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Young Mills Functional / Equations :

( Re) cap :

1) Fiber bundle it : E-→ B

local trivialization { On: it
-' (a) =→U✗F }

M : compact oriented Riemannian manifold
G : compact connected lie group ( dim < a)

→ Vector bundle it : E-→ M

Obu : it
-Yu) =-3 U ✗Di

→ Principal bundle it :P → M

Bui T"lu) =-3 U ✗ G

GR P smooth
, free ; du G- equivariant .

→ Associated bundle : it :P→ M p : G → GUV]

E : - P xp
V = PxV/~

( p , w) ~ ( pg , g- 1. v )

lou : (Ux G) xp V →= Uxv

•

•

. ad( P) : = P ✗ at g



2) ComÉ :

T : ☒ (m ) ✗ ME ) → M(E) c- TTY ④ End(E)

1)
i ) VIS F

-
linear in ✗

,
R - linear in 5

is) 0×(1-5) = (✗f) s + f VIS

local op :
it
"

: 2- (a) ✗ Mu, E) → MCU
,E)

e :U→Fn( E) In { we
,
fu

,
e) }←> T

3) Connection on it :P → M :

Gl : smooth right invariant horizontal distribution

0 → Glp→ Tpp Up Ing

Tpp = Up to ftp. Up = Her Up -

is we 52'( P
, g) smooth

in) a§W = ( Aol g-
') w ( G- equivant map)

iii) w/ up = 1- up ( WC 1) = X)

{ N invariant split} → { connection ump}
For on E → Me → won Frlt)→ ay

we = e•w for e : U→ Fnl E) In
.



I) structure of ACP ) :

w , w
' connection 1. forms associated to

connection Gl
,
Sl
'

Wt z = W - W
'

then rig y = ( Adj
' ) 2

i. e Z is G- equivariant
And z(D) = 0 i. e z is horizontal
let Ra:( P , g) = { horizontal a- inv

.

k - forms }
( tonsorial of type Ad . )

Thu isomorphisms ftp.g-s ( adp ) "

induce an isomorphism i

Stad ( P , g) ⇐ 52h1m
,
aadp ) (*s

•

•

. rye R' ( Ms out P )

Sf we denote by

A- (P ) :={ connections on it :P→MY



Then ctlp) is an affirm space

and TAACP ) = HIM ; adp )

at a point A c- ACP )
.

Curvature :

ht hp : Tpp = Up ④ Hp → Hp pep

consider the dual map :

hi : Tip → Tap ( his = doh]

then D := hi due Ñ(P , , )

D. ( ×, -1) = duck × > HT ) = -wlhx.hr]

1) 52 ( ×
,
7) = 0 foe ✗if V

2) rig 52 = (Adg -1752

i. e R E Ñ(Mi adp ) by 1*3

Notation :
-

Ae A- ( P ) connection

FCA) or Fa associated curvature .



F) Yang-Mills functional :

1) structure of Ñ(Miadp)

sit ( M ; adlp )) as a graded lie algebra

structure ; DP④ Ra → site

[WP , wit ] = C- 1)
19"
[cut

,
WP ]

Since G is compact it admits

a positive definite c.
,
. > on g Ad - invariant

< Adley ) u , Adly ) v7 = < u
,
v7

is < Ex ,y ] , z > = < a , Cy . 37 >

ii) [ u, it] nw = Us [ v. W]



2) Hodge operation :

( M
, g) oriented Riemannian manifold

let dvol
,
the volume forme induced by g

Hedge star op : unique
linear map at

* : Ñ(m) → si"(M )

set an * B = < ✗
, B > drool

,

where < .

,
. > is naturally induced by g.

on Ñ(m)④ RUM ] → silos)
.

3) Yang -

Mills functional

combining 1) and 2) we have a

natural inner product on Dt (M ;adCP))

( 0,43 := /man * 4
Now let F (A) est ( M ; ad ( p ) )

curvature



LLA) = 11 f- (A) 11% = 5mF (A) n * F(A)

E) Yang-Mills equations ( it :P → M
,
A)

1) Covariant derivatives

9£ Dhcp , g)

① 4 := holy

9m particular it eustict to RI, ( Psg )

D: Naacp
,
g) → Ñ¥d(p , g)

: . da : Ñ( M
,
adp) → St"( M

,
adp )

i) DQ = dry + [ co , 9 ]

in) Dr = 0 ( Bianchi )

2) Variations of LLA) :

since d- ( P ) is an affine space we

vary on lines i

At = A + tz y c- ICM , adp)



lemmoi.FI
At ) = FCA) + today +1=1-252,2 ]

proof : locally
F( At ) = d( Atty ) + ÷ [Atty ,

A- + tz ]

=
F( A) + t( dry -1 CA ,T] ) +1-1-212,2 ]

= FIA) + td*Z 1- Et 'M ,z ]
ME

Prof : A is stationary for L( A) = 11 F(A) 112

iff dA*F(A) = 0

proof : Using lemme

11ft 112 =
HF 112 -1 2t(day

, F) +

t2{ 1101*2112 + ( f , 12,27 ) } + - -
-

At esctstmnn ( day , F) =D try

: . ( 2 , dnt F) = 0 tz

; . di F = 0



Recall : di = I * da *

a

• . d.
A
* F

= 0 T€

Recap : A stationary :

dA*F(A) = 0 nonlinear !{ dafca ) = o l Bianchi

i. e A external iff FCA) is harmonic
.

IV ) Gange invariance :

toef: ( Gange transformation)

10 :P→ P G- equivariant differ .

p -10, p

many( P ) = { 10 :P→ P 2g gauge group .

g. act as follow :

Hot : = + * It



9T turns out that Hit c- A
.

None our functional L is invariant

under Gg on !

Therefore if we define -

.

d- → m = { Young Mills connection}

then it
> m / Cg is the space of

classical solutions
.


