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Motivations: Complex (arithmetic) dynamics

Study the dynamics of a rational map φ : C → C and deduce
arithmetic or geometric properties.

General philosophy: before studying a problem over C or Q, study
it on Cp or Qp.
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Non-Archimedean Fields

A non-archimedean absolute value on a field K is a function
| · | : K → [0,∞) such that for all x , y ∈ K ,
▶ |x | ≥ 0, with |x | = 0 ⇔ x = 0
▶ |xy | = |x | · |y |,
▶ |x + y | ≤ max{|x |, |y |}.

One can define P1(K ): totally disconnected and not locally
compact.
In 1990, Berkovich constructed P1

an with much nicer properties.
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Multiplicative Seminorms on K [z ]

A multiplicative seminorm on K [z ] is a function
∥ · ∥ζ : K [z ] → [0,∞) such that
▶ ∥c∥ζ = |c|, for all c ∈ K
▶ ∥fg∥ζ = ∥f ∥ζ · ∥g∥ζ , for all f , g ∈ K [z ], and
▶ ∥f + g∥ ≤ ∥f ∥ζ + ∥g∥ζ , for all f , g ∈ K [z ].

Definition (Analytic spectrum)
For A a normed ring, its analytic spectrum or Berkovich spectrum
SpecanA is the set of all non-zero multiplicative seminorms on A,
such that all functions:

SpecanA → R+, ζ 7→ ∥a∥ζ

for a ∈ A are continuous.
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The Berkovich Projective line: Formal definition

Definition
The Berkovich affine line A1

an is the set of all multiplicative
seminorms on K [z ].
The Berkovich projective line P1

an is A1
an ∪ {∞}.

The Berkovich hyperbolic line H1
an is P1

an\P1(K ).

As topological spaces, we equip A1
an, P1

an and H1
an with the

Gel’fand topology.

This is the weakest topology such that for every f ∈ K [v ], the map

A1
an → R ζ → ∥f ∥ζ
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Points classification
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Some properties of the Berkovich line

The Berkovich projective line P1
an:

1) is compact, path connected, Hausdorff metric space
2) is homeomorphic to the inverse limit of finite real-trees

(Gromov 0-hyperbolic space):

(Busemann function) B(x0, γx0, ξ) = lim
x→ξ

d(x0, x) − d(γx0, x).

3) (Favre & Rivera-Letelier; Baker & Rumely; Autissier,
Chambert-Loir & Thuiller )
Let ϕ ∈ Cv (z) of degree d ≥ 2. There exists a unique
probability measure µϕ on P1

an s.t.:
i) ϕ∗µϕ = d · µϕ

ii) µϕ(Eϕ) = 0
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Spectral triple on the projective B-line

To each finite tree Γ, we associate a spectral triple (AΓ,HΓ,DΓ)
AΓ is CLip(Γ) Lipschitz continuous functions on Γ
HΓ is the repesentation space ℓ2(Γ) ⊗ C2

π(f )ψv = ⊕v+∼v

(
f (v+) 0

0 f (v)

)
ψv

Dψv = ⊕v+∼v
1

d(v , v+)ψv ⊗ σ

The pair (r∗
Γ,Γ′ , ιΓΓ′) induces a morphism of spectral triples

(AΓ,HΓ,DΓ)
(r∗

Γ,Γ′ ,ιΓΓ′ )
−−−−−−→ (AΓ′ ,HΓ′ ,DΓ′)
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Inverse limit of spectral triples

We define the spectral
{

(Aj ,Hj ,Dj), (r∗
jk , ιjk)

}
J

with the following
notation:

Aj := CLip(Γj), Hj = ℓ2(Γj), Dj = DΓj (1)

with the isometric morphism:

r∗
jk : Aj → Ak , ιjk : H → Hk . (2)

Theorem
The triple (CLip(P1

an), ℓ2(P1
an),D) is called the inductive realization

of the inductive system
{
(CLip(Γj), ℓ2(Γan),Dj), (ϕjk , Ijk)

}
J .
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Dirichlet forms

Define the measure µ by

µ(f ) = lim
s→s0

= Tr(|D|−sπ(f ))
Tr(|D|−s)

It is possible to define a form Qs on L2(P1
an, µ)

Qs(f , g) := 1
2Tr(|D|−s [D, π(f )]∗[D, π(g)])

Correspondence: Dirichlet forms and Markovian semigroups.

For s ∈ R, define a self-adjoint operator ∆s such that
Tt := exp(t∆s) is a Markovian semigroup

⟨∆s f , g⟩ = 1
2Tr(|D|−s [D, π(f )]∗[D, π(g)]).
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Hyperbolic space

For φ ∈ K (T ), we have a continuous action φ : P1
an → P1

an

Aut(P1
an) ≃ PGL2(K )

The action is continuous on P1
an and isometrically on H1

an

Let Γ a discrete subgroup with a limit set Λ;

A = C(Λ) ⋊ Γ (πξ ⋊ U) (f ) =
∑
γ′∈Γ

πξ(fγ′)Uγ′

One-parameter automorphism on the generators:

σt

(∑
γ

fγ(ξ)Uγ

)
=
∑

γ

eitd(x0,γx0,ξ)fγ(ξ)Uγ
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The Patterson-Sullivan measure

Unique KMS sates at inverse temperature β = δ(Λ):

φβ,x0

(∑
γ

fγ(ξ)Uγ

)
=
∫

Λ
fe(ξ)dµPS,x0(ξ).

associated to the Hamiltonian

H (fγ(ξ) ⊗ γ) = d(x0, γx0, ξ)fγ(ξ) ⊗ γ

One can define a 1-cocycle c : Γ → Hπ such that

d(x0, γx0, ξ) = ∥c(γ)∥2
Hπ
, γ ∈ Γ

In the Hilbert space ℓ2(Γ,Hπ), define the self-adjoint operator

Dfγ = fγcγ ⇒ D2fγ = d(x0, γx0, ξ)fγ
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Iterated function systems

Consider the iterated function system (Λφ, φ). To begin, we define
the graph of φ to be the set

Gr(φ) := {(φ(x), x) | x ∈ Λφ} ⊆ Λφ × Λφ,

construct a C∗-correspondence for (Λφ, φ).

Consider:
▶ the C∗-algebra C(Λφ)
▶ Right Hilbert A-module Hφ = C(Gr(φ))

We define the A-valued inner product (·, ·) on Hφ

(ξ, η)(y) =
∑

x∈φ−1(y)
mφ(x)ξ(x , y)η(x , y)

D. Tageddine Spectral triples on the B-line 13 / 18



The Watatani-Kajiwara algebra

Define the Fock space of H to be:

FA(Hφ) = A ⊕ Hφ ⊕ H2
φ ⊕ · · ·

From a Toeplitz representation (π, τ) : (A,H) → B(FA), define the
Cuntz-Pimnser algebra:

OA(H) = span {τ(ξ1) · · · τ(ξn)π(a)τ(ηm)∗ · · · τ(η1)∗ : ξi , ηi ∈ H, a ∈ A}

The Cuntz-Pimnser algebra admits a gauge action

γ : R → Aut(Oφ) γt(SξaS∗
η ) = eit(|ξ|−|η|)SξaS∗

η

with a unique KMS state at inverse temperature β = log deg(R)

ωφ,β(a) =
∫

adµφ
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Conclusion

We have constructed three different spectral triples on the B-line,
each of which has some geometric and dynamic information:

▶ Inverse limit of finite spectral triples
▶ Spectral triple associated to Γ ⊂ PGL2(K )
▶ Dφ on the Kajiwara-Watatani algebra

Remaining questions:

▶ (noncommutative) potential theory
▶ summability of the spectral triples
▶ arithmetic/dynamic
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Thank you !
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