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SUMMARY

We consider the problem of assessing whether an exposure affects a dichotomous outcome
other than by modifying a given mediator. The standard approach, logistic regression adjusting
for both exposure and mediator, is known to be biased in the presence of confounders for the
mediator-outcome relationship. Because additional regression adjustment for such confounders
is only justified when they are not affected by the exposure, inverse probability weighting has
been advocated, but is not ideally tailored to mediators that are continuous or have strong mea-
sured predictors. We overcome this limitation by developing inference for a novel class of causal
models which are closely related to Robins’ logistic structural direct effect models, but do not
inherit their difficulties of estimation. We study identification and efficient estimation under the
assumption that all confounders for the exposure-outcome and mediator-outcome relationships
have been measured, and find adequate performance in simulation studies. We discuss exten-
sions to case-control studies and relevant implications for the generic problem of adjustment for
time-varying confounding.

Some key words: Case-control study; Direct effect; G-estimation; Instability; Logistic structural mean model; Media-
tion; Pathway; Time-varying confounding.

1. INTRODUCTION

The statistical problem of inferring the extent to which theeffect of one variable on another is
mediated by some possible intermediate variable, has been the subject of considerable research
(MacKinnon, 2008), with an approach based on regression analysis (Baron & Kenny, 1986) now
being routinely utilized. Over the past decade, this problem has gained renewed attention within
the causal inference literature, mainly in epidemiology and biostatistics. This has lead to better
phrased definitions of direct and indirect effects, to an improved understanding of the conditions
under which these can be identified (Robins & Greenland, 1992; Pearl, 2001; Rubin, 2004; Van-
derWeele & Vansteelandt, 2009) and to novel estimation strategies that are valid under weaker
causal assumptions and/or less restrictive modelling assumptions (Robins, 1999b; Petersen et al.,
2006; Joffe et al., 2007; Goetgeluk et al., 2008; van der Laan& Petersen, 2008; Emsley et al.,
2009; Gallop et al., 2009; VanderWeele, 2009; Vansteelandt, 2009; Imai et al., 2010; Vander-
Weele & Vansteelandt, 2009, 2010).

In this article, we focus on the estimation of controlled direct effects (Robins & Greenland,
1992; Pearl, 2001). To define these, letY (x,m) denote the potential outcome that would, possi-
bly contrary to the facts, have been observed for given subject if the exposure were set tox and
the mediator tom. Then a controlled direct effect is a comparison of potential outcomes corre-
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2 S. VANSTEELANDT

sponding to different exposure levelsx, but the same mediator levelm. This can for instance be
expressed in terms of an odds ratio

odds{Y (x,m) = 1}
odds{Y (0,m) = 1} , (1)

where for any 2 random variablesA andB, odds(A = 1 | B) = pr(A = 1 | B)/pr(A = 0 | B).
Identification of controlled direct effects requires separate no unmeasured confounders assump-
tions regarding both the exposure-outcome and mediator-outcome relationships (VanderWeele
& Vansteelandt, 2009). In particular we will assume throughout thatX is a randomly assigned
exposure and that controlling for a given, measured set of confoundersL in addition to the expo-
sureX, is sufficient for estimating the causal effect ofM on Y . These assumptions hold under
the causal diagram (Pearl, 2000) of Figure 1 and can be formalized as

Y (x,m) ⊥⊥ X (2)

Y (x,m) ⊥⊥M | L,X = x (3)

for all x,m; see Appendix 3 for relaxations of assumption (2) to allow for confounding by
measured factors.

Y

M

L

X

U

Fig. 1: Causal diagram with measured variablesX,L,M andY , and withU an unmeasured
confounder of theL-Y relationship.

Estimation of controlled direct effects under assumptions(2) and (3) has been the subject of
considerable recent research; see Vansteelandt (2009) foran overview. Much attention has been
given to settings where the confounderL is potentially affected by the exposure, in which case
we refer toL as an intermediate confounder. Such settings are common, especially when the me-
diator comes much later in time than the exposure itself (VanderWeele & Vansteelandt, 2009).
They call for specialized estimation methods since standard regression adjustment for post-
exposure measurements, such asL, may induce a collider-stratification bias (Cole & Hernán,
2002). Robins (1999b) and VanderWeele (2009) avoid regression adjustment forL. They in-
stead control for confounding due toL by weighting each subject’s data by the reciprocal of the
conditional mediator densityf(M | X,L). In particular, a weighted logistic regression of out-
come on exposure and mediator yields a consistent estimatorof the controlled direct effect (1)
(VanderWeele, 2009). Vansteelandt (2009) examined this approach in simulation studies with a
continuous mediator and outcome, considering the wide interest in this case (MacKinnon, 2008;
Imai et al., 2010). He diagnosed poor performance of the inverse probability weighted estimates,
sometimes having substantially greater finite-sample biasthan the corresponding unweighted es-
timates which ignore confounding altogether. Goetgeluk etal. (2008) attained considerable im-
provements under these conditions via more efficient estimators. However, instability remained
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Logistic regression for direct effects 3

because minor estimation errors in the tail of a continuous densityf(M | X,L) can have a major
influence on the weights. For risk differences and risk ratios, an alternative is G-estimation for
additive and multiplicative structural nested direct effect models (Robins, 1999a). This involves
first regressing the outcome on the mediator, exposure and confounders to infer the mediator’s ef-
fect on the outcome, and next assessing the residual association with the exposure after removing
that effect from the outcome. Joffe & Greene (2009),Vansteelandt et al. (2009) and Vansteelandt
(2009) study this in the case of a continuous outcome and mediator that lend themselves to linear
modeling, and find a much improved performance. However, additive and multiplicative models
for a dichtotomous outcome are prone to misspecification anda similar development for odds
ratios has turned out to be impossible so far (Robins, 1999a). In this article, we aim to overcome
the aforementioned limitations via a novel class of causal models for controlled direct effect odds
ratios which are closely related to Robins’ logistic directeffect structural mean models, but avoid
the need for repeated averaging that prohibits estimation under these models.

2. MODEL AND ESTIMATION

2·1. Logistic direct effect structural mean models
We consider direct effect models that parameterize the controlled direct effect odds ratio con-

ditional on exposure and intermediate confounders:

odds{Y (x, 0) = 1 | X = x,L(x)}
odds{Y (0, 0) = 1 | X = x,L(x)} = exp {γ(x;β∗)} , (4)

whereL(x) refers to the counterfactual value ofL at exposure levelx, whereγ(X;β) is an
arbitrary function ofX, smooth inβ and satisfyingγ(0;β) = 0, and whereβ∗ is an unknown,
finite-dimensional parameter; e.g.,γ(X;β) = βX. Model (4) is defined like a logistic structural
direct effect model (Robins, 1999a,b), except that it conditions additionally on the intermediate
confounderL(x). This additional conditioning does not compromise the validity of (4) as a direct
causal effect parameter. This can be seen since it involves comparing the same subset of the
population,{X = x,L(x)}, twice under different interventions. In particular, the counterfactual
L(x) can be viewed as a baseline variable so that (4) does not involve conditioning on a post-
exposure variable (Joffe et al., 2007). Consider for instance the HIV-prevention trial analyzed in
Rosenblum et al. (2009). LetX = 1 denote randomized assignment to the use of diaphragm and
microbicides at all sex acts versusX = 0 encoding no intervention,M measure the percentage
of sexual acts protected with the male condom,L measure the number of male sexual partners
andY = 1 denote HIV infection after 24 months of follow-up. Then

odds{Y (1, 0) = 1 | X = 1, L(1) = 1}
odds{Y (0, 0) = 1 | X = 1, L(1) = 1}

expresses how much, if no male condoms were available, the odds of HIV infection after 24
months of follow-up would change for women with a single malesexual partner on the inter-
vention arm, if they were assigned to no intervention. This change may be partly attributable to
intervention-induced changes in the number of male sexual partners or other factors than male
condom use, as expressed through the pathwaysX → L→ Y andX → U → Y in Figure 1.

The decision to measure direct effects within levels of the confounderL is made here for
the same reason that it is commonly made in the simpler setting whereL is assumed not to be
affected byX, namely to enable a feasible estimation approach. Under this assumption thatL is
not affected byX, direct effects are usually estimated via ordinary regression of outcomeY on
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4 S. VANSTEELANDT

exposureX, involving mediatorM and confoundersL:

logitE(Y | X,L,M) = µx(X; η∗) + µl(X,L; η
∗) + µm(X,L,M ; η∗), (5)

where logit(x) = log{x/(1 − x)}. Here, the main effectsµx(X; η) of X, µl(X,L; η) of L
andµm(X,L,M ; η) of M are arbitrary known functions of(X,L,M), smooth inη and sat-
isfying µl(X, 0; η) = µm(X,L, 0; η) = 0, and η∗ is an unknown finite-dimensional parame-
ter. Suppose furthermore that the usual consistency assumptions hold thatY (x,m) equals the
observed outcomeY amongst those withX = x andM = m and thatL(x) equals the ob-
served confounderL amongst those withX = x. Then it follows from (3) thatE(Y | X =
x,L = l,M = 0) = E {Y (x, 0) | X = x,L(x) = l}. WhenL is not affected byX so that (2)
can be strengthened toY (0, 0) ⊥⊥ X|L, then it further follows thatE(Y | X = 0, L = l,M =
0) = E {Y (0, 0) | X = x,L(x) = l} for all x. Upon combining these results it is seen that
exp {µx(X; η∗)− µx(0; η∗) + µl(X,L; η

∗)− µl(0, L; η∗)} in model (5) captures the direct ef-
fect (4) whenL is not affected byX. Our focus on the same direct effect estimand as a standard
regression analysis in cases where the latter is valid, willenhance the comparability of the pro-
posed approach with routine practice. In particular, whenL is affected byX so that standard re-
gression adjustment fails, a comparison ofµx(X; η∗)− µx(0; η∗) + µl(X,L; η

∗)− µl(0, L; η∗)
in model (5) andγ(x;β∗) in model (4) can be insightful in the sense of quantifying thedegree of
bias due to collider-stratification along the undirected pathX → L← U → Y in Figure 1 and/or
due to blocking an indirect effect mediated byL. For instance, suppose thatγ(X;β) = βX,
µx(X; η) = η0 + ηxX andµl(X,L; η) = ηlL. Thenexp(ηx − β) can be viewed as a measure
of bias due to inappropriate adjustment for intermediate confounding because it expresses how
much the direct effect odds ratioexp(β) differs from the corresponding association measure
exp(ηx). Similar measures are popular amongst epidemiologists to express the strength of con-
founding (Miettinen, 1972), but are not directly obtainable via inverse probability weighted es-
timators (VanderWeele, 2009). The latter target the unconditional direct effects odds ratio (1)
which tends to be different in magnitude in view of noncollapsibility of the odds ratio.

A limitation of the direct effects odds ratio (4) is that it cannot be used for making treatment
decisions whenL is not known at the time of administering the treatment. Similar limitations
hold for various other direct effect measures (Rubin, 2004;Joffe et al., 2007). We do not con-
sider this to be a major drawback because the subset{X = x,L(x)} is identifiable and because
the primary purpose of measuring direct effects is typically much rather to develop a better un-
derstanding of the causal mechanism. Furthermore, we show in §2·3 how estimates ofβ∗ can be
used as plug-in estimates when drawing inference for the marginal direct effects odds ratio

odds{Y (X, 0) = 1}
odds{Y (0, 0) = 1} . (6)

The latter is of greater relevance for policy making as it expresses the effect of setting each
subject’s exposure to zero, while controlling the mediatorat zero.

2·2. Identification
We useA to denote the model defined by the no unmeasured confounders assumptions (2) and

(3), the aforementioned consistency assumptions, the structural model (4) and the association
model (5). Model (5) and the no unmeasured confounders assumption (3) imply

E {Y (X, 0) | X,L} = E {Y (X, 0) | X,L,M = 0} = expit{µx(X; η∗) + µl(X,L; η
∗)}

where expit(x) = exp(x)/{1 + exp(x)}, and the structural model (4) subsequently implies

E {Y (0, 0) | X,L} = expit{µx(X; η∗) + µl(X,L; η
∗)− γ(X;β∗)} .
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Logistic regression for direct effects 5

It follows that γ(X;β∗) can be identified from the identityE {Y (0, 0) | X} = E {Y (0, 0)},
which is implied by the no unmeasured confounders assumption (2). Proposition 1 below, whose
proof is given in Appendix 1, suggests that this is the only restriction on the observed data which
is implied by model (4).

PROPOSITION1. ModelA imposes the same restrictions on the observed data as modelB,
which is defined by (5) and the mean independence restriction

E [expit{µx(X; η∗) + µl(X,L; η
∗)− γ(X;β∗)} | X]

= E [expit{µx(X; η∗) + µl(X,L; η
∗)− γ(X;β∗)}] , (7)

provided that, for the lawf(L | X), there exists a valueβ∗ satisfying (7) for allX.

REMARK 1. Because equation (7) implies one restriction for each unknownγ(x;β∗) for each
x 6= 0 in the support ofX, a dependence of the controlled direct effect in (4) onL(x) is not
nonparametrically identified. We do not consider this limitation to be prohibiting because, as
usual, ignoring interactions leads to approximately ‘averaged’ effects. This is confirmed through
simulation experiments in§4, as well as theoretically in Appendix 2 where we consider linear
structural mean models defined like (4), but with the logit-link replaced with the identity link.
We then find that, whileγ(x; β̂), whereβ̂ is an estimator ofβ∗ as derived in the§2·3, may not
be a consistent estimator ofE{Y (x,m) | X = x,L(x)} − E{Y (0,m) | X = x,L(x)}, it is a
consistent estimator ofE{Y (x,m) | X = x} − E{Y (0,m) | X = x} despite interactions with
L(x) being ignored. The use of, often stronger, untestable no-interaction assumptions is not un-
common in causal inference, e.g. in instrumental variable analysis (Herńan & Robins, 2006), in
the estimation of natural direct effects (Robins & Greenland, 1992; Petersen et al., 2006) and for
handling more general identification problems (Vansteelandt & Goetghebeur, 2004; Ten Have
et al., 2007).

2·3. Estimation
An estimatêη of η∗ can be straightforwardly obtained by fitting model (5) via standard logistic

regression methods. Following Proposition 1, estimation of β∗ can happen to ensure that (7)
holds; for instance, by solving the following estimating equation:

0 =
n
∑

i=1

{Xi − E(Xi)} expit{µx(Xi; η̂) + µl(Xi, Li; η̂)− γ(Xi;β)} ,

for β. More generally, we demonstrate in Appendix 3 that a semi-parametric efficient estimator
of λ∗ ≡ (β∗T , η∗T )T in modelA can be obtained by solving an estimating equation of the form

0 =
n
∑

i=1

Ui(β, η) =
n
∑

i=1

d(Mi, Li,Xi) [Yi − expit{m(Mi, Li,Xi; η)}]

+ [e(Xi)−E {e(Xi)}] expit{µx(Xi; η) + µl(Xi, Li; η)− γ(Xi;β)} , (8)

jointly for β and η, with m(M,L,X; η) ≡ µx(X; η) + µl(X,L; η) + µm(M,L,X; η),

d(M,L,X) =
(

0Tp ,m
T
η (M,L,X; η)

)T
, with 0p ap× 1 vector of zeroes,p the dimension ofβ,

and for any functionφ(.) of a parameterα, φα(·) denoting the first-order derivative∂φ(.)/∂α.
Further, with expit′(x) = expit(x) {1− expit(x)},

e(X) = σ−2(X)
[

f(X)− E
{

σ−2(X)f(X)
}

/E
{

σ−2(X)
}]
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6 S. VANSTEELANDT

f(X) = E

[

expit′ {µx(X; η∗) + µl(X,L; η
∗)− γ(X;β∗)}

(

γβ(X;β∗)
µx,η(X; η∗) + µl,η(X,L; η

∗)

)

| X
]

σ2(X) = var[expit{µx(X; η∗) + µl(X,L; η
∗)− γ(X;β∗)} | X] .

Estimating equation (8) is unbiased, and thus gives consistent estimators ofβ∗ andη∗, for each
choice of functionsd(Mi, Li,Xi) ande(Xi) provided standard regularity conditions hold. We
discuss two simple choices ofe(X) that lead to estimators forβ∗ with attractive properties. The
choice

e(X) =

(

E [expit′ {µx(X; η∗) + µl(X,L; η
∗)− γ(X;β∗)} γβ(X;β∗) | X]

0q

)

, (9)

whereq is the dimension ofη, allows for fitting the association model using off-the-shelf software
for logistic regression and thus gives computationally simpler estimators, though with reasonable
efficiency. It can be shown that the choice

e(X) =

(

γβ(X;β∗)
µx,η(X; η∗) + E {µl,η(X,L; η∗) | X}

)

(10)

gives locally robust estimators ofβ∗ which remain consistent under model misspecifica-
tion in the absence of a total effect, provided thatγ(X;β) is linear in β and nested
within µx(X; η) and provided that, as usual,µx(X; η) carries a constant term for the in-
tercept and the parameters indexingµx(X; η) and µl(X,L; η) are variation independent.
Other locally robust estimators are given in Appendix 3. Theasymptotic variance of an
estimator λ̂ = (β̂T , η̂T )T for λ∗ obtained by solving (8) follows by the sandwich formula
n−1E {∂Ui(λ

∗)/∂λ}−1 var{Ui(λ
∗)}E {∂Ui(λ

∗)/∂λ}−1,T .
Given consistent estimatorŝβ of β∗ andη̂ of η∗, a consistent estimator of the marginal direct

effects odds ratio (6) is given bŷθ = p̂(1− p̂0)/ {p̂0(1− p̂)} for

p̂ = n−1

n
∑

i=1

expit{µx(Xi; η̂) + µl(Xi, Li; η̂)}

p̂0 = n−1

n
∑

i=1

expit
{

µx(Xi; η̂) + µl(Xi, Li; η̂)− γ(Xi; β̂)
}

.

It can be shown that the asymptotic variance oflog(θ̂) can be estimated as 1 overn times the
empirical variance of

1

p(1− p) (expit {µx(Xi; η) + µl(Xi, Li; η)} − p

+
1√
n

n
∑

i=1

E

[

∂

∂λ
expit {µx(Xi; η) + µl(Xi, Li; η)}

]

E

{

∂Ui(λ)

∂λ

}−1

Ui(λ)

)

− 1

p0(1− p0)
(expit {µx(Xi; η) + µl(Xi, Li; η)− γ(Xi;β)} − p0

+
1√
n

n
∑

i=1

E

[

∂

∂λ
expit {µx(Xi; η) + µl(Xi, Li; η)− γ(Xi;β)}

]

E

{

∂Ui(λ)

∂λ

}−1

Ui(λ)

)

,

wherep, p0, η, β andλ can be replaced witĥp, p̂0, η̂, β̂ andλ̂, respectively.
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Logistic regression for direct effects 7

2·4. Congenial models
As implicitly suggested in Proposition 1, for someη∗ and lawsf(L | X), there may exist no

value ofβ∗ for which (7) holds for allX, thus contradicting assumption (2). When for anyη∗ and
law f(L | X), no such solutionβ∗ to (7) exists, then modelA is not well-defined. We suggest
two ways to remedy this. The first overcomes this potential uncongeniality problem by leaving
µx0(X) ≡ µx(X; η∗)− γ(X;β∗) an unspecified function ofX and estimating it so as to make
(7) hold for allX, using the following iterative strategy. For givenθ ∈]0, 1[ and givenη indexing
µl(X,L; η), find an estimatêµx0(X; θ) of µx0(X) by solving the integral equation

∫

expit{µx0(X) + µl(X,L; η)} f(L | X)dL = θ. (11)

Next, givenµ̂x0(X; θ), estimateβ, η andθ by maximizing the parametric likelihood
n
∏

i=1

pr(Yi | Xi, Li,Mi;β, η, θ),

where

pr(Y | X,L,M ;β, η, θ) = expit{µ̂x0(X; θ) + γ(X;β) + µl(X,L; η) + µm(X,L,M ; η)} .
Upon iterating this process until convergence, a consistent estimator ofβ∗ is obtained. This
strategy is closely related to an approach advocated by Robins & Rotnitzky (2004) for estimating
treatment effects in randomized trials with noncomplianceand a dichotomous outcome. We will
not pursue this strategy here because it requires modeling the joint lawf(L | X), which can be
difficult whenL is high-dimensional with both discrete and continuous components, and because
it requires repeatedly solving integral equations of the form (11) for each observed value ofX,
which is computationally cumbersome.

We therefore recommend the strategy of§2·3, which is closely related to a recommendation
by Vansteelandt & Goetghebeur (2003) in the context of instrumental variable estimation. This
strategy is more practical because it avoids the need for solving integral equations and does
not require modeling the distribution of the intermediate confounders conditional onX. When
there is concern about uncongeniality, this can be remediedby relaxing the restrictions on the
association model. Specifically, the model restrictions imposed by the first strategy are those of
modelA∗, which is defined like modelA, but with the association model (5) redefined to be

logitE(Y | X,L,M) = µx(X) + µl(X,L; η
∗) + µm(X,L,M ; η∗), (12)

whereµx(X) is an unknown function, andµl(X,L; η) andµm(X,L,M ; η) are defined as be-
fore. This redefinition suggests a second strategy whereby we leave the main exposure effect in
the association model unspecified to guarantee the existence of a value ofβ∗ such that (7) holds
for all X. For a categorical exposure, standard logistic regressionsoftware can be used for fit-
ting this association model. For a continuous exposureX, off-the-shelf software for generalized
additive models can be used.

REMARK 2. The integral equation (7) can have a solution even when parametric restrictions
are imposed on the main effect ofX in the association model. For instance, whenµl(X,L; η) =
0, thenL is not an intermediate confounder and hence, not surprisingly, (7) holds upon choosing
γ(X;β) equal toµx(X; η) − µx(0; η). This suggests thatµx(X; η) should at least have the
complexity ofγ(X;β) in practice. Further, whenµl(X,L; η) = 0 thenσ2(X) = 0. It follows
from the previous that the choice ofe(X) does not affect the efficiency of estimators ofλ∗ in that
case, so we choose to sete(X) = 1 whenσ2(X) = 0.
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8 S. VANSTEELANDT

3. EXTENSIONS

3·1. Case-control studies
We show that a minor modification of the estimation principleof §2·3 yields approximately

consistent estimators of (4) under a rare disease assumption. LetYi indicate 1 for cases and 0 for
controls. Then modifying estimating equation (8) to

0 =
n
∑

i=1

d(Mi, Li,Xi) [Yi − expit{m(Mi, Li,Xi; η)}] + [e(Xi)− E {e(Xi) | Yi = 0}] (1− Yi)

×expit{µx(Xi; η) + µl(Xi, Li; η)− γ(Xi;β)} (13)

yields the desired result for the following reasons. First,under the rare disease assumption the
controls form a fairly representative sample from the population, which explains why the sec-
ond term in (13) is now evaluated in the controls. Second, it follows from Prentice & Pyke
(1979) that the first term in (13), withm(Mi, Li,Xi; η) set tom(Mi, Li,Xi; η

∗) apart from
an additive constant, is a mean zero estimating function. Finally, whileµx(Xi; η

∗) is thus only
estimable up to an additive constant, the second term in (13)is relatively insensitive to addi-
tive constants. This can be understood from the following argument:E{Yi(0, 0) | Xi, Li} =
expit{µx(Xi; η

∗) + µl(Xi, Li; η
∗)− γ(Xi;β

∗)} is mean independent ofXi under modelA. If
the independence were to hold in distribution, then we wouldalso have that logitE{Yi(0, 0) |
Xi, Li} = µx(Xi; η

∗) + µl(Xi, Li; η
∗)− γ(Xi;β

∗) is independent ofXi, suggesting that that
the second term in (13) has approximately mean zero atβ = β∗, even whenµx(Xi; η

∗) is mis-
specified by an additive constant. In§4, we will study the accuracy of this approximation via
simulation experiments. See Vansteelandt (2009) for approximate controlled direct effect rela-
tive risk estimators under a rare disease assumption.

3·2. Time-varying exposures
We demonstrate that the proposed methods extend relativelystraightforwardly to enable es-

timation of the causal effect of a possibly continuous time-varying exposure on a dichotomous
outcome in the presence of measured time-varying confounders (Robins et al., 2000). LetXt

andLt be the exposure of interest and the set of measured confounders, respectively, at time
t = 1, ..., T . Suppose thatXt is possibly influenced byLt ≡ (L1, ..., Lt) and thatLt is pos-
sibly influenced byXt−1 ≡ (X1, ...,Xt−1). Let Y (xT ) andLT (xT ) denote the dichotomous
potential outcome and confounder history at the end-of-study time upon setting the exposure
history toxT = (x1, ..., xT ). Throughout, we make the no unmeasured confounders assumption
thatY (xT ) ⊥⊥ Xt | Xt−1 = xt−1, Lt for all t = 1, ..., T and all feasible exposure historiesxT
(Robins, 1999b). Consider the following logistic structural model

logitE
{

Y (xt, 0) | XT = xT , LT (xT )
}

− logitE
{

Y (xt−1, 0) | XT = xT , LT (xT )
}

= ψ∗

t xt

for t = 1, ..., T . This model is closely linked to the logistic structural nested model (Robins,
1999b), except that, at each timet, it conditions on the exposure and confounder history up to
the end-of-study time, rather than up to timet.

Using similar arguments as before, the unknown causal effect parametersψ∗

t can be estimated
by first fitting a standard association model

logitE
{

Y (XT ) | XT , LT

}

= m(XT , LT ; η
∗),

where m(XT , LT ; η) is a known function, smooth inη, and η∗ is an unknown

finite-dimensional parameter. Next, we obtain that logitE
{

Y (X t−1, 0) | XT , LT

}

=
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m(XT , LT ; η
∗)−∑T

s=t ψ
∗

sXs. This, together with the no unmeasured confounders assumption,
implies thatψ∗

t , t = 1, ..., T can be estimated by recursively solving

0 =
n
∑

i=1

[

dt(X it, Lit)− E
{

dt(X it, Lit) | Xi,t−1, Lit

}]

expit

{

m(XiT , LiT ; η
∗)−

T
∑

s=t

ψ∗

sXis

}

,

wheredt(X t, Lt) is an arbitrary function of(t,X t, Lt), taking the dimension ofψt. While the
considered logistic structural models are no longer nonparametrically identifiable for similar rea-
sons as discussed in Remark 1, the main exposure effects are identifiable, along with interactions
with the history of measured exposures and confounders. As with model (4), the suggested ap-
proach has the attractive feature of reducing to standard regression adjustment for time-varying
confounders when the latter are not intermediate.

4. SIMULATION STUDY

In a first simulation experiment, we compared the validity and efficiency of the different es-
timators. We chose not to generate data conditional on an unmeasured variateU , as suggested
in Figure 1, since a nonlinear model forE(Y |X,M,L,U) does not generally imply a sim-
ple model forE(Y |X,M,L). Instead, we generated 1000 measurements(X,L,M, Y ) with
X a normal variate with mean and variance 1,L andM normally distributed variates with
mean−1 + αX and−2 + 3X − 2L, respectively, with variance 1 andα taking the values 0
and 1. We assumed thatE{Y (0, 0)|X,L,M} = expit[λ+ ηl{L− E(L|X)}], which satisfies
(11). Its dependence onX whenηl 6= 0 reflects collider-stratification bias resulting from con-
ditioning on the intermediate confounderL. Further, we assumed that the direct effects odds
ratio given in (4) equalsexp (βx+ ηxlx[L(x)− E{L(x)|X = x}]) and that odds{Y (x,m) =
1 | X = x,L}/odds{Y (x, 0) = 1 | X = x,L} = exp (−0·5m), implying thatY is a Bernoulli
variate with mean expit[λ+ βX + (ηl + ηxlX){L− E(L|X)} − 0·5M ].

Table 1: Validity and efficiency of competing estimators of the controlled and marginal direct
effect log odds ratio in random population samples.

α, ηl, ηxl LR-M LR-ML LD-C LD-M
Bias SE Cov Bias SE Cov Bias SE Cov Bias SE Cov

1,1,0 3·84 1·0 3·0 -10·0 3·1 10·9 0·04 1·4 94·7 0·11 1·4 94·4
0,1,0 11·7 1·9 0·0 -0·07 3·4 95·6 -0·07 3·5 95·3 0·20 3·2 92·3
1,0,0 -0·03 0·9 94·8 0·02 2·9 94·4 -0·01 1·2 94·9 -0·01 1·4 93·9

1,1,0·1 4·66 1·1 0·1 -10·5 3·2 8·1 0·56 1·4 92·4 0·61 1·4 94·0
1,1,-0·1 2·99 1·0 15·5 -9·52 3·1 12·9 -0·47 1·3 93·2 -0·40 1·4 91·0
1,1,0·25 5·73 1·1 0·0 -11·1 3·3 6·5 1·24 1·5 84·4 1·27 1·1 87·9

Empirical bias (multiplied by 10), empirical standard error (multiplied by 10) and coverage (in %) of 95% confidence

intervals for the standard logistic regression estimators, adjusting forM (LR-M) and (M,L) (LR-ML), and the

proposed estimators of the conditional (LD-C) and marginal(LD-M) controlled direct effect log odds ratio.

We letλ andβ take the values -1·5 and 0·25,ηl be 0 or 1 andηxl take the values−0·1, 0·01 and
0·25, while settingηxl equal to zero in the model fitting procedure to acknowledge the lack of
identifiability ofX-L interactions in the structural model. We next evaluated thestandard logistic
regression coefficient ofX, adjusting forM only, and for bothM andL. In addition, we evalu-
ated the proposed estimator of the conditional controlled direct effect log odds ratio obtained by
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10 S. VANSTEELANDT

solving (8) withe(X) = (X, 0Tq )
T and the proposed estimator of the marginal direct effects log

odds ratio; see (6). We do not display results for the computationally convenient choice (9) and
for the locally robust choice (10) because these were virtually identical. We also do not report
results for the semi-parametric efficient estimator which was computationally tedious to obtain
and gave almost no efficiency improvement. Table 1 summarizes the results based on 1000 sim-
ulation runs. It demonstrates that only the proposed estimators of the conditional and marginal
controlled direct effect log odds ratio are guaranteed to beunbiased. As predicted by the theory,
the logistic regression coefficient ofX, adjusting for bothM andL, is unbiased whenL is not af-
fected byX; i.e.α = 0. The one adjusting forM only is unbiased whenL is not associated with
Y ; i.e.ηl = ηxl = 0. Here, bias was calculated as the average of the obtained estimates minus the
population value which equalled 0·25 for all estimators, except for the marginal log odds ratio
where the population value was calculated analytically as in (6), yielding values varying between
0·20 and 0·25 over the different experiments. The third line in Table 1 corresponds to a setting
where all estimators are unbiased. Interestingly, it demonstrates that unnecessary adjustment for
L harms the efficiency of the standard logistic regression-based direct effect estimator, but not of
the proposed estimators. Similar results were found for other parameter settings; not shown. The
last three simulation experiments evaluated the impact of ignoring interactions betweenX and
L and reveal a relatively mild bias when using the estimate ofβ in the misspecified model as an
estimate of the direct effect atL = E(L|X).

In a second simulation experiment, we evaluated the performance of the proposed estimators
for case-control studies. We generated a large sample of measurements(X,L,M, Y ) as before,
but withX a Bernoulli variate with mean 0·5, ηl = 1 andηxl = 0. We letβ take the values 0
and 2, and choseλ to yield values ofE{Y (0, 0)} equalling 0·001, 0·01, 0·025, 0·05 and 0·1. We
then randomly sampled 100 cases and 100 controls from these simulated data and next evaluated
the previously considered standard logistic regression coefficients and the proposed estimator of
the conditional controlled direct effect log odds ratio obtained by solving (13) using the com-
putationally attractive choice (9). The results, based on 1000 simulation runs, are summarized
in Table 2 and demonstrate again that only the proposed estimator is guaranteed to be approx-
imately unbiased, with the bias slightly increasing with increasing population prevalence. The
case whereL is not affected byX, i.e.α = 0, is of interest as it allows for comparing the pre-
cision between the estimators. It shows a minor efficiency advantage of the proposed estimator
relative to standard logistic regression.

5. DISCUSSION

The results in this paper can straightforwardly be extendedto the estimation of direct effect
odds ratios, controlling the mediator at an arbitrary reference levelm instead of zero, by consid-
ering models of the form

odds{Y (x,m) = 1 | X = x,L(x)}
odds{Y (0,m) = 1 | X = x,L(x)} = exp {γ(x;β∗m)}

for eachm. Here, we allow for a different parameterβ∗m for eachm to ensure that, for a given
fixed law f(L | X) and association model (5) evaluated atη∗, there exists a valueβ∗m for β
that makes (7) hold for allX andm. This does not induce a curse of dimensionality problem,
even whenM is absolutely continuous. In future work, we will examine how to test the null
hypothesis of no exposure-mediator interaction, i.e., that β∗m = β∗m′ for all m,m′. In addition,
we will investigate how to choose the association model (5) compatible with this null hypothesis



481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528

Logistic regression for direct effects 11

Table 2: Validity and efficiency of competing estimators of the controlled direct effect log odds
ratio in case-control samples.

α β θ LR-M LR-ML LD-C
Bias ES SS Cov Bias ES SS Cov Bias ES SS Cov

1 2 0·1 0·45 5·3 5·1 90·7 -0·97 9·0 8·5 75·0 0·02 5·2 5·2 96·1
1 0·45 5·2 4·9 89·0 -0·94 8·3 7·9 75·0 -0·03 5·2 5·0 93·6

2·5 0·43 5·0 4·8 89·4 -0·96 8·1 7·7 73·5 -0·08 5·1 5·0 94·5
5 0·39 4·9 4·7 89·2 -0·99 7·9 7·5 72·9 -0·15 5·1 4·9 92·8
10 0·37 4·6 4·6 92·9 -1·03 7·6 7·4 69·3 -0·20 5·0 4·9 92·6

0 0·1 4·41 4·5 4·4 86·7 -1·05 9·2 8·3 75·2 0·01 4·7 4·6 95·2
1 0·40 4·4 4·2 85·1 -1·06 8·4 7·9 73·1 0·02 4·4 4·3 95·9

2·5 0·42 4·2 4·1 84·7 -1·06 8·0 7·7 72·4 0·04 4·3 4·2 96·0
5 0·42 4·1 4·0 83·0 -1·03 8·1 7·6 72·6 0·07 4·2 4·1 95·3
10 0·39 4·1 3·9 83·2 -1·05 7·8 7·4 71·2 0·06 4·1 4·0 94·5

0 2 0·1 1·28 6·2 6·0 41·7 0·07 8·8 8·1 94·5 0·07 8·5 7·9 95·5
1 1·27 6·1 5·8 39·5 0·08 8·1 7·8 95·3 0·04 7·9 7·6 95·6

2·5 1·25 6·0 5·8 41·2 0·08 8·0 7·6 94·0 0·03 7·8 7·5 94·8
5 1·22 6·0 5·7 43·8 0·08 7·9 7·5 94·3 0·02 7·8 7·4 93·7
10 1·18 6·1 5·7 46·4 0·04 7·9 7·3 93·3 -0·03 7·8 7·3 93·5

0 0·1 1·24 5·8 5·7 40·5 0·01 9·1 8·4 94·3 0·03 8·5 8·0 94·6
1 1·23 5·3 5·3 34·5 0·01 8·3 7·9 94·1 0·07 7·8 7·4 95·0

2·5 1·23 5·3 5·2 32·9 -0·01 8·0 7·7 95·6 0·08 7·4 7·1 95·4
5 1·21 5·2 5·0 30·6 -0·03 8·0 7·5 93·8 0·09 7·3 6·8 94·3
10 1·22 5·2 4·9 28·2 0·01 8·0 7·3 94·4 0·17 7·2 6·5 93·1

Empirical bias (multiplied by 10), empirical standard error (ES) (multiplied by 10), average of the sandwich standard

error estimates (SS) (multiplied by 10) and coverage (in %) of 95% confidence intervals for the standard logistic

regression estimates, adjusting forM (LR-M) and(M,L) (LR-ML), and of the proposed estimator of the conditional

controlled direct effect log odds ratio (LD-C);θ = 100E {Y (0, 0)}.

and will study the asymptotic distribution of the proposed estimators when a generalized additive
association model is used.
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APPENDIX 1

Proof of Proposition 1

That modelA impliesB is immediate. To prove the opposite, we must exhibit for any observed data
law f(Y,M,L,X) satisfying the restrictions of modelB a full data lawf{Y (X, 0), Y (0, 0), Y,M,L,X}
satisfying the restrictions of modelA. First, we setf(Y,M,L,X) equal to an arbitrary joint law that
satisfies (5). It follows from Gill & Robins (2001) that the consistency assumption and the no unmeasured
confounders assumptions (2) impose no restrictions on the observed data law, so that we can always find
a law f{Y (X, 0), Y (0, 0) | Y,M,L,X} satisfying these restrictions. We can choose this law to satisfy
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12 S. VANSTEELANDT

E{Y (0, 0) | L,X} = expit[logitE {Y (X, 0) | L,X} − γ(X ;β∗)] in order to make (4) hold. Indeed, this
restriction does not conflict the consistency assumption bythe fact thatY (0, 0) is not observable, unless
X = 0 in which case the above equality becomes redundant. It does not conflict assumption (3) because
the above identity is a restriction on the lawf{Y (0, 0) | L,X} and therefore imposes no restrictions on the
conditional dependence betweenY (0, 0) andM , givenL andX . Finally, it does not conflict assumption
(2) when modelA satisfies (7) for allX .

APPENDIX 2

Linear structural direct effect models

Suppose thatE(Y |M,L,X) = µxl(X,L; η
∗) + µm(X,L,M ; η∗) and E{Y (X, 0)− Y (0, 0) |

X,L} = γx(X ;β∗) + γl(X,L;β
∗) with µxl(X,L; η

∗) = µx(X ; η∗) + µl(X,L; η
∗), γl(X,L;β) a

known function ofX and L, smooth inβ and satisfyingγl(0, L;β) = 0 and centered such that
E {γl(X,L;β∗) | X} = 0, whereγx(X ;β) andµm(X,L,m; η) are defined as before. Suppose that we
fit the misspecified modelE{Y (X, 0)− Y (0, 0) | X,L} = γx(X ;β) using the strategy of§2·3, but with
the inverse logit link replaced with the identity link; i.e.by solving

0 =
n
∑

i=1

d(Mi, Li, Xi) {Yi −m(Mi, Li, Xi; η)}+ [e(Xi)− E {e(Xi)}] {µxl(Xi, Li; η)− γx(Xi;β)} .

Upon settingη = η∗ andγx(X ;β) = γx(X ;β∗), we obtain the following expected estimating equation
E ([e(Xi)− E {e(Xi)}] [E{Yi(0, 0) | Xi, Li}+ γl(Xi, Li;β

∗)]) , which is zero becauseE{Yi(0, 0) |
Xi} = E{Yi(0, 0)} by (2) and becauseE {γl(Xi, Li;β

∗) | Xi} = 0. It follows that, if one were to ignore
X-L interactions in the considered structural direct effect models with identity link, then the proposed es-
timatorsγx(X ; β̂) still converge toE{Y (X, 0)− Y (0, 0) | X} in probability.

APPENDIX 3

Semi-parametric efficiency

We derive the efficient score for the parameters indexing modelB. To be sufficiently general, we relax
(2) to beY (x,m) ⊥⊥ X | C for all x,m, whereC is a collection of baseline covariates, and we rede-
fine L such thatC ⊆ L. Further, we redefine the association model (5) to be logitE(Y | X,L,M) =
µx(X,C; η

∗) + µl(X,L; η
∗) + µm(X,L,M ; η∗), whereµx(X,C; η) is an arbitrary function of(X,C),

smooth inη, and the structural model (4) to be logitE{Y (X, 0) | X,L} − logitE{Y (0, 0) | X,L} =
γ(X,C;β∗), where γ(X,C;β) is an arbitrary function ofX and C, smooth inβ and satisfying
γ(0, C;β) = 0, and whereβ∗ is an unknown, finite-dimensional parameter. For reasons explained in
§2·3, one should ideally impose minimal restrictions on the term µx(X,C; η) in the association model.

The likelihood for a single observation equals f(Y |M,L,X ; η)f(M,L |
X,C;β, η, ηml)f(X,C; ηx), where

∫

expit{µxl(X,L; η)− γ(X,C;β)} f(L | X,C;β, η, ηml)dL

=

∫

expit{µxl(X,L; η)− γ(X,C;β)} f(L | X,C;β, η, ηml)f(X | C; ηx)dLdX,

with µxl(X,L; η) = µx(X,C; η) + µl(X,L; η) andηx andηml infinite-dimensional nuisance parame-
ters. The tangent space (Newey, 1990) forηx is given byΛx = {S(X,C) : E{S(X,C)} = 0} and the
tangent space forηml is given by

Λml = {S(M,L | X,C) : E{S(M,L | X,C) | X,C} = 0,

E [expit{µxl(X,L; η)− γ(X,C;β)}S(M,L | X,C) | X,C]
= E [expit{µxl(X,L; η)− γ(X,C;β)}S(M,L | X,C)|C]} .
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It is easy to verify that the projection of an arbitrary functionH ≡ h(Y,M,L,X) onto the orthocomple-
ment of the nuisance tangent spaceΛml is

H − E (H |M,L,X) + E (H | X,C)
+ (expit{µxl(X,L; η)− γ(X,C;β)} − E [expit{µxl(X,L; η)− γ(X,C;β)} | C])
×σ−2(X,C) {Cov[H, expit{µxl(X,L; η)− γ(X,C;β)} | X,C]
−E

(

σ−2(X,C)Cov[H, expit{µxl(X,L; η)− γ(X,C;β)} | X,C] | C
)

E
{

σ−2(X,C) | C
}−1

}

,

whereσ2(X,C) ≡ var[expit{µxl(X,L; η)− γ(X,C;β)} | X,C] . The scores forη under parametric
submodels can be written as

mη(M,L,X ; η) [Y − expit{m(M,L,X ; η)}] + Sη(M,L | X,C) (A1)

where m(M,L,X ; η) = µxl(X,L; η) + µm(M,L,X ; η) and where Sη(M,L | X,C) satisfies
E {Sη(M,L | X,C) | X,C} = 0 and

E
[

expit′ {µxl(X,L; η)− γ(X,C;β)}µxl,η(X,L; η) | X,C
]

+E [expit{µxl(X,L; η)− γ(X,C;β)}Sη(M,L | X,C) | X,C]
= E

[

expit′ {µxl(X,L; η)− γ(X,C;β)}µxl,η(X,L; η) | C
]

+E [expit{µxl(X,L; η)− γ(X,C;β)}Sη(M,L | X,C) | C] . (A2)

The first term in (A1) is orthogonal to the nuisance tangent spacesΛx andΛml. The projection of the
second term onto the orthocomplement of the nuisance tangent spaceΛml is given by

(expit{µxl(X,L; η)− γ(X,C;β)} − E [expit{µxl(X,L; η)− γ(X,C;β)} | C])
×σ−2(X,C)

{

E
[

expit′ {µxl(X,L; η)− γ(X,C;β)}µxl,η(X,L; η) | X,C
]

− E−1
{

σ−2(X,C) | C
}

×E
(

σ−2(X,C)E
[

expit′ {µxl(X,L; η)− γ(X,C;β)}µxl,η(X,L; η) | X,C
]

| C
)}

which is also orthogonal toΛx. The efficient score forη is thus given by the lastq rows of the efficient
estimating function given in§2·3. Likewise, the scores forβ under parametric submodels can be written
asSβ(M,L | X,C) whereSβ(M,L | X,C) satisfiesE {Sβ(M,L | X,C) | X,C} = 0 and (A2) with
Sη(M,L | X,C) replaced bySβ(M,L | X,C) andµxl,η(X,L; η) by γβ(X,C;β). Its projection onto
the orthocomplement of the nuisance tangent spaceΛl is as given by the firstp rows of the efficient
estimating function given in§2·3, which is also orthogonal toΛx, and is thus the efficient score forβ.

A locally robust estimator can be obtained by estimatingβ∗ as the so-
lution to an estimating equation based on the following estimating functions
[γβ(X,C;β)− E {γβ(X,C;β) | C}] expit{µxl(X,L; η)− γ(X,C;β)} , and η∗ as the
solution to an estimating equation based on a set of estimating functions which in-
cludes [γβ(X,C;β)− E {γβ(X,C;β) | C}] [Y − expit{m(X,L,M ; η)}]. Indeed, let
η̃0 be the probability limit of η̂ in the absence of a total effect; i.e.,β∗ = 0 and
µm(M,L,X ; η∗) = 0. From the fact that the second estimating equation above is set to have
mean zero, we obtain thatE ([γβ(X,C;β)− E {γβ(X,C;β) | C}]expit{µxl(X,L; η̃0)}) =
E {[γβ(X,C;β)− E {γβ(X,C;β) | C}]Y } in the absence of a total effect. It follows that the
first estimating function above has mean zero atβ∗ = 0 andµm(M,L,X ; η∗) = 0 because its mean
equals the conditional covariance betweenγβ(X,C; 0) andY , givenC, which is zero in the absence
of a causal effect. It is easily verified that the choice (10) yields estimating functions that satisfy the
aforementioned restrictions and thus yields a locally robust estimator.
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