


Morse Theory :

main objective :

top .

invariant futures of space using
critical points of a Morse function found

the trajectories of a gradient field #f-

E
" height function "

pis → Dr

G. g. 3) ↳ 3

•

I-
-
-
- -

-
-•

→

it



{critical points }← { change in }topology

•- - - - -•

÷

④• - - - - •

• - - - •

:
1) Morse function

2) Ex-e Density
3) MorsIndex of a bot Point

.

4) Homotopy type intenmofaitnabus



S ) Mosse inequality

7) Morse Homology

8) Applications :

→ top .

data analysis

→
PDE → Conley index .



Dif : ( critical points )

(olxf ) = O f : M → IR

( Jnf) not full rank f- in → Di .

Dif : ( Hessian at a critical Point )

die f- ( X , 't) ×
,
Y-CT.cm

is a well defined , symmetric , bilinear

form .

Def : Blx , y ) non degenerate if
B. ( a. g) = 0 Ky ⇒ x=e{ B( my )=o Use ⇒ 2=0

[



Dif : ( Morse Function)

A Morse function is a function
that has only nondegenerate critical

points .

EI :

• fp (a) = 11 x-p 112

•
F : ( ✗ is , 3) 1-3 3 ( height )

( S2
,
T2 )

• fi 1122 → R

( x ,y ) to cos (2ñx) + cos Czñy )

on the Torres T2=R4z2



theorem :

let V be a compact manifold

{ Morse functions } is dense

open ( C
'

top ) in Cocu , R ) .

1-nohscofaciitical-po.net :

Given he and
.

Define W "(or) = {✗ c- V1 hsig→94n)=a}

Us is the flow of - th
.

Ws (a) = { xc-vllg.ua#9sla1=a}

Ind (a) = dim W
" (a)

= { # negative eigenvalues of ol 'xf }



b.→
Ind (b) = 2

E

S2

-
-
- -

-

-

•
a

\, Ind (a) = 0

Ind ( s ) = 2
1-2

"""""

• q Endler) = 1

Indlp ) = 0

•

go



Morsetemmai
b a nondegenerate cut . of fiM→R

7 a chart ( x , , - - , xD in a nbhd

U of b s -t ki (b) = 0 Hi and

f- ( ie) = f- (b) -Xi - - - - - XT -1¥ ,
-1 - - txn

|1=dlb_

Homotopy type in terms of Critical Points



i.
- - - - -•

"
.

1-all

=

;
-
- - • ;=~ J =

④ a

•

Define M " = f-
' (c- a , a ] )

M
"
doesn't change except when

✗
passes the height of a wit pint



when a pan
this height with indie

a
r
- cell is attached to M

"

.

Theorem
-

i suppose f e CTM ,
or)

p is a nondegenerate wit off

of index ✗ Flp )=q .

Suppose f-
' ( fq - C, gie ] ) is contact

and contains only p as a crit

point .
Then M ""

~_ Mots + ✗
cell

attached
.

If ur wit value meters M -9 - e
.



MMEHomohogy-r.cn(f) with a growling CM )

Calf ) := Span ,z,z( Calf) )

let ✗ =
- tf

2x : Calf ) → Cee - i

2×64 = I mxla , b) b
b C- Ch - l

with Mala
, b) C- 212

Mala
, b) = (# trajectory a → b) 12

Define Half
,
2112 ) := Ku Heights



throng : M compact h Mone

MH
. ( h, 7th ) ~_ H.IM , 2/2 ) .

Morse Inequality :

Dif : ( Morse Polynomial )

Malt ) = z t
Mlp )

Ptcnlh)

Poincaré Polynomial :

Plt ) = I Biti
i

Theoum_ : ( Strong Morse Inequality )

Malt) = Plt) + litt) alt )

with Qe Nct]



Corollary :
( Euler characteristic )

1- = - l

Mal-1 ) = Pfl ) = ✗ (M )

⇒ ✗ ( M ) = If , >
MCP)

ptact) .



Morse theory :

→ topological data analysis ( persistent
homology )

→ rigorous computing ( dynamical systems]

→ PDE / ODE : Ut = Uxx + f- ( x , u.ua)
"

travelling wave
"

solution
.

{ shapes , topology } → {
those functions f}- Ff



E f :

"

height function
"

( x , y , 3) ↳ 3

"

-
- -

- -
-

-

-

•
•-

- - - - →

→
•



• - - - --

④
{ topology } ← { witwe points }of f



Def : ( critical Points) of :M → IR

( dxf ) = 0

( Jnf ) not full bombs ( F :M→Ñ)

Def : ( Hessian at critical points]

d}ef ( × , 7) ×
,
-1 C- Tam

is well defined , symmetric ,
bilinear

form .

Def : A critical point is non- degenerate

if dlxf is nondegenerate .



Def : ( Morse functions)

A Morse function is a function
that only nondegenerate critical

points .

E

• fp (a) = 11 x-p 112

•
F Guy , 3) ↳ 3 ( S2

,
T2 )

• f : 1122 → IR ( ont' ! )

( x ,y ) ↳ Cortina) -1 Century )

theounn.ltV a compact manifold

{ Morse functions our } is open dense

in C- ( M
,
R )



India of critical points :

Given h smooth Morse
, 9s the

flow of - th
,

a c- Crlh)

Define W "(a) = { scent line 94×7=01 }
s→ - a

India) = dim wya)

= # negative eigenvalues of diah .

EI
•

b Imdlb) =3

-

• Indhu) =D



E± Ind (D) = 2

Init fr) = 1

99 Ind (g) = 1

Ind(p ) = 0



moiselemrmn.ba
nondegenerate wit pt of f. M→1R

3- chart ( Xi
,
- -

,
xD in nbhd of b

ki (b) = 0 Hi and

f- ( x ) = 4- (b) - xp - - - -
- XI + ✗2.* - -- + Xml

Iwd(b) = ✗

Homotopy Type in terms of critical Points :



①
- .

= :e

11÷
. . . . .

=⇐÷
=

to
0

•

,

④ =



let f- be on Morse function
Define M

"
:= f-

' ( 1- a , a ] )

M
"

doesn't change except
when a passes the height
of chit . point .

When a passes this height
with ind 8

,
a 8- cell

is attached to M
"

.

{
critical points
off of the }uitaimir } → {hI÷za,



Morse Homology :

Crlf ) : { critical points off }
Natural groveling on c~( f)

given by pula ) = India)

with a c- Csl f) .

Build Cq( f) ÷ Spomz,z(Cuff )
pecp ) Ek)

en É ch - i

2x (a) = I nxla , b) . b

btfn-TÉz

mxlaib)={# trajectories a-> b }/z

its a finite number
.



Define i Hklf , 1212 ) := Her '%ImzhH

theory :
M compact ,

h Morse

MH
. ( h ,

7212) I H.CM , 1212 )

Morse inequality :

Def : ( Morse Polynomial)

Men (t) = I c-
MM

Ptah)

( Poincaré Polynomial )

Plt) = § piti

pi = dim Hi(M , 12/2)



theorem :

Men (f) = Plt ) + 11+1-3 Qlt )

QE IN [t]

Corollary : ( At 1- = - 1)

Mutt ) = 2- Gp )MlP )
ptbrlh)

Pti ) = § Pil - 1)
i
= ✗ (M )

X :( m) :-. Euler characteristic

of M .

✗ (M ) = I C-1)
MM

ptcrlh)



Go further :

→#mouse ( Dynamical
systems)

→ Floor Homology ( Hamiltonian
systems ;

symplectic

Geometry )

→ top structure of data

( Discrete Moise theory ]


