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Motivations: Complex (arithmetic) dynamics

General philosophy: before studying a problem over C or Q,
study it on Cp or Qp.

P1(C) → P1(Cp) → Berkovich projective line

Put nonarchinedeans places on the footing as archimedean
ones
Study the dynamics of a rational map φ : C → C and deduce
arithmetic or geometric properties.
Link with Arakelov geometry: intersection theory for
arithmetic surfaces
Green functions and potential theory over Cp
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Noncommutative Geometry & Number Theory

For a spectral triple (A,H,D), there is an important function
associated to the dirac operator

ζD(z) := Tr(|D|−z) =
∑

λ

Tr(Π(λ, |D|))λ−z

The Bost-Connes system, A = C∗(Q/Z) ⋊N×

Z (β) = Tr(e−βH) = ζ(β)

with inverse temperature β. The symmetry group is the group
of idèles.
Quantum symmetries of the modular Hecke algebras A(Γ)
where Γ is a congruence subgroup of SL(2,Z).
Noncommutative geometry and Arakelov theory.
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Non-Archimedean Fields

A non-archimedean absolute value in a field K is a function
| · | : K → [0,∞) such that for all x , y ∈ K ,
▶ |x | ≥ 0, with |x | = 0 ⇔ x = 0
▶ |xy | = |x | · |y |,
▶ |x + y | ≤ max{|x |, |y |}.

One can define P1(K ): totally disconnected and not locally
compact.
In 1990, Berkovich constructed P1

Berk(K ) with much nicer
properties.
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Multiplicative Seminorms on K [z ]

A multiplicative seminorm on K [z ] is a function
∥ · ∥ζ : K [z ] → [0,∞) such that
▶ ∥c∥ζ = |c|, for all c ∈ K
▶ ∥fg∥ζ = ∥f ∥ζ · ∥g∥ζ , for all f , g ∈ K [z ], and
▶ ∥f + g∥ ≤ ∥f ∥ζ + ∥g∥ζ , for all f , g ∈ K [z ].

Definition (Analytic spectrum)
For A a normed ring, its analytic spectrum or Berkovich spectrum
SpecanA is the set of all non-zero multiplicative seminorms on A,
such that all functions:

SpecanA → R+, ζ 7→ ∥a∥ζ

for a ∈ A are continuous.

D. Tageddine NG on Berkovich line 7 / 36



The Berkovich Projective line: Formal definition

Definition
The Berkovich affine line A1

Berk(Cp) is the set of all
multiplicative seminorms on Cp[z ].
The Berkovich projective line P1

Berk(Cp) is A1
Berk(Cp) ∪ {∞}.

The Berkovich hyperbolic line H1
Berk(Cp) is P1

Berk(Cp)\P1(Cp).

As topological spaces, we equip A1
Berk(Cp), P1

Berk(Cp) and
H1

Berk(Cp) with the Gel’fand topology.

This is the weakest topology such that for every f ∈ Cp[v ], the
map

A1
Berk(Cp) → R ζ → ∥f ∥ζ
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Points classification
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Some properties of the Berkovich line

The Berkovich projective line P1
Berk(Cp):

1) is compact, path connected, Hausdorff metric space
(a) diameter of a point: diam(ξ) = infa∈Cp ∥x − a∥ξ

(b) metric: ρ(ξ, ξ′)
2) is homeomorphic to the inverse limit of finite real-trees

(Gromov 0-hyperbolic space).
3) (Favre & Rivera-Letelier; Baker & Rumely; Autissier,

Chambert-Loir & Thuiller )
Let ϕ ∈ Cv (z) of degree d ≥ 2:

i) Invariant measure: ϕ∗µϕ = d · µϕ

ii) Green functions
iii) Poisson’s formula

f (z) =
∫

∂D
fdµz,D
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Spectral triple on the projective B-line

To each finite tree Γ, we associate a spectral triple (AΓ,HΓ,DΓ)
AΓ is CLip(Γ) Lipschitz continuous functions on Γ
HΓ is the representation space ℓ2(Γ) ⊗ C2

π(f )ψv = ⊕v+∼v

(
f (v+) 0

0 f (v)

)
ψv

Dψv = ⊕v+∼v
1

ρ(v , v+)ψv ⊗ σ

The pair (r∗
Γ,Γ′ , ιΓΓ′) induces a morphism of spectral triples

(AΓ,HΓ,DΓ)
(r∗

Γ,Γ′ ,ιΓΓ′ )
−−−−−−→ (AΓ′ ,HΓ′ ,DΓ′)
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Inverse limit of spectral triples

We define the spectral
{

(Aj ,Hj ,Dj), (r∗
jk , ιjk)

}
J

with the following
notation:

Aj := CLip(Γj), Hj = ℓ2(Γj), Dj = DΓj (1)

with the isometric morphism:

r∗
jk : Aj → Ak , ιjk : H → Hk . (2)

Theorem
The triple (CLip(P1

Berk), ℓ2(P1
Berk),D) is called the inductive

realization of the inductive system{
(CLip(Γj), ℓ2(ΓBerk),Dj), (ϕjk , Ijk)

}
J .
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Dirichlet forms

Define the measure µ by

µ(f ) = lim
s→s0

Tr(|D|−sπ(f ))
Tr(|D|−s)

It is possible to define a form Qs on L2(P1
Berk, µ)

Qs(f , g) := 1
2Tr(|D|−s [D, π(f )]∗[D, π(g)])

Correspondence: Dirichlet forms and Markovian semigroups.

For s ∈ R, define a self-adjoint operator ∆s such that
Tt := exp(t∆s) is a Markovian semigroup

⟨∆s f , g⟩ = 1
2Tr(|D|−s [D, π(f )]∗[D, π(g)]).
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Points classification
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C*-dynamical system on P1
Berk(Cp)

The Berkovich projective line can be described equivalently as a
shift space.

Alphabet: Q1 = Q ∩ (0, 1)
Admissible words:
x = (qk1

i1 , q
k2
i2 , q

k3
i3 , . . . , q

km−1
im−1

, q∞
im ), qiℓ < qiℓ+1 , qi ∈ Q1

Shift map: σ : P1
Berk(Cp) → P1

Berk(Cp), σ(xn) = (xn+1).

Z (q) :=
{

qx ∈ P1
Berk(Cp) : x ∈ P1

Berk(Cp)
}

and

F (q) :=
{

x ∈ P1
Berk(Cp) : qx ∈ P1

Berk(Cp)
}

Right inverse: σ ◦ σq(x) = x , where σq : F (q) → Z (q)
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The universal C ∗-algebra OP1
Berk(Cp)

Define the cylinder sets

C(α, β) := {βx ∈ P1
Berk(Cp) : αx ∈ P1

Berk(Cp)}

Let BP1
Berk(Cp) the Boolean algebra generated by the cylinder sets.

The C∗-algebra OP1
Berk(Cp) the universal unital C∗-algebra

generated by projections {pA : A ∈ BP1
Berk(Cp)} and partial

isometries {sq : q ∈ Q1} subject to the relations:
(i) pP1

Berk(Cp) = 1, pA∩B = pApB, pA∪B = pA + pB − pA∩B and
p∅ = 0, for every A,B ∈ BP1

Berk(Cp);
(ii) sβs∗

αsαs∗
β = pC(α,β) for all α, β finite words, where s∅ = 1 and,

for α = α1 . . . αn, sα = sα1 . . . sαn .
In particular, s∗

αsα = pC(α,∅) = pFα and sβs∗
β = pC(∅,β) = pZβ

.
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Semibranching system

Consider a measure space (X , µ) and a countable family {σi}i∈N,
of measurable maps σi : Di → X , defined on measurable subsets
Di ⊂ X . The family {σi}i∈N is called a semibranching system if:
(1) There exists a family {Ri}i∈N of measurable subsets of X s.t.,

µ(X\ ∪i Ri) = 0, and µ(Ri ∩ Rj) = 0, for i ̸= j (3)

where we denote by Ri the range Ri = σi(Di).
(2) There is a Radon-Nikodym derivative

Φσi = d(µ ◦ σi)
dµ > 0, µ-almost everywhere on Di .

σ : P1
Berk(Cp) → P1

Berk(Cp) and {σ(q) : F (q) → Z (q) : q ∈ Q1}
define a semibranching system.
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Representation of OP1
Berk(Cp)

Consider the representation space H = L2(P1
Berk(Cp)) and define

for q ∈ Q1
(Sqψ)(x) = χZ(q)(x)ψ ◦ σ(x)

with adjoint
(S∗

qφ)(x) = χF (q)(x)ψ ◦ σq(x)

Then, π : sq 7→ Sq extends to a *-representation of OP1
Berk(Cp)

SqS∗
q = PZ(q), where PZ(q) is the projection given by

multiplication by the characteristic function χZ(q)

It satisfies Cuntz-Krieger like relations:∑
q

SqS∗
q = 1

S∗
qSq = PF (q), where PF (q) is the projection given by

multiplication by χF (q).
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Projecton-valued Measures

Definition
Let H be a Hilbert space and

PH :=
{

P ∈ B(H) : P = P2 = P∗
}

An operator-valued map P : Σ(X ) → PH defined on Σ(X ) is called
a projection valued measure if
(1) P(X ) = 1 and P(∅) = 0,
(2) If B1,B2, . . . in Σ(X ), such that Bi ∩ Bj = ∅ for i ̸= j , one has

P
( ∞⋃

i=1
Bi

)
=

∞∑
i=1

P(Bi) (4)

in the strong topology sense.
(3) P(E ∩ F ) = P(E )P(F ) for E ,F ∈ Σ(X ).
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Projection-valued Measure

Using the Kolmogorov Extention theorem, we get

Proposition (Khalkhali & T.)
The operator-valued map defined on cylinders Z (q) 7→ SqS∗

q
extends to a spectral measure P : Σ(P1

Berk(Cp)) → PH.

Let f ∈ H be a cyclic vector, then we can define a measure:

µf (E ) := P f (E ) := ⟨P(E )f , f ⟩ = ∥P(E )f ∥2

This measure can be decomposed using the C∗-algebra∫
P1

Berk(Cp)
ψ dµf =

∑
q∈Q1

∫
P1

Berk(Cp)
ψ ◦ σq dµS∗

q f
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Perron-Frobenius operator

The transfer operator Tσ : L2(P1
Berk(Cp)) → L2(P1

Berk(Cp)) that
composes with the coding map denoted by σ,

(Tσψ)(x) = ψ(σ(x)).

its adjoint Pσ given by∫
ψPσ(ξ)dµ =

∫
Tσ(ψ)ξdµ

and called the Perron-Frobenius operator. Then, the
Perron-Frobenius operator Pσ is of the form

(Pσξ)(x) =
∑

q∈Q1

χZ(q)ξ(σq(x)) =
∑

q∈Q1

S∗
q

Graph Laplacian Pσξ = ξ ⇔ ∆ξ = 0
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C*-dynamical systems and states

A C∗-dynamical system is a pair (A, σ) with a
A a C∗-algebra
σ : R → Aut(A)

such that σ0 = id, σs ◦ σt = σs+t and t 7→ σt(a) is norm
continuous. A state of A is a linear functional φ : A → C such that

φ(a∗a) ≥ 0 and ∥φ∥ = φ(1) = 1

Examples:
The states of a commutative C∗-algebra C0(ΩA) are in
bijection with probability measures µ on ΩA φµ(f ) =

∫
ΩA

fdµ
GNS construction φ(a) = ⟨πφ(a)ξφ, ξφ⟩
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The KMS condition

Definition (KMS states)
A state φ on A satisfies the Kurbo-Martin-Schwinger (KMS)
condition with respect to σ at inverse temperature β ̸= 0 (φ is a
σ-KMSβ), if

φ(ab) = φ(bσiβ(a))

for all σ-analytic elements a, b ∈ A

This a trace-like condition, twisted by σ along imaginary time.

Proposition
If β ̸= 0 and φ is a KMSβ state, then φ is σ-invariant.
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The Patterson-Sullivan measure

Harmonic measures on D: Poisson kernel

P(x , ξ) = 1 − ∥x∥2

∥ξ − x∥2

Poisson transform: f 7→ Pf =
∫
S1 f (ξ)dνx (ξ) defines an

isomorphism between L∞(S1). Equivalently, harmonic measures
associated to points of D:

∀ξ ∈ S1 ∀x , y ∈ D,
dνx
dνy

(ξ) = e−bξ(y ,x). (5)

where, bξ(x , y) is the Busemann function

∀ξ ∈ S1 ∀x , y ∈ D, bξ(x , y) = log
(P(y , ξ)

P(x , ξ)

)
P(x , ξ)dσ(ξ) is the Patterson-Sullivan measure on D.
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The Patterson-Sullivan measure
P(x , ξ)dσ(ξ) is supported on S1 and is invariant under Möbius
transformation Iso(D).
(Patterson construction) This extends to more general hyperbolic
space X (such as Gromov hyperbolic, R-trees). Consider a
compactification X = X ∪ ∂X , Γ < Iso(X ) a discrete subgroup.

Busemann funnction : bξ(x , y) = lim
z→ξ

(d(x , z) − d(y , z)).

Proposition (Coornaert)
If δ(Γ) < ∞, then there exists a (unique) measure
Γ-quasiconformal of dimension δ(Γ) with support in ∂X. This
measure is called the Patterson-Sullivan measure s.t

∀ξ ∈ ∂X , dµPS,y
dµPS,x

(ξ) = e−δbξ(y ,x)
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Hyperbolic space

For φ ∈ Cp(T ) of deg = 1, defines an action on P1
Berk(Cp)

Aut(P1
Berk(Cp)) ≃ PGL2(Cp)

The action is continuous on P1
Berk(Cp) and isometric on H1

Berk(Cp)

Let Γ < PGL2(Cp) a Schottky subgroup;

σg : PGL2(Cp) ×P1(Cp) → P1(Cp), σg(x) =
(

diam(g) a
0 1

)
· x

its limit set is given by

Λ :=
{

y ∈ ∂X | y = lim{γm(x)} {γm} ∈ PGL2(Cp)
}

= ∂P1
Berk(Cp)
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C ∗-dynamical system (A, σt) on P1
Berk(Cp)

Let H = L2(P1
Berk(Cp)), (π,U) a covariant representation.

The crossed product algebra:

A = C(Λ) ⋊ Γ, (πξ ⋊ U) (f ) =
∑
γ′∈Γ

πξ(fγ′)Uγ′

One-parameter automorphism on the generators:

σt

(∑
γ

fγ(ξ)Uγ

)
= eitH fe−itH =

∑
γ

pitB(x0,γx0,ξ)fγ(ξ)Uγ

(Busemann function) B(x0, γx0, ξ) = lim
x→ξ

ρ(x0, x) − ρ(γx0, x).

Then (A, σt) defines a C∗-dynamical system with KMSβ states.
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KMS & P-S. measure
Unique KMS sates at inverse temperature β = δ(Λ):

φβ,x0

(∑
γ

fγ(ξ)Uγ

)
=
∫

Λ
fe(ξ)dµPS,x0(ξ)

associated to the Hamiltonian

H (fγ(ξ) ⊗ γ) = B(x0, γx0, ξ)fγ(ξ) ⊗ γ

One can define a 1-cocycle c : Γ → Hπ such that

B(x0, γx0, ξ) = ∥c(γ)∥2
Hπ
, γ ∈ Γ

In the Hilbert space ℓ2(Γ,Hπ), define the self-adjoint operator

Dfγ = ∥cγ∥fγ ⇒ D2fγ = B(x0, γx0, ξ)fγ

D. Tageddine NG on Berkovich line 31 / 36



Table of Contents

1 Motivations

2 The Berkovich projective line

3 Noncommutative geometry on P1
Berk(Cp): A first approach

4 Graph C∗-algebra associated to P1
Berk(Cp)

5 KMS states and Invariant measures

6 Conclusion

D. Tageddine NG on Berkovich line 32 / 36



Conclusion

We have constructed three different spectral triples on the B-line,
each of which has some geometric and dynamic information:

▶ Inverse limit of finite spectral triples
▶ Spectral triple associated to Γ ⊂ PGL2(K )
▶ Invariant measures and KMS states on crossed product

algebras./

Remaining questions:

▶ (noncommutative) potential theory
▶ summability of the spectral triples
▶ arithmetic/dynamic
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Thank you !
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