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Motivations: Complex (arithmetic) dynamics

Study the dynamics of a rational map ¢ : C — C and deduce
arithmetic or geometric properties.

Arithmetic Geometry Dynamical Systems
rational and integral rational and integral
points on varieties points in orbits
torsion points on periodic and preperiodic
abelian varieties points of rational maps
abelian varieties with post-critically finite
complex multiplication rational maps

General philosophy: before studying a problem over C or Q, study
it on Cp, or Qp.
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Non-Archimedean Fields

A non-archimedean absolute value on a field K is a function
|-|: K —[0,00) such that for all x,y € K,

> [x| >0, with|x|=0&x=0
> |xy| = Ix[- Iyl
> |x 4yl < max{|x], ly[}.
One can define P1(K): totally disconnected and not locally

compact.

In 1990, Berkovich constructed L with much nicer properties.
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Multiplicative Seminorms on K|z]

A multiplicative seminorm on K|z] is a function
| - Il¢ : K[z] = [0,00) such that
> |[cll¢ =|c|, forallce K
> lIfglic = lIfllc - llgllc,  forall f, g € K]z], and
> [If+ell <I[Iflic+ gl forall f,g € Klz].

Definition (Analytic spectrum)

For A a normed ring, its analytic spectrum or Berkovich spectrum
Spec,,A is the set of all non-zero multiplicative seminorms on A,
such that all functions:

SpecanA — R-I—: C = HaHC

for a € A are continuous.
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The Berkovich Projective line: Formal definition

Definition

The Berkovich affine line Al is the set of all multiplicative
seminorms on K|z].

The Berkovich projective line P} is Al U {oc}.

The Berkovich hyperbolic line H}, is P! \ P1(K).

As topological spaces, we equip Al , P and H with the
Gel’fand topology.

This is the weakest topology such that for every f € K[v], the map

AL, =R (= |fll
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Points classification

Type | points o0

Type IV points <

Type III points
/ CGduas \
. - 3 . S

Type | points
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Some properties of the Berkovich line

The Berkovich projective line PL :
1) is compact, path connected, Hausdorff metric space

2) is homeomorphic to the inverse limit of finite real-trees
(Gromov 0-hyperbolic space):

(Busemann function) B(xp,vx0,&) = Iimg d(xo, x) — d(vxo, X).
X—>

3) (Favre & Rivera-Letelier; Baker & Rumely; Autissier,
Chambert-Loir & Thuiller )
Let ¢ € C,(z) of degree d > 2. There exists a unique
probability measure 1, on PL s.t.:
i) ¢y =d - g
i) pg(Eg) =0
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Spectral triple on the projective B-line

To each finite tree I', we associate a spectral triple (Ar, Hr, Dr)
e Aris Giip(I") Lipschitz continuous functions on I'

o Hr is the repesentation space ¢?(I") @ C?

_ f(vy) O
(F)ev = Buony ( 0 fv) )m

1
D v = Dvi~v 7
Yo =By, d(v,vy)

vy, Qo

The pair (rf [, trr/) induces a morphism of spectral triples

|' rl’Lrl'/)

(Ar, Hr, Dr) ——— (Ar, Hr, Drv)
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Inverse limit of spectral triples

We define the spectral {(Aj,Hj, Dj), (rjf';(, ij)}J with the following
notation:

A= Cup(Ty), H;=£3(Ty), Dj=Dr, (1)
with the isometric morphism:

rﬁ( : Aj — Ag, Lik H — Hy. (2)

The triple (Crip(PL,), ¢2(PL,), D) is called the inductive realization
of the inductive system {(Crip(Tj), €*(Tan), D)), (djk, k) } ;-
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Dirichlet forms

Define the measure y by

_ TIb[*x(f))

H0) = %, = (i)

It is possible to define a form Qs on L2(PL , )

Qs(f,g) = %Tr(\D\_S[D,W(f)]*[Q ™(8)])

Correspondence: Dirichlet forms and Markovian semigroups.

For s € R, define a self-adjoint operator Ag such that
T: := exp(tAs) is a Markovian semigroup

(85f,8) = S TH(|D| [0, x(F))'[D. 7())).
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Hyperbolic space

For ¢ € K(T), we have a continuous action ¢ : P} — PL

Aut(PL) ~ PGLy(K)

The action is continuous on P and isometrically on H},

Let ' a discrete subgroup with a limit set A;

A=C(A)xT (mex U)(F)= > me(fy)Uy

~'el

One-parameter automorphism on the generators:

It (Z fv(f)Uv> =D, e Iboro O () U,
v v
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The Patterson-Sullivan measure

Unique KMS sates at inverse temperature 5 = §(A):

¥B,x0 (Z fv(g)U“Y) = /A fe(£)dps x, (£)-

associated to the Hamiltonian

H (£,(§) ®v) = d(x0, 7x0,§)(§) ® v

One can define a 1-cocycle ¢ : I' — H,: such that

d(x0,7%0,€) = ez, V€T

In the Hilbert space £2(T', H,), define the self-adjoint operator

Df’y = f:yC’)/ = szfy - d(X07’yX07§)f’Y
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Iterated function systems

Consider the iterated function system (A, ¢). To begin, we define
the graph of  to be the set

Gr(p) = {(p(x),x) | x € Ap} € Ay x Ay,

construct a C*-correspondence for (A, ¢).

Consider:
» the C*-algebra C(Ay)
» Right Hilbert A-module H, = C(Gr(y))
We define the A-valued inner product (-,-) on H,

Emy) =D mu(x)Ex,yn(x,y)

x€p~l(y)
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The Watatani-Kajiwara algebra

Define the Fock space of H to be:
Fa(Hy) =A@ H,®@ H & -

From a Toeplitz representation (7, 7) : (A, H) — B(Fa), define the
Cuntz-Pimnser algebra:

Oa(H) = span {r(&1) - - 7(&a)w(a)7(nm)™ - - - 7(m)" : &ivmi € H, a € A}
The Cuntz-Pimnser algebra admits a gauge action
7v: R — Aut(O,) Yt(SeaSy) = e"t(‘ﬂ*'"')SgaS;

with a unique KMS state at inverse temperature 3 = log deg(R)

o) = [ s,

D. Tageddine Spectral triples on the B-line 14 /18



Conclusion

We have constructed three different spectral triples on the B-line,
each of which has some geometric and dynamic information:

» Inverse limit of finite spectral triples
» Spectral triple associated to I' C PGLy(K)
» D, on the Kajiwara-Watatani algebra

Remaining questions:

» (noncommutative) potential theory
» summability of the spectral triples

» arithmetic/dynamic
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Thank you |
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