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Motivations: Complex (arithmetic) dynamics

General philosophy: before studying a problem over C or Q,
study it on C,, or Qp.

P!(C) — P}(C,) — Berkovich projective line

@ Put nonarchinedeans places on the footing as archimedean
ones

@ Study the dynamics of a rational map ¢ : C — C and deduce
arithmetic or geometric properties.

o Link with Arakelov geometry: intersection theory for
arithmetic surfaces

@ Green functions and potential theory over C,
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Noncommutative Geometry & Number Theory

For a spectral triple (A, H, D), there is an important function
associated to the dirac operator

¢p(z) = Tx(|D|7%) = 3" Te(TI(, | D|)) A~
A

@ The Bost-Connes system, A = C*(Q/Z) x N*
Z(8) = Tr(e™™) = ¢(B)

with inverse temperature 5. The symmetry group is the group
of ideles.

@ Quantum symmetries of the modular Hecke algebras A(T")
where I' is a congruence subgroup of SL(2,Z).

@ Noncommutative geometry and Arakelov theory.
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Non-Archimedean Fields

A non-archimedean absolute value in a field K is a function
|-|: K —[0,00) such that for all x,y € K,

> |x| >0, with |x|=0&x=0
> Iyl =Ix]-lyl,
> |x +y| < max{|x], |y[}.

One can define P1(K): totally disconnected and not locally
compact.

In 1990, Berkovich constructed P}, (K) with much nicer
properties.
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Multiplicative Seminorms on K|z]

A multiplicative seminorm on K|z] is a function
| - Il¢ - K[z] = [0,00) such that
> |[cll¢ =|c|, forallce K
> lIfglic = lIfllc - llgllc,  forall f, g € K]z], and
> [If +ell < lIflic+llgllc. forall f,g € Klz].

Definition (Analytic spectrum)

For A a normed ring, its analytic spectrum or Berkovich spectrum
Spec,,A is the set of all non-zero multiplicative seminorms on A,
such that all functions:

SpecanA — R-I—: C = HaHC

for a € A are continuous.
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The Berkovich Projective line: Formal definition

Definition

The Berkovich affine line A%, (Cp) is the set of all
multiplicative seminorms on C,[z].

The Berkovich projective line P}, (Cp) is AL, (Cp) U {0}
The Berkovich hyperbolic line H}_, (C,) is PL_, (C,)\PY(C)p).

As topological spaces, we equip AL, (Cp), PL . (Cp) and
H}.,1.(Cp) with the Gel’fand topology.

This is the weakest topology such that for every f € Cp[v], the

map
Aber(Cp) = R ¢ = [Ifll¢
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Some properties of the Berkovich line

The Berkovich projective line P§_ , (C,):
1) is compact, path connected, Hausdorff metric space
(a) diameter of a point: diam(§) = inf.cc, ||x — ¢
(b) metric: p(&, &)
2) is homeomorphic to the inverse limit of finite real-trees
(Gromov 0-hyperbolic space).
3) (Favre & Rivera-Letelier; Baker & Rumely; Autissier,

Chambert-Loir & Thuiller )

Let ¢ € C,(z) of degree d > 2:
i) Invariant measure: ¢*py = d - g
i) Green functions
i) Poisson’s formula

f(z):/ fdiz.p
aD
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Spectral triple on the projective B-line

To each finite tree I', we associate a spectral triple (Ar, Hr, Dr)
e Aris Gpip(I") Lipschitz continuous functions on I'

o Hr is the representation space ¢2(I") ® C2

_ f(vy) O
(F)ey = Buony ( 0 f(v) )m

Yy, @0

1
Dty = @y, oy————
O oA

The pair (rf [, trr/) induces a morphism of spectral triples

|' i :er/)

(Ar,Hr, Dr) ——— (Ar, Hrs, Dr/)
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Inverse limit of spectral triples

We define the spectral {(Aj,?-[j, D;), (i ij)}J with the following
notation:

A= Qip(ly), Hj=(T), Dj=Dr, (1)

with the isometric morphism:

rjj( :Aj—>Ak, Lik cH — Heg. (2)

The triple (CLip(Ph)s £2(Phe,), D) is called the inductive
realization of the inductive system

{(CLip(T), £(TBerk): D)), (DK, ljk) } -
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Dirichlet forms

Define the measure . by

Tr(|DI~*n(f))

HO = 0 0T )

It is possible to define a form Qs on L2(P}. ., 1)

Qs(f,g) = %Tr(\D\_S[D,W(f)]*[D, ™(8)])

Correspondence: Dirichlet forms and Markovian semigroups.

For s € R, define a self-adjoint operator Ag such that
T: := exp(tAs) is a Markovian semigroup

(85f,8) = TH(ID| [0, x(F))'[D, 7())).
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C*-dynamical system on P}, (C,)

The Berkovich projective line can be described equivalently as a
shift space.

e Alphabet: Q; =Qn(0,1)
@ Admissible words: .
X = (q,ﬁla q,{f? qf) ceey qimm:117 q;)mo)> qiz < qig+1v q; S Ql
e Shift map: o : PL_, (C,) = PL . (Cp), o(xn) = (Xnt+1)-
Z(q) = {qX € IPDI]-Serk((CP) X € Plléerk((cp)} and
F(q) = {X € Plgerk(cp) gx e P]{%erk((cp)}

e Right inverse: o o 04(x) = x, where o4 : F(q) = Z(q)
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The universal C*-algebra Op: (¢

Define the cylinder sets

C(Oé,ﬁ) = {/BX € P]{%erk(cp) Sax € ]P)%Berk((cp)}
Let Bpllgerk((cp) the Boolean algebra generated by the cylinder sets.

The C*-algebra (’)Hy]l3 (C,) the universal unital C*-algebra
generated by projections {pa: A € B]P:i.g k((cp)} and partial
isometries {s; : g € Q1} subject to the relations:
(i) Pe1_ (c,) =1, PanB = PAPB. PAUB = PA + PB — Pans and
pp = 0, for every A, B € l’)’]pll3 (T’
(i) sgsasash = Pc(a,p) for all a, B finite words, where sy =1 and,
fora=oa1...00, So = Sa; - - - Sa,-

In particular, s;sa = pc(a,0) = PF, and sasg = pc(o,p) = Pz,-
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Semibranching system

Consider a measure space (X, 1) and a countable family {o;}ien,
of measurable maps o; : D; — X, defined on measurable subsets

D; C X. The family {o;}en is called a semibranching system if:
(1) There exists a family {R;};cn of measurable subsets of X s.t.,

p(X\UjR)=0, and u(RiNR)=0, fori#j (3)

where we denote by R; the range R; = o;i(D;).
(2) There is a Radon-Nikodym derivative
5, _ o)

T >0, p-almost everywhere on D;.
7

0t Phec(Cp) = Phenc(Cp) and {o(q) : F(q) = Z(q) : g € Qu}

define a semibranching system.
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Representation of (’)P]l3 (C,)

Consider the representation space # = L2(P}., (Cp)) and define
for g € Q1

(Sq¥)(x) = Xxz(q)(X)¢ 0 o(x)
with adjoint

(Sq#)(x) = XF(q)(X)1h 0 7q(x)

Then, 7 : sq4 — S4 extends to a *-representation of O]Pyll3 (Cp)

0 5455 = Pz(q), where Pz, is the projection given by
multiplication by the characteristic function xz(q)
o It satisfies Cuntz-Krieger like relations:

D SSe=1
q

® 5,54 = Pr(q), where P4 is the projection given by
multiplication by X r(q)-
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Projecton-valued Measures

Definition
Let H be a Hilbert space and

Py ={PeBH): P=P =P}

An operator-valued map P : £(X) — Py defined on X(X) is called
a projection valued measure if

(1) P(X) =1 and P(0) =0,
(2) If By, B, ... in 3(X), such that BiN B; = 0 for i # j, one has

P (D B,-) - i P(B:) (4)
i=1 i=1

in the strong topology sense.
(3) P(ENF) = P(E)P(F) for E, F € X(X).
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Projection-valued Measure

Using the Kolmogorov Extention theorem, we get

Proposition (Khalkhali & T.)

The operator-valued map defined on cylinders Z(q) — S4S;
extends to a spectral measure P : (P} (Cp)) — Py

Let f € H be a cyclic vector, then we can define a measure:
ue(E) := PT(E) := (P(E)f,f) = | P(E)f|?

This measure can be decomposed using the C*-algebra

/Pl Z/}P’l ¢Oo'qd,u$(’;f

Berk qe@l Bcrk((cp)

Y dur =
(Cp)
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Perron-Frobenius operator

The transfer operator T, : L?(P}., (C,p)) — L2(PL,,, (Cp)) that
composes with the coding map denoted by o,

(Toy)(x) = P(a(x)).

its adjoint P, given by

[ vPe©dn = [ Taw)cdp

and called the Perron-Frobenius operator. Then, the
Perron-Frobenius operator P, is of the form

('D § Z XZ(q)g Uq Z 5*

qeQq qeQ

Graph Laplacian P, =¢( < AfE=0
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C*-dynamical systems and states

A C*-dynamical system is a pair (A, o) with a
@ A a C*-algebra
e 0:R — Aut(A)

such that op =id, 05 0 0t = 054+ and t — o¢(a) is norm
continuous. A state of A is a linear functional ¢ : A — C such that

p(a*a) = 0 and [lp|| = ¢(1) =1

Examples:

@ The states of a commutative C*-algebra Co(€24) are in
bijection with probability measures 1 on Q4 ¢, (f) = fQA fdu

@ GNS construction p(a) = (m,(a)é,, &)
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The KMS condition

A state ¢ on A satisfies the Kurbo-Martin-Schwinger (KMS)
condition with respect to o at inverse temperature § # 0 (¢ is a
o-KMSg), if

p(ab) = ¢(bois(a))

for all o-analytic elements a,b € A

This a trace-like condition, twisted by o along imaginary time.

Proposition

If 3 # 0 and ¢ is a KMSg state, then ¢ is o-invariant.
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The Patterson-Sullivan measure

Harmonic measures on ID: Poisson kernel

1P

P(x,§) = IlE= x|

Poisson transform: f = Pf = [q f(£§)dvx(£) defines an
isomorphism between L*°(S!). Equivalently, harmonic measures
associated to points of ID:

dvx

— o belyx)
G ()=o) (5)

V{ESlwgyeD,

where, be(x, y) is the Busemann function

P(%E))
P(x,£)

P(x,&)do(§) is the Patterson-Sullivan measure on D.

Ve € ST x,y €D, be(x,y) = log (
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The Patterson-Sullivan measure

P(x,&)da(€) is supported on S! and is invariant under Mébius
transformation Iso(D).

(Patterson construction) This extends to more general hyperbolic
space X (such as Gromov hyperbolic, R-trees). Consider a
compactification X = X U 0X, I' < Iso(X) a discrete subgroup.

Busemann funnction : b¢(x, y) (d(x,z) —d(y, z)).

= lim
z—€

Proposition (Coornaert)

If 6(T) < oo, then there exists a (unique) measure
I'-quasiconformal of dimension 6(I") with support in OX. This
measure is called the Patterson-Sullivan measure s.t

VE € X, SHPSy (g) _ -ttelr)
dpps x
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Hyperbolic space

For ¢ € Cp(T) of deg = 1, defines an action on P§_, (Cp)
AUt(]P)}Berk((CP)) = PGL2(CP)

The action is continuous on P§_, (Cp) and isometric on H_, (C,)

Let I < PGL2(C,) a Schottky subgroup;
1 1 diam(g) a
og 1 PGL(Cp) x PH(Cp) — P(Cp), og(x) = X

its limit set is given by

A:={y € 9X|y = im{3m(x)} {1m} € PGLA(C,)} = OFh.(C,)
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C*-dynamical system (A, 0;) on P}, (C,)

Let H = L2(PL,,,.(Cp)), (7, U) a covariant representation.

The crossed product algebra:

A=CA)xT, (mexU)(f)= > me(fy)Uy
el

One-parameter automorphism on the generators:

o (Z ffy(f) Ufy> — eiter—itH — Z pitB(Xo,A/xo,E)ﬁy(g) U’y

v Y

(Busemann function) B(xp,vx0,§) = IimE p(x0, x) — p(yx0, X).
X—

Then (A, o) defines a C*-dynamical system with KMSg states.
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KMS & P-S. measure

Unique KMS sates at inverse temperature 3 = 6(A):

#B,x0 <Z f’y(f)U'y> = /A fe(g)d:uPS,xo(g)

~

associated to the Hamiltonian

H (£,(€) ©@ v) = B(x0,7x0,§);(§) ® v

One can define a 1-cocycle ¢ : I' = H,: such that

B(x0,vx0. &) = [lc(m)13., vel

In the Hilbert space ¢?(I',H,), define the self-adjoint operator
Dty = lley|Ify = D*f = B(x0,7x0,§)fy
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Conclusion

We have constructed three different spectral triples on the B-line,
each of which has some geometric and dynamic information:

» Inverse limit of finite spectral triples
» Spectral triple associated to I' € PGLy(K)

» Invariant measures and KMS states on crossed product
algebras./

Remaining questions:

» (noncommutative) potential theory
» summability of the spectral triples
» arithmetic/dynamic
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Thank you |
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