
 http://smm.sagepub.com/
Statistical Methods in Medical Research

 http://smm.sagepub.com/content/early/2011/06/24/0962280211402258
The online version of this article can be found at:

 
DOI: 10.1177/0962280211402258

 published online 29 June 2011Stat Methods Med Res
Jozefien Buyze and Els Goetghebeur

Crossover studies with survival outcomes
 
 

Published by:

 http://www.sagepublications.com

 can be found at:Statistical Methods in Medical ResearchAdditional services and information for 
 
 
 

 
 http://smm.sagepub.com/cgi/alertsEmail Alerts: 

 

 http://smm.sagepub.com/subscriptionsSubscriptions:  

 http://www.sagepub.com/journalsReprints.navReprints: 
 

 http://www.sagepub.com/journalsPermissions.navPermissions: 
 

 What is This?
 

- Jun 29, 2011 OnlineFirst Version of Record>> 

 at MCGILL UNIVERSITY LIBRARY on November 27, 2012smm.sagepub.comDownloaded from 

http://smm.sagepub.com/
http://smm.sagepub.com/content/early/2011/06/24/0962280211402258
http://www.sagepublications.com
http://smm.sagepub.com/cgi/alerts
http://smm.sagepub.com/subscriptions
http://www.sagepub.com/journalsReprints.nav
http://www.sagepub.com/journalsPermissions.nav
http://smm.sagepub.com/content/early/2011/06/24/0962280211402258.full.pdf
http://online.sagepub.com/site/sphelp/vorhelp.xhtml
http://smm.sagepub.com/


Article

Crossover studies with survival
outcomes

Jozefien Buyze and Els Goetghebeur

Abstract

Crossover designs are well known to have major advantages when comparing the effect of two treatments

which do not interact. With a right-censored survival endpoint, however, this design is quickly abandoned

in favour of the more costly parallel design. Motivated by human immunodeficiency virus (HIV) prevention

studies which lacked power, we evaluate what may be gained in this setting and compare parallel with

crossover designs. In a heterogeneous population, we find and explain a substantial increase in power for

the crossover study using a non-parametric logrank test. With frailties in a proportional hazards model,

crossover designs equally lead to substantially smaller variance for the subject-specific hazard ratio (HR),

while the population-averaged HR sees negligible gain. Its efficiency benefit is recovered when the

population-averaged HR is reconstructed from estimated subject-specific hazard rates. We derive the

time point for treatment crossover that optimizes efficiency and end with the analysis of two recent HIV

prevention trials. We find that a Cellulose sulphate trial could have hardly gained efficiency from a

crossover design, while a Nonoxynol-9 trial stood to gain substantial power. We conclude that there is

a role for effective crossover designs in important classes of survival problems.

Keywords

crossover design, frailty models, HIV prevention, microbicides, survival analysis

1 Introduction

Crossover trials are powerful designs when the variation between subjects trumps variation within.1

They are particularly advantageous for the study of stable chronic diseases and are most
straightforward in the absence of a carry-over effect or treatment-by-period interaction when
missing data can be avoided.

Perhaps surprisingly, ample advice but relatively little evidence is found to support the use or not
of crossover designs for survival outcomes. Senn2 and the Cochrane Collaboration3 call them
unsuitable for survival analysis unless there are recurrent events, but do not elaborate on the
statistical basis for this advice. In a recent publication, Senn4 has, however, indicated to have
changed his mind. Meanwhile, crossover studies have appeared in the literature occasionally. For
example in breast cancer, disease-free survival was compared in a crossover trial with wash-out
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period;5,6 in fertility studies, a marginal proportional odds model has been proposed for analyzing
studies with repeated crossover.7

Motivated by problems of human immunodeficiency virus (HIV) prevention studies, we examine
the potential benefit of crossover trials in survival analysis. Notwithstanding some success stories in
HIV prevention (cfr. circumcision8,9 and the prevention of mother to child transmission10), the field
of microbicide trials in HIV prevention11–17 has seen all too many failed randomized studies with
little or no power. This prompted the study on ‘Methodological challenges in biomedical HIV
prevention trials’ and the 2008 IOM report by The National Academies Press.18 The large
heterogeneity in risk behaviour between women19 naturally raises the crossover question in this
context. Furthermore, since condoms as microbicide gels require application with every sexual act
they seek to protect, their ‘half life’ is quite short and supports a logical argument against carry-over
effects. Situations where this can go wrong are discussed in the final section.

We set out to compare parallel and crossover trials of equal total duration or follow-up time in
this setting, where initially, we let participants in the crossover design switch treatment ‘halfway’
through the study if they survive the switch point (Figure 1).

An apparent drawback of the survival outcome stems from participants precluded from crossing
over upon experiencing an endpoint in the first period. They then add no further information over
the second period of the design. Potentially more problematic is the possibility of premature
censoring which equally ends the observation period. The crucial assumption must then be made
that – given the available information – censoring in itself is not related to subsequent risk. This
assumption is often deemed acceptable in standard clinical trials with survival outcome and we will
rely on it here too.
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Figure 1. (a) parallel design, (b) crossover design.
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In a recent article by Nason and Follmann,20 crossover trials were used with absorbing binary
endpoints where similar censoring issues may occur. They, however, ignored this as well as the timing
of events within a period of the crossover design. Instead, they applied both a parametric mixture
model and a non-parametric test to repeated binary data. Their mixture model assumes further no
period effect and may yield a probability of an event above 1 which makes interpretation difficult.
In this article, we set out to analyse the actual event times using not only a parametric mixture model
and a non-parametric test but also a semi-parametric mixture model. In our approach, baseline
hazard may be non-constant over time and the optimal crossover time point is derived.

We detail our setting in Section 2 and compare the power of the (weighted) logrank test in the
parallel and crossover designs in Section 3. In Sections 4 and 5, we discuss the benefit of crossover
trials for estimation under parametric and semi-parametric working models, respectively. In Section
6, we examine how much could be gained from the crossover design in two recent HIV prevention
trials. We derive the change point that optimizes efficiency for the crossover design in Section 7 and
end with a discussion and conclusions in Section 8.

2 Setting

When individuals share a common constant baseline hazard, a renewal process is generated: within
and between subject comparisons refer to the same (accumulated) hazard. In such setting, the
crossover design is expected to only differ from the parallel design in the number of participants
that receive treatment A versus B in the second period. Simulation confirms that it is slightly more
efficient to allocate the largest group of participants at the end of the first period to the higher risk
treatment in the second period. The resulting crossover gain in efficiency is negligible, however.

In what follows, we focus on a random sample of individuals i¼ 1, . . . , n from a heterogeneous
population. Let the survival distribution of individual iunder control conditions be characterized by an
individual-specific hazard at baseline�i and theheterogeneity in baseline risks be reflected by frailties gi,
i.e. �i¼ �gi, which can be seen as a reflection of common causes of death over time as in Hernan et al.21

Treatment is further assumed to affect individual hazards �ji in treatment group j¼A,B
proportionally: �Bi ¼ ��Ai with � the individual-specific hazard ratio (HR). The implied ratio of
population-averaged hazards will be time-dependent, i.e. ��BðtÞ ¼ �mðtÞ ��AðtÞ, with ��BðtÞð ��AðtÞÞ the
population-averaged hazard at time t under treatment B(A) and �m(t) a time-varying population-
averaged HR.

3 The power of (weighted) logrank tests under both designs

Logrank tests compare hazards of failure over a chosen time window between two treatment groups.
Their construction avoids specification of the baseline risks, yielding robustness against such pattern
misspecification. Since our population-averaged HR is time-varying, a weighted logrank test22 is
suggested as the more powerful version of the test. Below we evaluate the performance of both
logrank-type tests and explain obtained results.

Let ti denote the ith-ordered observed failure time, Ri (ni) the risk set (size) and di the number of
events at ti. Zi indicates the treatment group of the failed subject at ti (Zi¼ 0, 1), and �Zi its average
among Ri. The weighted logrank statistic

T ¼
X
ti

wiðZi � �ZiÞ

with estimated variance V22 then has under H0 : �¼ 1, T2

V � �
2
1 asymptotically.
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Schoenfeld23 demonstrated how weights wi proportional to ln
��BðtiÞ
��AðtiÞ

� �
achieve maximal power.

Ignoring the frailty distribution, one ignores these optimal weights, and could use the decreasing
Peto–Prentice weights24 as a simple approximation

wi ¼
Y
j�i

1�
dj

nj þ 1

� �
:

We compare empirical powers of the (thus weighted) logrank test between the parallel and the
crossover design by simulation. In the simulation, we used exponentially distributed baseline
hazards as suggested from the prognostic scores estimated in the COL-1492 study.14 By way of
illustration, data are generated with individual-specific time-constant baseline hazards which are
themselves exponentially distributed with a mean of 0.3 per year, approximating the 0.264 per year
seen in the high risk population of the Nonoxynol-9 trial,12 and a sample size chosen to obtain a
power ranging between 70% and 80%. A total of 1000 simulated datasets of size 500 with
individual-specific HR 1.5 and a total follow-up time of 10 years yielded empirical powers of the
standard logrank test for the parallel and crossover design of 68% (95% confidence interval (CI):
65–71%) versus 89% (95% CI: 87–91%), respectively, accompanied by an empirical type I error of
4.7% (95% CI: 3.4–6.0%) and 4.1% (95% CI: 2.9–5.3%), respectively. For the weighted logrank
test, this is 73% (95% CI: 70–76%) and 83% (95% CI: 81–85%), respectively, demonstrating a 10%
absolute increase in power for the crossover design with now an empirical type I error of 4.7% (95%
CI: 3.4–6.0%) in both instances.

The power of the logrank test at the � significance level equals P(Z� z1��/2� c)+P(Z�
�z1�a/2� c) with Z � N(0, 1) and c the non-centrality parameter of the test statistic. Let F be the
follow-up time, t1 the switch point, ��i ðsÞ the population-averaged hazard in group i, Xi(t) the
expected number of observed survivors at time t in group i and X(t) the overall expected number
of observed survivors at time t. Without making any parametric assumptions, the non-centrality
parameter c for the parallel design is R F

0

X0ðsÞX1ðsÞð�
mðsÞ�1Þ��

0
ðsÞ

XðsÞ dsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR F
0

X0ðsÞX1ðsÞ
XðsÞ ��0ðsÞdsþ

R F
0

X0ðsÞ
XðsÞ

� �2
X1ðsÞð�mðsÞ � 1Þ��0ðsÞds

r ð3:1Þ

and for the crossover design R F
0

X0ðsÞX1ðsÞð�
mðsÞ�1Þ��

0
ðsÞ

XðsÞ dsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR F
0

X0ðsÞX1ðsÞ
XðsÞ ��0ðsÞdsþ

R t1
0

X0ðsÞ
XðsÞ

� �2
X1ðsÞð�mðsÞ � 1Þ��0ðsÞdsþ

R F
t1

X1ðsÞ
XðsÞ

� �2
X0ðsÞð�mðsÞ � 1Þ��0ðsÞds

r : ð3:2Þ

The rationale for the non-parametric logrank test gaining power in a crossover design is quite
intuitive. Heterogeneity in risk leads to an attenuating population-averaged hazard over time. In the
COL-1492 trial14 for instance, fitted piecewise constant population-averaged hazards decrease from
0.189 in the first 6 months to 0.08 after 3 years.25 In the crossover design, survivors of the first period
with the higher risk treatment tend to be less frail than the corresponding survivors on the lower risk
treatment. This continues to hold when a third (adjuvant) treatment is added which is effective on
both arms (Appendix A). From then on, the less frail group receives the lower risk treatment,
increasing the HR further beyond that in the parallel design, hence increasing the power. This
rationale holds for a general frailty distribution and a general individual-specific hazard function.
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The result stands when loss to follow-up is present (Appendix A). For a conservative sample size
correction, one can then multiply the obtained sample size with 1

1�l with l the probability of loss to
follow-up.

In addition to an increased HR, increased power is owed in the crossover design to an increase in
expected number of events. Indeed, the number of events in the two designs coincides up to the
switch point with the group of higher risk survivors being smaller than the group of lower risk
survivors. In the crossover design, the smaller less frail group next receives the lower risk treatment
while the larger more frail group receives the higher risk treatment, yielding more expected events
than in the parallel design. In the special case of time-constant individual-specific baseline hazards
(Assumption 1), gamma-distributed frailties with mean 1 and variance � (Assumption 2) and a time-
constant individual-specific HR � (Assumption 3), expected numbers of events are

N
2 2� 1

ð1þ��FÞ1=�
� 1
ð1þ���FÞ1=�

� �
in the parallel design and N

2 2� 1
ð1þ��t1þ���ðF�t1ÞÞ

1=� �
1

ð1þ���t1þ��ðF�t1ÞÞ
1=�

� �
in the crossover design with N the total sample size, F the maximum follow-up time and t1 the switch

point.

Since the population-averaged HR is expected to jump up at the start of the second period before
declining again (Figure 2), the Peto–Prentice weights, which are continuously decreasing over time,
will not necessarily yield the more efficient weights.

4 Parametric model

Maximum likelihood estimators and corresponding standard errors are easily derived for both the
parallel and crossover designs when individual-specific failure times have time-constant hazards with
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Figure 2. Population-averaged HR over time with exponentially distributed time-constant baseline hazards with

mean 0.3 and HR 1.5. Left, parallel design and right, crossover design.
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gamma-distributed frailties. Under the parametric assumptions (1–3) of Section 3, solutions to the
score equations are written out in Appendix B together with the relative efficiency of the crossover
versus parallel design. We evaluate efficiency again by simulation, generating 1000 datasets of size
2000, as in Section 3: �¼ 0.3 per year, �¼ 1.5 with a total follow-up time of 10 years (and crossover
at year 5). Figure 3 shows how the relative efficiency of the crossover versus parallel design
(calculated with formulae from Appendix B) increases with a larger standard deviation of the
frailties. Results in Table 1 support unbiased point estimates under both designs, but the
standard error and root mean squared error (MSE) are substantially reduced under the crossover
design. The observed relative efficiency is about 1.69 here (i.e.(0.117/0.09)2 for the HR).

With non-constant hazards, for example if the individual baseline hazards are piecewise constant
over time, solutions to the score equations would remain asymptotically unbiased with reduced
standard error as well as root MSE under the crossover design.

5 Semi-parametric working model

Now assume unspecified baseline failure times but a time-constant (population-averaged or
individual-specific) HR for treatment.
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Figure 3. Relative efficiency (crossover design vs. parallel design) with parametric working model (simulated dataset

of size 20 000).

Table 1. Simulated datasets of size 2000: results for heterogeneous population in parametric model

true value design empirical mean mean SE empirical SE
ffiffiffiffiffiffiffiffiffi
MSE
p

coverage

� 0.3 Parallel 0.300 0.017 0.017 0.017 0.938

� 0.3 Crossover 0.300 0.015 0.015 0.015 0.946

� 1.5 Parallel 1.506 0.117 0.119 0.119 0.981

� 1.5 Crossover 1.502 0.090 0.091 0.091 0.984

ln(�) 0.405 Parallel 0.406 0.078 0.078 0.078 0.987

ln(�) 0.405 Crossover 0.405 0.060 0.061 0.061 0.986
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5.1 Parallel design

For analysis, we first consider as a data generating model a true Cox proportional hazards frailty
model

�iðtÞ ¼ �0ðtÞ expð�Zi þ BiÞ

with Zi¼ 0 (1) for treatment A (B) that accounts for heterogeneity between individuals through the
frailty term26–28 exp(Bi) assumed to follow a gamma distribution. Key parameter here is exp(b), the
individual-specific treatment HR.

We next develop estimation under a working model which is a standard, i.e. marginal, Cox
proportional hazards model:

�mi ðtÞ ¼ �
m
0 ðtÞ expð�

mZiÞ: ð5:1Þ

Model (5.1) violates the true data-generating model by assuming a homogeneous population. Its
parameter exp(bm), now represents a time average of the true population-averaged HR.29 If exp(Bi)
is gamma(1,1) distributed and the individual-specific hazards are time-constant, then the true

HRpopavgðtÞ ¼
tþ 1

�

tþ 1
��

: ð5:2Þ

5.2 Crossover design

The data-generating Cox proportional hazards frailty model for analysis is now:

�ikðtÞ ¼ �0ðtÞ expð�Zik þ BiÞ ð5:3Þ

where k (k¼ 1, 2) denotes the period, exp(Bi) is gamma distributed, and the subject-specific
treatment HR exp(b) is of key interest.

As a working model, the marginal standard Cox proportional hazards model:

�mikðtÞ ¼ �
m
0 ðtÞ expð�

mZikÞ

is again inconsistent with the true model (5.3) and has exp(�m) time averaging the true population
HR for treatment. If exp(Bi) is gamma(1,1) distributed and the individual-specific hazards are time-
constant, then

HRpopavgðtÞ ¼

tþ1
�

tþ 1
��

t � t1
ðt�t1Þþ

1
�þt1�

ðt�t1Þþ
1
��þ

t1
�

t4 t1

8<
:

with t1 the crossing time point.
We compare efficiency of the parallel and crossover design by simulation.

5.3 Simulation results

We generated 1000 datasets of size 2000 as in Section 3. Cox proportional hazards models adapted
to the parallel and crossover design as in Section 5.2 estimate a weighted time averaged population
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HR with weights S(t)�(t) where S(t) is the survival distribution and �(t) the hazard function (see
Appendix C for a derivation along the lines of Xu and O’Quigley29):

ln

Z FU

0

SðtÞ�ðtÞR FU
0 SðtÞ�ðtÞdt

HRpopavgðtÞdt

 !
:

It amounts there to 0.251 resp. 0.329 in the parallel and crossover design as shown in Table 2. Under
both designs with their respective working models, the estimators perform well on average. For
estimation of the subject-specific HR, common to both designs, the crossover design appears two-
thirds more efficient (MSE(cross)� 1

3 MSE(parallel)). Quite worrying is, however, the coverage,
which is unexpectedly low because of an underestimated standard error. In contrast, results are
nearly identical when estimating the population-averaged HR. The picture changes when we
estimate the population-averaged HR indirectly from the crossover design, by integrating over
the individual-specific HR results (with ratio of standard errors then equal to 0.83).

With a different heterogeneity pattern and correct working model, e.g. for normally distributed
frailties, we again find smaller bias and standard error for the individual-specific HR in the crossover
design. However, when the frailty distribution is then misspecified as gamma, the bias becomes
larger and no efficiency benefit remains. Hernan et al.21 state indeed that, because frailties
represent common causes of failure, not appropriately correcting for an underlying frailty
distribution introduces selection bias. On the other hand, the population-averaged HR, though
likely biased for the individual-specific effect of treatment on death, represents the causal effect of
treatment on the marginal survival distribution, arguably of direct public health interest. In the
special case where the frailties of both groups are gamma distributed with the same shape parameter
but a different scale parameter, the population-averaged HR is also constant over time30 and the
standard Cox proportional hazards model remains correct. We found the crossover design to, then,
have a slightly smaller MSE than the parallel design.

6 Relative efficiency in actual trials

Consider two HIV prevention studies, the Cellulose sulphate trial13 and the Nonoxynol-9 trial,12

where microbicides were tested with a negative but non-significant effect. In the Nonoxynol-9 trial,12

the remaining uncertainty led to the later launch of a large-scale trial with equally unfortunate
negative results.14 We examine whether a crossover study of equal sample size and total duration
could have yielded a significant negative effect based on fewer data so that the larger trial might have
been avoided or modified. For this purpose, the efficiency of the crossover design is expressed in
terms of the expected width of the 95% CI for the population-averaged treatment effect.

Table 2. Simulated datasets of size 2000: results in semi-parametric model

time-average True Empirical Mean

HR Design HR mean SE Empirical SE
ffiffiffiffiffiffiffiffiffi
MSE
p

Coverage

ln(�) Population-averaged Parallel 0.251 0.248 0.051 0.051 0.051 0.946

ln(�) Population-averaged Crossover 0.329 0.319 0.051 0.052 0.055 0.937

ln(�) Subject-specific Parallel 0.405 0.371 0.070 0.122 0.125 0.655

ln(�) Subject-specific Crossover 0.405 0.397 0.059 0.073 0.074 0.869
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6.1 Cellulose sulphate (CONRAD-multisite) trial

The Cellulose sulphate trial13 aimed to assess effectiveness of 6% cellulose sulphate gel in preventing
male-to-female vaginal transmission of HIV. A total of 1398 women were randomized and followed
exactly for 1 year. With an estimated hazard in the placebo group of 0.0333 events per year and
population-averaged HR of 1.61 (95% CI [0.86,3.01]), no significant effect of cellulose sulphate gel
was found. We simulated data with an individual-specific hazard ratio of 1.63, the value found in a
grid search to match a weighted average population HR of 1.61 following equation (5.2). The
corresponding 95% CI for the population-averaged HR of a ‘simulated crossover result’ is
expected to be [0.93,2.93], which is hardly smaller and still misses a significant effect for the
cellulose sulphate gel. With parametrically generated data, the estimated power to detect a HR of
1.63 through the standard logrank test is 44.2% (95% CI: 39.8–48.6%), respectively 45.2% (95%
CI: 40.8–49.6%), in the parallel and crossover design. The empirical power of 500 simulated datasets
in function of the sample size is given in Figure 4 and confirms that no substantial gain is to be
expected from a crossover design in this setting.

6.2 Nonoxynol-9 trial

One of the early Nonoxynol-9 trials aimed to determine efficacy of the nonoxynol 9 contraceptive
sponge in preventing coital acquisition of HIV.12 A sample size of 116 with 2 years yielded an
estimated hazard of 0.264 per year in the placebo group with a HR of 1.7, 95% CI [0.9,3.0].
Following the same approach as above, the individual-specific HR is found to be 1.96 and the
95% CI for the population-averaged HR in the crossover design is expected to be [1.09,3.52].
Hence, the crossover design could have demonstrated a significantly negative effect of the
nonoxynol 9 contraceptive sponge and perhaps better informed the later trial. With
parametrically generated data, the empirical power of the non-parametric logrank test is 50.4%
(95%CI: 46.0–54.8%) respectively 61.6% (95%CI: 57.3–65.9%) in the parallel and crossover design.
Figure 4 shows how power is now expected to depend on design as well as sample size (based on 500
simulated datasets).

7 Optimal crossover time point

So far, we assumed participants cross over ‘halfway’ through the study. We now search for the
optimal change point �j that maximizes relative efficiency31 n0

nj
with n0 the required sample size to

achieve a given power under the parallel design with specified total duration and nj the required
sample size to achieve that same power for the set change point �j and equal total duration.
In regular problems, n0

nj
equals ð

cj
c0
Þ
2 with cj the non-centrality parameter of the limiting

distribution under contiguous alternatives. For a total follow-up time of 10 years, time-constant
individual-specific baseline hazards which are exponentially distributed with mean 0.3 per year and a
individual-specific HR of 1.5, the non-centrality parameters can be calculated via Taylor
approximations from (3.1) and (3.2). Figure 5 shows relative efficiency of crossover designs versus
the parallel design in function of the switch point (actual time). Under our assumptions the
crossover design is always more efficient and achieves a maximum relative efficiency of 1.8 at a
change point of 2 years, which is in this case just one-fifth of the total study length. The right axis in
the figure shows the percentage of events which have occurred over time under treatment A (dashed
line) and treatment B (dotted line) and reveals how by the optimal crossing time point 50% of the
scheduled events for treatment A have occurred.
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Figure 4. Empirical power (500 simulated datasets) in function of sample size. Top, cellulose sulphate trial and

Bottom, nonoxynol-9 trial.
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8 Discussion

The literature warns against crossover designs in survival analysis, mostly because individuals who
fail in the first period, do not add information over the second period. Subjects who do fail in the
second period, however, bring the added information that they survived the first period under the
alternative intervention, a fact which may be exploited in the crossover analysis. Our study has
revealed that for certain survival time problems, crossover designs are beneficial. Practical barriers
and implications of assumptions deserve some discussion. As for continuous and binary outcomes,
the obvious gain is achieved under heterogeneity between subjects and absence of carry-over effect.
By its very nature, the crossover trial carries limited information on long-term effects and long-term
safety following a single treatment. In proof of concept trials, this need not be an issue.

Plausibility of the assumption of no carry-over effect is not all together self-evident in the HIV
prevention trials of Section 6. For the N-9 gel, which turned out to be harmful, it has been suggested
that the gel causes vaginal lesions which in turn heighten the risk of HIV transmission.32,33

Depending on the half life of the lesions, some carry-over effect on the hazard into the next
treatment period might well exist. This is however likely of limited impact and if in doubt, a
relatively short washout period with condom use only can overcome the problem. On the other
hand, when carry-over effects are anticipated, it becomes of intrinsic interest to learn about the AB
versus BA treatment sequence.5 The constant treatment parallel trial lacks information on this. If the
switch point is no longer fixed but possibly triggered by an observed event, one enters into the realm
of dynamic treatment regimes.34,35

Other standard limitations of crossover designs apply here too. Practical barriers to switching
medication may well exist. At the logistic level, a more careful labeling of products for the two

Figure 5. Pitman relative efficiency (crossover design vs. parallel design) vs. change point.
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periods is required. At the patient level, a shift in side effects may reveal the nature of the product to
the users. For other studies like in epilepsy, changing anti-epileptic drugs is associated with an
increased risk of an epilepsy-related event.36 The decision to embark in a crossover versus parallel
trial will ideally be based on a well-argued balance of all pro’s and con’s including required sample
size and cost.

The simulations shown involved time-constant subject-specific hazards. This, together with the
assumed heterogeneity has implications for the shape of the population-averaged hazard
distribution. Consistency with the data may be examined through a measure of goodness-of-fit
albeit with limited power. Alternatively, one can model the hazard in function of observed
characteristics of the participants – such as risk behaviour or preventive measures to learn about
heterogeneity. Changing hazards over time influence the optimal change point which occurred in our
example when about half of the scheduled events were observed. An attenuating (increasing)
population-averaged HR over time tends to shift the optimal change point to the left (right).

The fact that the non-parametric logrank test is generally more powerful in the crossover design is
important because it does not require assumptions on the frailty distribution. This benefit can be
further exploited for estimation in an accelerated failure time model37,38 where backtransformation
of observation times are followed by the logrank test. The 95% CI for the treatment effect then
consists of these effects for which the test does not reject equality of the backtransformed times at the
5% significance level. The higher power of the logrank test in the crossover design will then yield a
shorter CI.

In the presence of heterogeneity in risk, conducting a crossover design is one approach to increase
power. Alternatively, one may gain power by explaining part of the frailty variance by covariates
which measure baseline risk behaviour (e.g. number of sex partners in HIV prevention studies).
In clinical trials, robustness is highly treasured for the intention-to-treat result. Giving it up
encounters several specific hurdles here. Measurement of such covariates is complicated due to
recall bias, stigma and the private nature of the requested data. Even if correctly measured, they
tend to be high dimensional complicating estimation of an adjusted baseline hazard. Their
prognostic value may be reduced for the new trial since risk behaviour may well shift during the
study as participants get paid, receive medical care and education on risk behaviour. Hence
explaining a proportion of the frailty variance by correcting for covariates is not always a
feasible or preferred option in practice.

We conclude that, also in survival analysis, the crossover design may bring added efficiency and
insights which deserve to be explored further.
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Appendix A

Survivors at t1 with high risk treatment over [t0, t1] are less frail than
t1-survivors with low risk treatment over [t0, t1]

In this section, we show that the survivors following high-risk treatment are less frail then the
survivors following low-risk treatment. First, we leave the frailty distribution and hazard function
unspecified; second, we take into account loss to follow-up.

A.1 General hazard distribution - no loss of follow-up

For a general frailty distribution and individual-specific hazard function, let Uh denote the frailties
of the t1-survivors following high-risk treatment and Ul the frailties of the t1-survivors following
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low-risk treatment. The densities, are respectively, f and g where

f ðuÞ ¼
f0ðuÞS0ðt1juÞR1

0 f0ð�iÞS0ðt1j�iÞd�i

and

gðuÞ ¼
f0ðuÞS1ðt1juÞR1

0 f0ð�iÞS1ðt1j�iÞd�i

Following developments in Marshall and Olkin,39 we first show that Uh is smaller than Ul in the
likelihood ratio ordering, i.e. we show that

f ðuÞ gðvÞ � f ðvÞ gðuÞ 8u � v:

39 Proof:

u � v

+

ð1��Þu � ð1��Þv

+

uþ�v � vþ�u

+

u

Z t1

0

�ðtÞdtþ�v

Z t1

0

�ðtÞdt � v

Z t1

0

�ðtÞdtþ�u

Z t1

0

�ðtÞdt

+

exp �

Z t1

0

�ðtÞudt

� �
exp �

Z t1

0

�ðtÞ�vdt

� �
� exp �

Z t1

0

�ðtÞvdt

� �
exp �

Z t1

0

�ðtÞu�dt

� �
+

S0ðt1juÞS1ðt1jvÞ � S0ðt1jvÞS1ðt1juÞ

+

f0ðuÞS0ðt1juÞR1
0 f0ð�iÞS0ðt1j�iÞd�i

f0ðvÞS1ðt1jvÞR1
0 f0ð�iÞS1ðt1j�iÞd�i

�
f0ðvÞS0ðt1jvÞR1

0 f0ð�iÞS0ðt1j�iÞd�i

f0ðuÞS1ðt1juÞR1
0 f0ð�iÞS1ðt1j�iÞd�i

+

f ðuÞ gðvÞ � f ðvÞ gðuÞ

ðA:1Þ

Thus, we have shown that Uh <lr Ul which implies that Uh <hr Ul
39 and from this follows that Uh is

stochastically smaller than Ul.
39 In the second period of the crossover design, the less frail group

(high risk survivors) receives the lower risk treatment, increasing the HR further beyond that in the
parallel design. In addition, the number of high-risk survivors is lower than the number of low-risk
survivors. Thus, in the second period, the larger group is assigned to the higher risk treatment
yielding more events. From both arguments follows that the power is higher in the crossover
design than in the parallel design.
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A.2 Allowing for loss of follow-up, third treatment

Assume that some observations are lost to follow-up. Let the survival function of duration of follow-
up D be denoted by Sh(t) in the high-risk treatment group and Sl(t) in the lower risk treatment
group. Then, the densities of Uh and Ul are respectively

f ðuÞ ¼
f0ðuÞS0ðt1juÞShðt1ÞR1

0 f0ð�iÞS0ðt1j�iÞShðt1Þd�i
ðA:2Þ

and

gðuÞ ¼
f0ðuÞS1ðt1juÞSl ðt1ÞR1

0 f0ð�iÞS1ðt1j�iÞSl ðt1Þd�i
ðA:3Þ

Assuming the loss to follow-up is independent of the survival process, the derivation above remains
unaltered until (A.1) and continues as follows:

S0ðt1juÞS1ðt1jvÞ �S0ðt1jvÞS1ðt1juÞ

+�
f0ðuÞS0ðt1juÞSl ðt1ÞR1

0 f0ð�iÞS0ðt1j�iÞSl ðt1Þd�i

f0ðvÞS1ðt1jvÞShðt1ÞR1
0 f0ð�iÞS1ðt1j�iÞShðt1Þd�i

�
f0ðvÞS0ðt1jvÞSl ðt1ÞR1

0 f0ð�iÞS0ðt1j�iÞSl ðt1Þd�i

f0ðuÞS1ðt1juÞShðt1ÞR1
0 f0ð�iÞS1ðt1j�iÞShðt1Þd�i

�
+

fðuÞgðvÞ � fðvÞgðuÞ

We have therefore again shown that Uh <lr Ul and thus, Uh is stochastically smaller than Ul. Hence,
the hazard ratio in the crossover design increases compared to the parallel design. Even if there is
loss to follow-up in the first period, the expected number of events until t1 is the same in the parallel
and crossover design. In the second period, if there is considerable more loss to follow-up with the
high-risk treatment (e.g. because of toxicity), there may be less events in the crossover design than in
the parallel design and this might counterbalance the higher HR. However, this will rarely occur in
practice.

Now assume that there is another treatment (e.g. risk behaviour counseling) which is more
effective early on in the study. The densities of Uh and Ul are of the same form as above (A.2
and A.3) and the same proof holds.

In the specific case that the frailties are gamma distributed with mean 1 and variance � and a

time-constant hazard, Uh � Gamma 1
� ,

�
��t1þ1

� �
and Ul � Gamma 1

� ,
�

���t1þ1

� �
. A gamma distribution

with parameters 	 and 1
� is the distribution of waiting times for the 	th jump in the Poisson

process with parameter �.39 In the high-risk group the scale parameter 1
� of the gamma

distribution is smaller than in the low-risk group and thus models the density of smaller waiting
times. Hence, Ph(g>x)�Pl(g> x) and the gamma distribution in the high-risk group
is stochastically smaller than in the low-risk group. We conclude that the population of survivors
following high-risk treatment are less frail than the corresponding population survivors
following low-risk treatment.
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Appendix B

Estimating equations under parametric assumptions

When the frailties are gamma distributed with mean 1 and variance �, score equations for the
parallel design are

Pn
i¼1 
1,iRi

1
�� ð

1
� þ 1Þ �ti

1þ��ti

� �
þ 
1,ið1� RiÞ

1
�� ð

1
� þ 1Þ ��ti

1þ���ti

� �
þð1� 
1,iÞRi �

1
�

�t1
1þ��t1

� �
þ ð1� 
1,iÞð1� RiÞ �

1
�

��t1
1þ���t1

� �
¼ 0Pn

i¼1 
1,ið1� RiÞ
1
�� ð

1
� þ 1Þ ��ti

1þ���ti

� �
þ ð1� 
1,iÞð1� RiÞ �

1
�

��t1
1þ���t1

� �
¼ 0

8>>><
>>>:

In the crossover design, the estimating equations are

Pn
i¼1 Ri
1,i

1
�� ð

1
� þ 1Þ �ti

1þ��ti

� �
þ ð1� RiÞ
1,i

1
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1
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1þ���ti
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þRið1� 
1,iÞ
2,i

1
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1
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1þ��t1þ���ðti�t1Þ
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1
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1
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1
�
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� �
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1,iÞ
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1
�
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2,i �ð

1
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1
�
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8>>>>>>>>>>>>><
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We solve these equations by Newton–Raphson where we take the estimates from an assumed
homogeneous population as starting values.

The negative of the information matrix in the parallel design exists of

@2 lnðLð�ÞÞ
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and in the crossover design
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ð1þ ���tiÞ
2

� �

þ Rið1� 
1,iÞ
2,i �ð
1

�
þ 1Þ

�ðti � t1Þ

ð1þ ��t1 þ ���ðti � t1ÞÞ
2

� �

þ ð1� RiÞð1� 
1,iÞ
2,i �ð
1

�
þ 1Þ

�t1

ð1þ ���t1 þ ��ðti � t1ÞÞ
2

� �

þ Rið1� 
1,iÞð1� 
2,iÞ �
1

�

�ðt2 � t1Þ

ð1þ ��t1 þ ���ðt2 � t1ÞÞ
2

� �

þ ð1� RiÞð1� 
1,iÞð1� 
2,iÞ �
1

�

�t1

ð1þ ���t1 þ ��ðt2 � t1ÞÞ
2

� �

The variance-covariance matrix of the estimators is estimated as the inverse of the information
matrix.
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Appendix C
Weighted average population HR over time

Suppose the true model is

�ðtjZðtÞÞ ¼ �0ðtÞ expf�ðtÞZðtÞg

and the working model for analysis is the standard Cox proportional hazards model

�ðtjZðtÞÞ ¼ �0ðtÞ expf�ZðtÞg:

Xu and O’Quigley29 state that the maximum partial likelihood estimator converges to the solution of
the equation Z 1

0

sð1Þð�ðtÞ, tÞ

sð0Þð�ðtÞ, tÞ
�
sð1Þð�, tÞ

sð0Þð�, tÞ

� �
sð0Þð�ðtÞ, tÞ�0ðtÞdt ¼ 0 ðC:1Þ

with

SðrÞð�, tÞ ¼ n�1
Xn
i¼1

YiðtÞe
�ZiðtÞZiðtÞ

r, sðrÞð�, tÞ ¼ E½SðrÞð�, tÞ�

and

SðrÞð�ðtÞ, tÞ ¼ n�1
Xn
i¼1

YiðtÞe
�ðtÞZiðtÞZiðtÞ

r, sðrÞð�ðtÞ, tÞ ¼ E½SðrÞð�ðtÞ, tÞ�

where the expectations are taken with respect to the true distribution and Y(t) at the risk indicator.
Then, analogous as in Section 3 of Xu and O’Quigley,29 we denote the solution of (C.1) by �* and

write the estimating equation (C.1) asZ 1
0

ð�ðtÞ � ��Þvð�, tÞsð0Þð�ðtÞ, tÞ�0ðtÞdt � 0

�� �

R1
0 �ðtÞvð�, tÞsð0Þð�ðtÞ, tÞ�0ðtÞdtR1

0 vð�, tÞsð0Þð�ðtÞ, tÞ�0ðtÞdt

Assuming that v(�, t) changes little with time, we find

�� �

R1
0 �ðtÞsð0Þð�ðtÞ, tÞ�0ðtÞdtR1

0 sð0Þð�ðtÞ, tÞ�0ðtÞdt

and

sð0Þð�ðtÞ, tÞ�0ðtÞ ¼ E n�1
Xn
i¼1

YiðtÞe
�ðtÞZiðtÞ�0ðtÞ

" #

¼ E n�1
Xn
i¼1

YiðtÞ�ðt,ZiðtÞÞ

" #

� SðtÞSCðtÞ�ðt,ZðtÞÞ

so

�� �

R1
0 SðtÞSCðtÞ�ðt,ZðtÞÞ�ðtÞdtR1

0 SðtÞSCðtÞ�ðt,ZðtÞÞdt
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