with its standard scalar

product he and a shrew form

a- =L: :)
hlz ,w) = z+w Jlz , W) = It JW



We use the identification

KIK a Clk⑦ j.ch a ¢2k

2. + j3~ = 131,32)

let rilttk→ At
"
be the anti - linear

isomorphism defined by right melt j .

02 = -
id

013 , -1232 ) = -3-2+23-1 = (-3-2,3-1)

viewing ze idk :

Nz) = 2- J

Compatibility between Ch
,
J
,
T)

h( Hz) , W) = Jlz , w) .



2) The ADAM construction :

ADAM

Quaternions'c ADAM data <
¥

> (89-3) - parameter
a family of

instantons on S
"

lemma s

| ?
V

~

Complex ADAM dahñ All instantons "

I
1 ltomoclas I

f construction ! Atiyeh
1 Warn

l
v

I www.pondrnce
~

Algebraic Vector Holomorphic vector
bundle over
GPS of a
G-> bundle over ICP'

Sein of a certain
certain type . typecorrespondence



lemma :

(1) and (2) are one - to - one if

i)T( Atg)w) = Alrlz)) ut crew

ii.) dim ,c( in ACD) = k z -1-0

iii.) A- (3)
+

JAIN = 0

↳ isotropic ñnttlz ) c ( ñnAlzDJ

Mapping A satisfying E) + ii) + iii) are

called complex ADHM obata
.



Prop : ( Horrocks construction ) ( instantons bundle)

Any linear map A : W→ V satisfying
(2) give rise to a holomorphic vector

bundle ñ : L → Psi) of nk 2 sit

1) L is holomorphically trivial over each

fiber

2) there exists a holomorphic symplectic

involution on L
.

Proof :
,
>
snip
→ Hermitian form

Recall ( v
,
r
,
J
,
h )

↳ show

form
z e e

"

Ez :-, ñn Alg ) Ej ( imAlz) )J

Lz := EI / Ez



condition i)

since dim,§imAlzD=k thin

dim ,o(ñnAlz ) )T=k -12 ( 2k-12 - k)

⇒ dinky = 2
③

Sinn Ez , EI ↳ V
, Lz inherits

of a skew form from J -+ mon degenerate
by quotient .

Ez , EI and LI only depends on

[2) c- Icp > by construction Invariant

by honutelly)

thin E := U Eez ] &
Gideon

:= U E.cz ]
[z]E ① P

?

vertical snbbmdh of Y=①P
>
✗ Tv

= QP > ✗ V

endowed with h
,
J

.

L → ICP > ✗ V = :L



then L : = U Less = E
'

/ E

vector bundle

L can be identified with E
"

in E°
.

L is an algebraic vector bundle then carry a

holomorphic structure
.

Since hltlzl.io) =
Jts
,
w)

ze Elis h( 3 , ur) = 0 Hurt Egg( µ
, , , ay

,
w, = . hey

,
gym, ,

= -512
,
rcw) )

9m addition by compatibility 1h>D= 0 riverbed
g.
µ

.

Et
czy

= @( Eazy))
'

condition ⇒

and since TCACZSW) = Aloha)Ñ

Tiegs ) = Eggs

( Erez, )° = EEG] d- ( r
,
Alrcz))w ' )

Eigg = E'Fez]
= Tlv

, rcntzw
') )

=
h f v

,
A- (g) w ' )=o

egg, ne.gg, g- (w,w)=o ↳ egg, - ↳,#^ñn A (Jlp )
C- Egg

Aloys)w ? ⇒ h( Alz )w '

, AG ) W'7=0

⇒ W
>

= 0
.

I



I

By positive definiteness of h
:

EEZ ] n Erez] =D

thus V= Erez] )⑦ Eoiiz] > = Erez ] ⑦ Eats ]

Now EGG ] = Lez] ④ Erz]

✓ = Egg④Leg] +0 Erez])
and the corresponding splitting of 1=0 P'xv

Lg, = { vtv : hlr.it =D
, Mr,w)=o

Hut 9m Also ] }

i. e Lez , = Eosin Erich = E°r↳snEe%



let us now recall that the fibm bundle

it : ICP > → 11-1 P
'

11-12 = ¢4

HIP
'

= ① Ps{ b- ( 13 , , 22,3 , ifn] ) = ( ( 3 , -1823,32+23y ))
A- span { 1. i} CHI

11-12 = ①
'

④ j ¢2

↳ obtain from 1C
"
a 11-12

I 1
ICP >→ HIP '

[31,3nF, ,3n] → [ 131+833,32+53u )]

Notice that under the identification
11-1 = ①

2

is
- ' ( ( 1.x] ) = P

'
✗ = 9 + jeg

a

fee
,} )£ÑItt

= late
,
M )

y : ① P
' Es s ' 012)=IJ

( 9,97 → (255,1512-1312)
ñ : QP ? → IHP '

hi
'
I ② pl

- I -1 JI = C-E) E)

Tl -121,1132
,
-123
,
da

, ) = ( - IIs
,
-535,1-31,52)

(= ( -3J , z-n.si > 323



① p
' → ① pl

A-
(g) eñ

-' ( Ca))
I ✓

HIP
-1

. we
>
⇐ 0137

c- ñYlnD

i - e P(ñ"( In] ) ) = it
- ' (Gif)

i. e the fibers are projective line

preserved by 0 .

Recall the isomorphism

① P
' S2

(9,9 ) - (27-9,1912-1912)

T(9,9 ) = (-29-9,1512-1912)

antipodal map .

Projective line invariant by Tan

real bins
.



We show that

Lay depends only on

✗ = b- ( Csis) c- IHP
'

i - e the fiber through [23

this is a real live lx through
( Cz]

, MZT ) .

at Cw] be any point in la

¢4

Lotz]

± .

Liz] ; Lewy , Lrcz ] one complex lines



through 0 in ¢
"

corresponding to

[z] ,
[w]

,
0133

.

Wu su that
any

vector we Lew,

ni a linear count of 3 , c- leg ] 32£ Lotz]

Lew] rotates from less to lolz]

when 1W] varies from 133 to ofz] .

Since Alw) depends linearly on W we get :

EÉw, n EEG, = Elwyn Efg] = {
°

Lczyn Lew] = EJ.sn Erin, n Eius n Eren]
= Efg ] nEFczgnEÉw ]
= E'cz > n Einen

= Less

By dmi
. Lez] = Lewis .

i. e Lien is trivial with



LI en = Rn = Elz] n EGGS .

Anti holomorphic structure on :

I → I

1 I
① p

?

⇒ ¢ p
>

r : Y → I Tlcz]
,
v3

= 101133 )
,
Mv) )

L I> L

1 1
I - I

To get a holomorphic symplectic involution



on L one combine with the anti- linear

isomorphism NLT =L
.

☒

Using L → I

one can pull back the canonical

connection W on I :

:=ñ^w

is Conti ) self dual .


