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Abstract Despite decades of research in the medical literature, assessment of the
attributable mortality due to nosocomial infections in the intensive care unit (ICU)
remains controversial, with different studies describing effect estimates ranging from
being neutral to extremely risk increasing. Interpretation of study results is further
hindered by inappropriate adjustment (a) for censoring of the survival time by dis-
charge from the ICU, and (b) for time-dependent confounders on the causal path from
infection to mortality. In previous work (Vansteelandt etal. Biostatistics 10:46-59),
we have accommodated this through inverse probability of treatment and censoring
weighting. Because censoring due to discharge from the ICU is so intimately con-
nected with a patient’s health condition, the ensuing inverse weighting analyses suffer
from influential weights and rely heavily on the assumption that one has measured
all common risk factors of ICU discharge and mortality. In this paper, we consider
ICU discharge as a competing risk in the sense that we aim to infer the risk of ‘ICU
mortality’ over time that would be observed if nosocomial infections could be pre-
vented for the entire study population. For this purpose we develop marginal structural
subdistribution hazard models with accompanying estimation methods. In contrast to
subdistribution hazard models with time-varying covariates, the proposed approach
(a) can accommodate high-dimensional confounders, (b) avoids regression adjustment
for post-infection measurements and thereby so-called collider-stratification bias, and
(c) results in a well-defined model for the cumulative incidence function. The meth-
ods are used to quantify the causal effect of nosocomial pneumonia on ICU mortality
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using data from the National Surveillance Study of Nosocomial Infections in ICU’s
(Belgium).
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1 Introduction

Nosocomial (i.e., hospital-acquired) infections are highly prevalent in intensive care
unit (ICU) patients because of their poor health conditions and because of the prevalent
use of invasive treatments (e.g., mechanical ventilation) that make it more difficult to
conquer hostile bacteria. They form a major public health problem in the Western
world. For instance, in Belgium (which has a population size of about 10.5 million
people), it is roughly estimated that nosocomial infections contribute to the mortality
of 2600 patients per year, to 700,000 extra hospital days and to a total annual cost
of 400 million EUR (Vrijens et al. 2009). There is a longstanding interest in precise
knowledge of the effect of these infections on mortality (Davis 2006; Heyland et al.
1999; Safdar et al. 2005). This stems from the desire to better understand their severity
as well as the importance of a timely treatment. This is additionally motivated by the
need to justify the high costs that these infections impose on the society as a result of
prolonged hospital stay and extra hospitalisation costs.

The question whether nosocomial infections are severely harmful, remains a subtle
one for several reasons. First, infection must be viewed in combination with antibiotic
treatment, which has beneficial effects if applied appropriately (Kollef 2003) but may
have harmful effects otherwise (e.g., due to antibiotic resistance). Second, patients
who acquire these infections and subsequently die, may have been so severely ill that
they would have died even without the infection. In view of this, it will be crucial to
have the ability to adjust for the evolution in disease severity over time.

Despite the wide literature on the effect on mortality of acquiring a nosocomial
infection in the ICU, assessment of this effect remains controversial, with differ-
ent studies describing effect estimates ranging from being neutral to extremely risk
increasing (Bercault and Boulain 2001; Fagon et al. 1993; Girou et al. 1998; Heyland
et al. 1999; Papazian et al. 1996; Timsit et al. 1996). Interpretation of study results is
further hindered by time-dependent bias (i.e., bias due to ignoring the time-dependent
nature of the data (Beyersmann et al. 2008; Van Walraven et al. 2004)) and inappro-
priate adjustment for time-dependent confounding and for informative censoring due
to discharge from the ICU (Vansteelandt et al. 2009).

Informative censoring (Kalbfleisch and Prentice 2002) results from the decision to
discharge a patient from the ICU being closely related to his/her health status. Patients
who get discharged from the ICU on a given day since admission are therefore not com-
parable with those who stay in the ICU on that day. If a rich collection of common risk
factors of mortality and ICU discharge were measured, one could in principle accom-
modate this using inverse probability of censoring weighted estimators (Keiding et al.
1999; Robins and Rotnitzky 1992; Vansteelandt et al. 2009). However, the resulting
analyses rely heavily on the assumption that all such risk factors have been measured
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and suffer from influential weights because censoring tends to be strongly associated
with mortality in this setting (Vansteelandt et al. 2009). In this paper, we will therefore
take a different focus than Vansteelandt et al. (2009) and estimate the impact of acquir-
ing infection in the ICU on the Cumulative Incidence Function (CIF) of ICU death
(Fine and Gray 1999; Pepe and Mori 1993; Prentice et al. 1978). This is the probability
of dying within the ICU before a given time, as a function of time. Focussing on this
estimand not only rules out the censoring problem (since ICU death by a given time
is observable for all patients so that censoring becomes purely administrative due to
end of follow-up); ICU mortality is also of primary interest to ICU physicians, is fre-
quently used in this domain (see e.g. Resche-Rigon et al. (2006), Vallés et al. (2007),
and Wolkewitz et al. (2009)) and would be representative of overall mortality if the
hazard of death were relatively small after ICU discharge. A similar focus is taken by
e.g. Beyersmann et al. (2006), Wolkewitz et al. (2009), and Wolkewitz et al. (2008)
who consider discharge from the ICU and ICU mortality as competing risks to assess
the impact of infection on ICU mortality and length of stay in the ICU.

Given our focus on the CIF of ICU death, a natural approach would be to consider the
infection status as a time-dependent covariate in a model for the subdistribution hazard
(i.e. the hazard function corresponding to the CIF) (Barnett and Graves 2008; Bey-
ersmann and Schumacher 2008; Wolkewitz et al. 2008). This approach acknowledges
that patients need to survive and stay within the ICU long enough before acquiring
infection (Beyersmann et al. 2008; Van Walraven et al. 2004). However, because pa-
tients who do and do not acquire infection at a given time are not comparable in terms
of severity of illness, observed mortality differences between these groups cannot be
fully attributed to an infection effect. Including measures of disease severity as addi-
tional time-varying covariates does not accommodate this. First, it inevitably raises
difficulties as to how to define these covariates, which were only measured during
the ICU stay, after discharge (i.e., when the competing event has occurred) (Beyers-
mann and Schumacher 2008; Latouche et al. 2005). Second, because a patient’s health
status is affected by prior infection, several of these covariates are intermediate on the
causal path from early infection to mortality, and therefore should not be adjusted for
via standard regression methods (Hernédn et al. 2000). This is not only because stan-
dard regression would remove indirect infection effects mediated through severity of
illness, but also because it would induce a so-called collider-stratification bias (Green-
land 2003). Third, subdistribution hazards adjusted for time-dependent covariates do
not result in a model for the CIF anymore (Beyersmann and Schumacher 2008), just
like standard survival Cox models with time-dependent covariates yield no model for
the survival function (Andersen et al. 1993). This complicates the interpretation of
the infection effect by the fact that a hazard ratio, unlike a comparison of the CIFs,
does not lend itself to a simple causal interpretation. This is so because, even if in-
fected and uninfected patients were exchangeable (Herndn and Robins 2006) upon
ICU admission, the risk sets of surviving infected and uninfected patients may not
stay exchangeable over time (Hernan et al. 2004).

In view of these limitations, we will develop marginal structural models (Robins
et al. 2000) for the counterfactual subdistribution hazard with accompanying estima-
tion methods. Using these models, we will be able to infer the risk of ICU death
over time that would be observed if nosocomial infections could be prevented for
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the entire study population. The proposed framework for causal effect estimation (a)
can accommodate high-dimensional confounders, (b) avoids regression adjustment
for post-infection measurements, and (c) results in a model for the CIF. The method-
ology is developed for complete data, but may extended to right-censored data using
additional inverse probability of censoring weights (Fine and Gray 1999; Robins and
Rotnitzky 1992).

The paper is organized as follows. In Sect.2 we start by introducing the main con-
cepts and assumptions. In Sect. 3, we develop inference under a nonparametric model
for the counterfactual cuamulative incidence function. This is then extended in Sect. 4 to
semiparametric discrete-time marginal structural models for the subdistribution haz-
ard. Both estimation strategies are used in Sects. 3.3 and 4.2, respectively, to quantify
the effect of nosocomial pneumonia on ICU mortality using data from the National
Surveillance Study of Nosocomial Infections in ICU’s (Belgium). We end in Sect. 5
with a discussion on the assumptions and the relative advantages and limitations of
the proposed methodology.

2 Notation, definitions and assumptions
2.1 Observed data

For each patient, we observe the time 7 from ICU admission to death or ICU dis-
charge, whichever comes first and the event type €, which indicates 1 for the event of
interest (ICU death) and 2 for the competing event (ICU discharge). In addition, for
each patient, we observe a discrete-time counting process {A;, 0 < ¢ < T} until death
or ICU discharge, whichever comes first, where ¢ denotes days since ICU admission.
Here, A; indicates 1 for ICU acquired infection at or prior to time # and O otherwise.
Finally, for each patient, we observe a collection of baseline confounders L and time-
dependent confounders L; on each day 7, which will be listed in Sect. 3.3. Our interest
focuses on the Cumulative Incidence Function (CIF) of ICU death: P (T <t,e = 1).

2.2 Counterfactual subdistribution hazard and cumulative incidence function

Unlike a competing risk analysis with time-dependent infection status (Beyersmann
and Schumacher 2008; Wolkewitz et al. 2008), we will evaluate the CIF for the entire
population under different hypothetical or potential infection paths to guarantee that
we compare the same patient population each time. This requires that we define for
each patient a counterfactual event time Tz (Robins 1986; Rubin 1978), which rep-
resents the time until ICU death or ICU discharge, whichever comes first, which an
ICU patient would—possibly contrary to fact—have had under the given hypothetical
infection path a. Such potential infection path @ = (ay, az, ..., ag) equals a vector
of elements a;, for ¢ going from day 1 (i.e. admission) in the ICU to a fixed end-
of-follow-up time E, representing a hypothetical regime in which all ICU patients
would be uninfected in the ICU during all days ¢ with a; = 0 and infected in the ICU
on all remaining days ¢’ with a,, = 1. Correspondingly, we define {ez(r),t > 0} to
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be a discrete-time stochastic process expressing the counterfactual event status under
infection path @ on each day ¢. This indicates 1 (or 2) on day ¢ if the patient would
have died in (been discharged from) the ICU under that potential infection path, and O
if no event would have occurred by that day. In addition, we define €5 = €;(T%). For
an event of type k (k = 1, 2), we thus conceptualize the corresponding counterfactual
subdistribution event time 65, = inf{t € [0, oo[: €z(t) = k}. Fork = 1 (k = 2), thisis
equal to Tz = inf{r € [0, oo[: €5(¢) # 0} for patients who die within (get discharged
from) the ICU under the given infection path a and oo for patients who get discharged
from (die within) the ICU under that infection path. We further define the counterfac-
tual CIF corresponding toeventtype k as Fgx(t) = P (I < t,eg=k) = P Bz < 1),
for all + > 0. This is the probability that, under infection path @, an event of type k
occurs at or before time 7.

Our focus in this article will be on inferring the CIF under monotone infec-
tion paths in which a; > a; for + > 5. This will enable us to infer the effect of
acquiring infection on a given day, disregarding the possible impact of the dura-
tion of infection. For instance, we can define the causal effect of acquiring infec-
tion on day ¢ since admission in the ICU on the cumulative incidence of ICU death
as a comparison of 2 counterfactual CIFs under different monotone infection paths
(ai,...,a;—1,a¢,...,ag) = (0,...,0,1,...,1) and (ay,...,ag) = (0,...,0),
indicating regimes where all patients acquire infection on day ¢ since admission ver-
sus never in the ICU, respectively. By considering monotone infection paths only,
we will be able to ignore information on the duration of infection, which is often
imprecisely measured, and will thus average over patients with different duration of
infection. Alternatively, the causal effect of infection can be reported in terms of the
population attributable fraction of ICU mortality related to infection, which we define
at each time ¢ as

Fl(t)A F()l(t) (1)

Fi(1)
where F 1(¢) is the estimated observed CIF of ICU mortality at time ¢ and 13"51 (1) is
the estimated counterfactual CIF of ICU mortality at time ¢ under the no infection
path. This expresses what percentage of the observed ICU deaths by time ¢ could be
avoided by preventing infection. A related comparison of observed and counterfactual
infection-free responses was considered in Schulgen and Schumacher (1996) to esti-
mate the prolongation of stay attributable to nosocomial infections. We believe that
(1) links more closely to the originally concept of attributable risk than other proposed
measures (Schumacher et al. 2007), in particular because at each time it compares the
same population twice.

2.3 Assumptions
To be able to identify the counterfactual CIF under all infection paths, the following

2 assumptions must be made (see Sect. 5 for a further discussion of the assumptions).
First, we will make the so-called consistency assumption which links the counter-
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factual data to the observed data by assuming that 7z and €z equal the observed
event time 7 and status € for patients whose observed infection data are compat-
ible with (i.e. would have been observed under) the given infection path a at that
time (see also Sect.3.1). To appreciate this assumption, note that our definition of
‘infection path’ assumes the existence of an intervention whereby infection is pre-
vented for all patients during a given period of time and acquired at a given later
time ¢ (provided they are still in the ICU). The consistency assumption then states
that this intervention is non-invasive in the sense that it has no effect other than caus-
ing infection at and not before time ¢ (VanderWeele and Vansteelandt 2009). In par-
ticular, it assumes that for patients who would naturally acquire (prevent) infection
on day 7, the same event time and status would be observed under that interven-
tion as was naturally observed. In this sense, the population attributable fraction (1)
reflects a ‘pure’ infection effect that would be realized if patients would somehow
‘naturally’ avoid infections. Second, we will make the no unmeasured confound-
ers assumption that, for each time ¢, among uninfected patients who have been in
the ICU with the same covariate history L = (Lo,...,L;—1) up to time t — 1,
those who acquire infection at time ¢ are exchangeable with those who do not in the
sense that @H A,|Z,,1 ,€z(t — 1) = 0, L,_ for all # and all infections paths a;
here, for any vector W;, W, refers to the history (Wi, ..., W;) and W, refers to the
future (Wy, ..., Wg). Here we assume that, as was the case in our data analysis (see
Sect.3.3), the infection status was measured on day ¢ for all patients who did not die
or get discharged before day 7.

3 Estimation under a nonparametric model for the counterfactual cumulative
incidence function

3.1 Compatible infection paths

To infer the counterfactual CIF under a given infection path @, we must select those
patients whose observed data are compatible with it: i.e. those for whom we would
have observed the same event time and status had such infection path been imple-
mented. As an illustration, we will show how this can be done for the infection path
a(0) = (0,0,0,...,0) under which patients stay infection-free and for the infection
patha(5) = (0,0,0,0, 1, ..., 1) under which patients acquire infection 5 days after
admission. Consider the following 4 hypothetical patients in Fig. 1. Patient 1 stays
in the ICU without infection for at least 10 days, patients 2 and 3 acquire infection
in the ICU on day 5 and 4 respectively, and finally patient 4 gets discharged from
the ICU without infection on day 3. The days on which a patient is compatible with
the hypothetical infection paths a(0) and a(5) are indicated with a larger font size in
Fig. 1a and b, respectively, as we now explain.

No infection:  Figure la illustrates that patients who have not acquired infection and
are still in the ICU by time ¢ are compatible with a(0) at time ¢. For instance, att = 3,
all patients in Fig. 1a are compatible with a(0); at# = 4, patients 1 and 2, unlike patient
3, are compatible with @(0). In addition, patients who get discharged or die without
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t 1 2 3 4 5 6 7 8 9 10
200 0 0 O O O O 0 O
Patient1| A, |O O O O O O O O O
Patient2 | A, | O 0O O O 1 1 1 1 1 1
Patient3| A, [ O 0 O 1 1 1 1 1 1 1
Patient4 | A, | O O O
A
t 1 2 3 4 10
a5 0 0 0 O 1
Patient1 | A, [0 O O O o 0 0 0 0 0
Patient2| A, | O O O O 1 1 1 1 1 1
Patient3| A, | O O O 1 1 1 1 1 1 1
Patient4 | A, | O 0 O

Fig. 1 Selection of patients compatible with infection paths a(0) (a) and a(5) (b)

infection before time # (e.g. patient 4) are compatible with @(0) at time ¢ because their
same observed data would have been obtained under a regime in which infection is
prevented for all patients.

Acquiring infection on day 5: Figure 1b illustrates that on all days ¢ < 5, this infec-
tion path coincides with the no infection path and thus the same patients are compatible
with both @(5) and a(0) on those days. For instance, patient 1 in Fig. 1b is compatible
with @(5) on all days ¢t < 5; patient 3 is compatible with a(5) until the day before
acquiring infection and obviously, patients who acquire infection on day 5 (i.e. patient
2) are compatible with @(5) on all days ¢. In addition, patients who get discharged or
die without infection before day 5 (i.e. patient 4), are compatible with a(5) on day ¢
because they would also have been discharged/have died prior to day 5 under a regime
in which infection is acquired on day 5 (and not before) by all patients who are still
in the ICU on that day.

Note from the previous examples that a patient’s observed data can be compatible
with (and thus carry information about) multiple infection paths. For instance, a patient
who is discharged without infection 20 days after admission is compatible with all
infection paths in which infection is acquired after day 20. When the end-of-follow-
up time E is 30 days, this patient thus has 10 compatible infection paths (see Fig. 2).
In general, a patient who gets discharged without infection at a given time ¢ is com-
patible with all infection paths a (¢ + s) for s > 0.

3.2 Estimation under a given infection path

In this section, we discuss the estimation of the counterfactual CIF for a given infection
path a. Define dg;, to be the number of events of type k that occur at time ¢ for the
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ICU admission
Day 1 Day 20 Day 30
L

AA0OO0OOOOOOOOOOOOOOOOOO

OR R OOOODODOOO
oRrRPRROOOOOOO
OR R R ROOOOOO
oRrRPRRRROOOOO
OR R RRRRLOOOO
ORRPRPRRRPRRROOO
OR R R RRPRRRERROO
ORRPRRRPRRRERRRO
OR R R RERRRBRRBRB R

0
0
0
0
0
0
0
0
0
1
0

Fig.2 Compatible infection paths for a patient who gets discharged without infection 20 days after admis-
sion (endpoint is 30 day ICU mortality)

ng; patients who are compatible with infection path @ at that time. If there were no
confounding, then the counterfactual cumulative incidence at time ¢ for event type k
under infection path @ could be estimated as the percentage of observed events of type
k at or before time ¢ amongst patients who are compatible with @ at that time:

Z;:l das
nat
_ ST =) [T H(Aig = a) (ei(s — 1) = 0) + I (ei(s — 1) # 0)}
ST U (Ais = a) (ei(s — 1) = 0) + I (ei(s — 1) # 0)} '

2

In general, this is a biased estimator of the counterfactual CIF at time ¢ because it
uses only data from people whose observed infection status was compatible with the
chosen infection path at that time, and these may not form a random subset of the target
population. We will therefore refer to it as the naive estimator of the counterfactual
CIF. To adjust for this bias, we will use inverse probability of treatment weighting
(IPTW) and estimate the counterfactual cumulative incidence at time ¢ for event type
k under infection path @ as:

2ici (et = k) Wiar

Far(t) = ’ ;
< >t Wia 3
where
t = [ - = ) —
Wi = [[ e =@ @6 =D =0 416 D20

P(Ais = aglei(s — 1), Aj -1, Lis—1)

s=1

Here, P(Ajs = aslei(s—1), K,',S,l , Zi, s—1) denotes the probability of having infection
status ag at time s conditional on the observed covariates (e(s — 1), Ag_1, Ls_1).
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Because patients who are discharged or have died before time s stay compatible
with infection path @ when they were compatible with this path at the time of dis-
charge/death, no further selection is made within that subgroup and thus we define
P(Ais = aslei(s—1), Aj 51, Lis—1) toequal | whene(s —1) # 0. Whene(s — 1) =
0, this probability can be estimated using a pooled logistic regression model.

In the Appendix, we show that (3) is a consistent estimator of the counterfactual
cumulative incidence at time ¢ under infection path @ when, in addition to the assump-
tions of Sect.2.3, P(A; = a;le(t — 1) =0, A1, Zt_1) is correctly specified at each
time ¢. In the Appendix, we further show that for given 7, a conservative, asymptotic
(1 — 2)100% confidence interval for Fz;(¢) can be obtained as

S L Var(Uiar)
1 Fz + 2o ——= = , 5
expit |: ogit { k(t)} z /2\/11 POl — For)) :| (%)

where z4/7 is the (1 — «/2)100% percentile of the standard normal distribution, U;zx
is the weighted residual

Uik = Wiar {1 (6(0) =) = Far()} (©)

and @(U,-,ak) refers to the sample variance of U;,zx.

3.3 Data analysis

We use the proposed techniques for the analysis of the National ICU Surveillance
Study in Belgium (Suetens et al. 1999, 2003; Vansteelandt et al. 2009). All ICU’s in
Belgian hospitals were invited to participate in this surveillance study on a voluntary
basis. For all patients admitted to the ICU, data were recorded on personal charac-
teristics, reasons for ICU admission, baseline health status, and daily indicators of
received invasive treatments and acquired infections in the ICU. Nosocomial pneu-
monia (NP) was defined as pneumonia acquired by patients after the second day of
ICU stay, to exclude infections that were in incubation upon enrollment in the ICU.
The third day of stay in ICU will therefore be the starting point for our analysis, thus
excluding patients who stayed less than 3 days. We restrict the analysis to surveillance
data collected for the years 2002 and 2003 in three of the largest hospitals, which have
accurate daily measurements of received invasive treatments and acquired infections.
A total of 4288 ICU patients were analysed. Of the 360 (8.4%) patients who acquired
NP in the ICU and stayed more than 2 days, 75 (20.8%) died in the ICU, as compared
to 360 (9.2%) deaths among the 3928 patients who remained NP-free in the ICU; of
these 360 (infected) patients, 245 or 68.2% (328 or 91.3%) acquired infection during
the first week (first two weeks) after admission. Among patients who stayed more
than 2 days in the ICU, the median length of stay in the ICU was 4 days (IQR 3,
95th percentile 14) for those without an infection history and 18 days (IQR 19, 95th
percentile 30) for the remaining patients.
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Table 1 Number of patients who died at or before time 7 and the number of patients compatible with a(0)
and a(5), before and after weighting

t Naive IPTW

1a(0) da(0) na(s) da(s) na(0) da(0) na(s) da(s)
3 4228 86 4228 86 4290 87 4290 88
4 4167 144 4167 144 4283 148 4283 148
5 4118 176 2482 144 4290 182 4135 148
6 4075 208 2482 144 4289 221 4135 148
7 4043 226 2482 144 4278 243 4135 148
8 4024 242 2482 145 4277 264 4135 328
9 4008 257 2482 146 4280 283 4135 356
10 3996 272 2482 146 4285 303 4135 356
11 3983 286 2482 147 4279 322 4135 417
12 3976 296 2482 148 4282 336 4135 424
13 3967 307 2482 149 4280 351 4135 439
14 3960 311 2482 150 4276 358 4135 461
15 3952 319 2482 150 4273 372 4135 461
30 3928 360 2482 152 4284 443 4135 543

nq and d, refer to the denominator and numerator, respectively, of the naive estimator (2) and the IPTW
estimator (3)

To estimate the CIF of ICU death under the no infection path a(0), we select
those patients for whom we would have observed the same event time and status had
such infection path been implemented (see Fig. 1a for an illustration). The number of
patients ngz(): whose observed data are compatible with a(0) at each time ¢, along
with the number dz (o) of those who died at or before time ¢ are given in the second
and third column of Table 1. Similar numbers are reported in columns 4 and 5 for the
infection path a(5). Note that nz (), diminishes each time with the number of patients
who acquire infection at that time. Patients who get discharged without infection by
a given time ¢ stay compatible with this path until the end-of-study time E, which
was chosen to equal 30 days in our analyses. Note also that, by construction, identical
results are obtained for the infection paths @(0) and a(5) up to day 5. From day 5
onwards, the number of patients whose data are compatible with a(5) stays constant
until the end-of-study time as it equals the number of patients who acquire infection
on day 5 together with those who died or were discharged without infection prior to
day 5.

The naive estimator (2) corresponding to a(0) is obtained as the ratio of dz(o) over
ngz(0). The resulting estimates are displayed in Fig. 3a and suggest roughly a 1% abso-
lute reduction in ICU mortality at 30 days if infection were avoided for all patients.
These estimates are biased because they ignore confounding. We therefore calculate
the IPTW estimator (3). This requires estimating the probability of acquiring infection
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ateach time . We have built a pooled logistic regression model for this purpose, follow-
ing the strategy explained in Vansteelandt et al. (2009). The probability of acquiring
infection was associated with the presence of infection (other than NP) upon ICU
admission and the following invasive treatments, received the day before infection
(i.e., at time ¢ — 1): mechanical ventilation, parenteral feeding and feeding through
naso- or oro- intestinal tube, tracheotomy, oral intubation, the presence/absence of
tracheotomy intubation, surgery and a central vascular catheter; and antibiotic treat-
ment received two days before infection (i.e., at time ¢ — 2). We did not adjust for
antibiotic treatment the day before infection to exclude the possibility that this was
already an effect of a latent infection. Additionally there was an association with gen-
der and study center, evidence for effect modification of the SAPS II score by type
of admission, multiple trauma and surgery, and evidence for effect modification of
the effect of antibiotic treatment and parenteral feeding by study center. Finally, we
used regression splines for the time effect. Using the predicted values from the final
model, we calculated the probability of each patient being compatible with the cho-
sen infection path up to time ¢, given baseline variables and time-dependent variables
L,_1. The calculation of the resulting weights Wz is illustrated in Table 2 for three
effectively observed patients who were discharged from the ICU at 5, 9 and 3 days
after admission, respectively. In particular, the weight W;z; is obtained by taking the
reciprocal of the product of the probabilities ;¢ over all time pointss = 3, ..., ¢ (the
remaining columns of Table 2 will be explained in Sect.4.2). Note the sharp increase
in the weights when patients become infected. It follows that an analysis of most
infection paths, such as a(5), may be much influenced by extreme weights so that less
reliable inferences are typically obtained under these infection paths. For instance, the
weights of patients who are compatible with @(5) had a median and mean of 1.01 and
1.59, an interquartile range and standard deviation of 0.03 and 9.47 and 1% and 99%
percentiles of 1 and 9.93 (min. 1, max. 387.4). In contrast, inference for the infection-
free path @ (0) tends not to suffer much from influential weights because most observed
patient-days correspond to no infection. For instance, the weights of patients who are
compatible with @(0) had a median and mean of 1.02 and 1.08, an interquartile range
and standard deviation of 0.05 and 0.22 and 1% and 99% percentiles of 1 and 1.93
(min. 1, max. 9.64). This is useful because the most relevant intervention is one where
infection would be prevented for all patients and thus our most substantive interest
lies in a(0).

Using the calculated weights, we can now predict the number of patients who would
have died within the ICU by a given time had infection been prevented for all. This is
given by the numerator of (3) and is displayed as dz(o) in the 7th column of Table 1.
The corresponding overall number of patients (i.e. the denominator of (3)) is shown
as ng(o) in column 6. It approximates the overall sample size (i.e., 4288) because the
idea behind inverse weighting is to infer how the data would have looked like had
all patients received the same intervention (e.g. been uninfected). The last 2 columns
of Table 1 show similar results for the infection path a(5). The IPTW estimators (3)
corresponding to a(0) and a(5) are again obtained as dg()/ngz©0) and dz(s)/nas),
respectively, and displayed in Fig. 3b along with the observed CIF. Not surprisingly,
the CIF corresponding to the infection-free path is now higher than before because it
acknowledges that patients who avoid infection during their ICU stay are relatively
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Table 2 Estimated weights for three patients who are discharged on days 5, 9 and 3, respectively, corre-
sponding to different infection histories

i ! Ajt Tlit it T3t Wiar hia,k (Lio) hea ik (Lio) Wiar
1 3 0 0.98 0.99 0 1.01 0.98 0.99
1 4 1 0.02 0.01 0.36 100 0.03 3

1 5 1 1 1 0.29 100 0.03 3

2 3 0 0.98 0.99 0 1.01 0.98 0.99
2 4 0 0.98 0.99 0.36 1.02 0.97 0.99
2 5 1 0.02 0.02 0.29 50 0.05 2.5
2 6 1 1 1 0.23 50 0.05 2.5
2 7 1 1 1 0.18 50 0.05 2.5
2 8 1 1 1 0.15 50 0.05 2.5
2 9 1 1 1 0.12 50 0.05 2.5
3 3 0 0.98 0.99 0 1.01 0.98 1

7 = P(Aj; = ajlei(t—1) =0, A; ;1 =0, Lig), mai; = P(Aj; = ajle;(t —1), Aj y—1 =0, Lj 1_),

73ir = Pt — 1) > Ole;(t —2) =0, A; ,—1, Lijo)
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Fig. 3 Naive estimate (a) and IPTW estimate (b) of the counterfactual CIF for ICU death under infection
paths @(0) and a(5), together with the observed CIF

more healthy. The IPTW estimate of the CIF under infection path a(5) (Fig.3b) is
now more realistic than the naive one, although very imprecise (see Fig.4b). The fact
that the IPTW estimate of the CIF under a(0) suggests slightly higher ICU death
rates than in the observed population, might be counterintuitive, although there is
little that can be said about this comparison given the imprecision of these estimates.
The more efficient inferences developed in the next section will shed further light on
this.
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Fig.4 IPTW estimate (with 95% pointwise confidence intervals) and naive estimate of the counterfactual
CIF for ICU death under infection paths a(0) (a) and a(5) (b)

4 Estimation under a semiparametric discrete-time marginal structural
subdistribution hazard model

4.1 Model and estimation

The previous IPTW estimator is useful to infer the CIF of death that would be realized
if all patients were uniformly exposed to the same infection path, but does not allow
for direct comparison of CIFs corresponding to different chosen infection paths. It
thus yields no effect estimates. Furthermore, in finite samples, the IPTW estimator is
not guaranteed to yield a non-decreasing counterfactual CIF with time and can be very
inefficient (see e.g. Fig. 4b). In view of this, we will develop models and accompanying
inference for the counterfactual subdistribution hazard corresponding to event type k,
which we define conditional on baseline covariates L as:

rak(t|Lo) = P(Iz =t,€g = k|Tg = t U (Tz <t Neg # k), Lo}

For k = 1, this represents the risk for a patient to die within the ICU on day ¢ under
infection path a, given that he/she did not die in the ICU before that day. Note that
the risk set at each time ¢ is composed of those who did not experience the event of
interest (i.e., who did not die) by time ¢, thus including those who experienced a com-
peting event (i.e., who got discharged) by time 7. We can now define a discrete-time
marginal structural subdistribution hazard model for event type k to be a model for the
counterfactual discrete-time hazard, possibly conditional on baseline covariates L.
For example, with §; = 22;11 as denoting the number of days a patient would have
been infected prior to time ¢ under infection path a, one might postulate that

logit {Az (t|Lo)} = w(t) + Bra; + B28: + B3 Lo, @)
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where w (t) represents an unknown function of time which will later be modelled using
regression splines and where 81, B> and B3 are unknown finite-dimensional parame-
ters. When k = 1 and, as usual, the counterfactual hazard of death is relatively small
at any given time, then exp (81a; + B28;) approximates the causal subdistribution rate
ratio of ICU death at time ¢ due to infection path @ (as compared to the no infection
path).

If, for each patient in the sample, we had the ability to measure ez for each potential
infection path a, then we could fit model (7) by solving the following estimating
equation

n E
0= Z Z Z Uica,k (hia,i: B) ®)

i—11=1 a
where 8 = (81 B2 3)" and

Uisak (heais B) = 1(€ia(t — 1) # Khigk(Lio)T
x [1(ea(t) = k) — expit{w (1) + Bra; + 28, + B3Lio}]-

Here, hz,x(L;o) is an arbitrary scalar function of (¢, @;, L;o), e.g. the constant 1, and
I' is the vector of predictors in the discrete-time marginal structural subdistribution
hazard model, e.g. (1 ¢ a; 8; Lip) if w(t) is chosen to be a linear function of time
(i.e., w(t) = Bo + Bat with By and B4 unknown). The above estimating equation is
not feasible because {ez(¢),r = 1,..., E} is not measured for each patient under
each potential infection path. Thinking along the lines explained in Sect.3, we will
therefore select for each considered infection path, those patients whose observed
data are compatible with that path and use inverse probability weighting to account
for the selective nature of those subgroups. This is realized by solving the following
equations,

n

E
0= Z Z Z Uisa,k (htﬁzk; :3) Wiar 9)

i=1t=1 a

which only involve observed data.

The choice of Az, (Lio) can be very important in the analysis as it links directly to the
efficiency of the estimator § for B obtained by solving this equation. In the Appendix,
we show that for a single infection path a, a locally efficient estimator within the above
class is obtained by choosing

1
hig,k(Lo) = [Z P(e(d) #0le(d — 1) = 0, A4 = @q, Lo)
d=1

— —1
I PleG = 1) =0le(s =2) =0, A1 =@,-1, Lo)
15, P(Ay = asle(s — 1) = 0, A, =1, Lo)
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where, for each ¢, we define P(e(d) # Ole(d — 1) = 0, Ay = ay, Lo) equal to 1
if d = t and equal to 0 if d = 0. Here, the efficiency is local in the sense that it is
only attained when infection and discharge/death are independent of the considered
time-varying confounders, conditional on the considered baseline confounders. The
index function Az« (L;o) can be interpreted as the reciprocal of a prediction of the
considered subject’s inverse weight W;z; in Eq.9 on the basis of time, the considered
infection path and baseline confounders. As such, using this index function has the
effect of stabilizing the weights in the sense of making patients who get assigned small
probabilities P(A; = a;|le(t — 1) =0, A;_1, Li_1), less influential in the analysis. In
line with others (Hernan et al. 2000), we will refer to Wz, as an unstable weight and
to hsz,k (Lio) Wia: as a stable weight.

In principle, the third summation in (8) runs over all possible infection paths that are
considered to be relevant to the investigator. In practice, depending on the chosen dis-
crete-time marginal structural subdistribution hazard model, the estimating functions
Usa (hia,x: B) for a given subject at a given time 7 may be identical with probability 1
between a number of infection paths. For instance, suppose that » were set to zero in
model (7). Then all infection paths with a; = 1 (or a; = 0) yield the same estimating
function value U,z k (hta[k; ﬁ) at time ¢, regardless of the infection history a;_; or
future @, | = (ar+1, ..., ag). In view of this, we recommend to sum at each time
¢ only over those infection paths in the estimating Eq.9 that yield unique estimating
function values (with probability 1) at that time. This is inspired by the fact that the
efficient score for the parameters indexing a conditional mean model counts perfectly
correlated observations only once (Chamberlain 1987). The resulting analysis contin-
ues to yield a consistent (and likely more efficient) estimator because it follows from
the Appendix that each term in the summation (9) has mean zero when evaluated at
the truth.

A conservative estimate for the asymptotic variance of the estimator B which solves
Eq. 9 can be obtained via the sandwich estimator

[ (aU,- B)
o

n

aU; (/3))/

, ~1
)Var{Uz (B} E ( B

where we define

E
Ui (B) = DD Unax (hiaks B) Wiz

t=1 a;

and where population expectations and variances can be replaced with sample analogs
and B with ,é . The counterfactual CIF corresponding to infection path @ among patients
with baseline covariate Ly = [y can be estimated under the discrete-time marginal
structural subdistribution hazard model (7) as

Fae) =1 = [ T1 = 2ax(slio)).

s<t
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This counterfactual CIF is always well-defined because the marginal structural subdis-
tribution hazard model (7) only involves baseline covariates and no time-varying covar-
iates. Using the Delta method, a corresponding conservative, asymptotic 100(1 —a)%
confidence interval for given ¢ is obtained as

1 — exp[log(1 = Fax (1)} = 2200 (1) |

where

) Moy (s1lo) A Mo Gllo) Y
) = (Z - Aak<s|lo>)var(ﬂ >(Z = xak(suo))

s<t s<t

and where )L’Ek (s]lp) is the first order derivative of Agg(s|lp) w.r.t. 8.

4.2 Data analysis

The stable weights h;z,x(Lio) Wiz were obtained by estimating /7, (Lio) based on
two pooled logistic regression models for discharge/death and infection in function of
time. In our analysis, the model for discharge/death contained the infection history and
regression splines for the time effect, but (for computational simplicity) no baseline
covariates. Table 2 illustrates the calculation of the stable weights for three effectively
observed patients. Note indeed that the resulting weights in the last column of Table 2
are more stable than the unstable weights W;z, that were previously considered. It can
be shown that the unstable weights stay constant after discharge and that the stable
weights for a given infection path a remain constant at those times r where a; = 1. In
general, the stable weights continue to change with time after discharge because they
involve the probability of getting discharged at each time.

Parameter estimates of the infection effect were obtained by solving the weighted
estimating Eq. 9. This required extending the dataset by including all compatible infec-
tion paths, as illustrated in Fig.2. We estimate the time-dependent intercept w(¢) in
model (7) using natural cubic splines with five knots. The analysis was adjusted for
baseline covariates (ICU center, SAPSII score on admission, infection upon admis-
sion, oral intubation on admission and type of admission), which were also used in
the infection models in the calculation of the stable weights. To check the stability of
the weights for a given patient at a given time ¢ we calculated that patient’s overall
weight at that time as the sum of the weights over all compatible infection paths. The
resulting stable weights had a median and mean of 2.37 and 2.74, an interquartile
range and standard deviation of 2.57 and 1.97 and 1% and 99% percentiles of 0.41
and 7.35 (min. 0.16, max. 53.4). In contrast, the unstable weights had a median and
mean of 13.08 and 15.71, an interquartile range and standard deviation of 15.91 and
25.19 and 1% and 99% percentiles of 1 and 90.36 (min. 1, max. 529.81).

The results for model (7) are given in the first two rows of Table 3. Note the large
difference between the estimates obtained with and without inverse weighting. This
underscores the importance of confounding adjustment. The IPTW estimates for 8
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Table 3 The naive parameter estimates for model (7) including (the most important) baseline covariates,
along with the IPTW estimates using unstable and stable weights

Naive IPTW (unstable) IPTW (stable)

Estimate SE OR Estimate SE OR Estimate SE OR
Bi —3.274 0.21 0.038 —-0.33 0.35 0.72  —-0.49 0.28 0.61
Bo 0.122 0.022 1.13 0.0954 0.035 1.10 0.0952 0.024 1.10
Bo 0.0872 0.032 1.09 0.059 0.021 1.06

4 Significant at the 5% significance level

suggest a drop in the hazard of death during the first 4-5 days after acquiring infection
(which could possibly be explained by extra care after infection or delayed decision
of treatment interruption), but the evidence for this is weak. We hence fitted a reduced
model by setting 81 = 0 and found a 6.1% (95%CI 1.8-10.0) increase in the hazard of
ICU death per additional day since acquiring infection (see the third row of Table 3).
This reflects the increased risk of ICU death which is partly attributable to a direct
effect of infection on death, and partly to the increase in length of stay after infection,
which implies a greater chance of death in the ICU. Figure5 shows the estimated
counterfactual CIFs obtained using the naive and IPTW estimates from the final mod-
els (but now no longer conditioning on baseline covariates). They give similar results
as obtained in Sect.3 using the nonparametric estimators, but a drastic increase in
efficiency for the infection paths. In particular, the stable IPTW estimator suggests
a roughly 3% increase in ICU mortality due to infection on day 5 as compared to
no infection. Figure 6 allows for evaluating how much the CIF of ICU death would
change if all infections could be avoided. It suggests a population attributable frac-
tion of 30-day ICU mortality related to infection of 6.4%, indicating that 6.4% of the
observed ICU deaths at 30 days could have been avoided by preventing infection.

5 Discussion

We have developed a general framework for estimating the causal effect of a time-vary-
ing exposure on a survival outcome in the presence of competing risks. The validity
of the approach relies on the following four assumptions. First, it assumes correctly
specified models for the probability of infection at each time in function of the history
of measured time-varying confounders. Second, it assumes that there are no patients
who, on the basis of their time-varying confounder history, are precluded from avoid-
ing or acquiring infection. While we believe the second assumption was realistic in our
data analysis, in general, there may be patients who have a small daily risk of infection
on the basis of their time-varying confounder history. This can lead to patients having
large weights in the analysis who may thus become influential. In future work, we will
try to decrease the reliance on inverse weights by extracting additional information
from models for the subdistribution hazard of ICU death in function of time-varying
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Fig.5 Counterfactual CIF of ICU death for infection paths @(0) (solid) and a(5) (dashed), along with 95%
pointwise confidence intervals, as based on the naive estimator (a), the unstable IPTW estimator (b) and
the stable IPTW estimator (c¢)
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Fig. 6 Counterfactual CIF of ICU death for infection paths @(0), as based on the naive estimator, the
unstable IPTW estimator (a) and the stable IPTW estimator (b) together with the observed CIF of death

measurements, along the lines of Goetgeluk et al. (2008). This might lower the impact
of both model misspecification and of influential weights.

Both previous assumptions are (at least to some degree) testable on the basis of the
observed data. The next two assumptions are inherently untestable, so that their plausi-
bility must be judged against subject-matter knowledge. First, the proposed approach
assumes that at each time, all time-varying confounders for the association between
infection and ICU mortality have been measured. While this assumption might be
approximately justified for our analysis, it is likely not entirely met because we could
only adjust for the applied invasive treatments, which should be regarded as a sur-
rogates for the actual disease severity. In future work, we will apply the proposed
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methods to the Outcomerea (French multicenter ICU database) and the COSARA
(ICU database at the Ghent University Hospital, Belgium) database, which carry very
extensive information about the patients’ severity of illness. Second, the approach
additionally assumes that confounders measured at time  — 1, i.e. L;_1, are a cause,
rather than a consequence of infection at time 7. This assumption may not be satisfied
when infection is in incubation several days prior to its detection.

An important advantage of our approach is that it separates the adjustment for time-
varying confounders from the final model for the counterfactual CIF. This implies that
this approach can technically handle high-dimensional confounders without imposing
a high computational burden and even when confounders are themselves influenced
by the infection. In addition, because the model involves no time-varying covariates,
the corresponding CIF is well defined and can be displayed for the overall patient
population, even with adjustment for high-dimensional confounders, without the need
to restrict the CIF to patient subgroups. A further advantage is that, because infection
paths are well defined upon ICU admission, our approach does not require imputing
or stopping the covariate process (including infection status) for patients who experi-
ence the competing event (Beyersmann and Schumacher 2008; Latouche et al. 2005).
A final advantage is that it yields fairly easily interpretable results. For instance, the
results can be expressed in terms of population attributable fractions comparing the
observed population with how that same population would have looked like if infec-
tion were prevented for all patients. However, caution must be exercised because the
results state the impact of hospital-acquired infections on ICU mortality rather than
overall mortality. This implies that the magnitude of the infection effect is partly influ-
enced by e.g. the decision to keep infected patients longer in the ICU (which implies
a greater chance of observing ICU death) or to send terminally ill patients home. Care
must also be exercised in noting that late infections are forced to have a small effect
under our model because most patients will have left the ICU by that time and thus
not be affected. This explains the discrepancy with the results of Vansteelandt et al.
(2009), who estimate the effect of acquiring infections while still being present in the
ICU.

We did not discuss how to deal with censored event times as this was not
an issue in our data analysis. In the presence of the usual right-censoring, our
method can be extended using additional inverse probability of censoring weights
along the lines of Fine and Gray (Fine and Gray 1999; Robins and Rotnitzky
1992). Finally, we have chosen a development which adopts the principles under-
lying marginal structural models (Robins et al. 2000). Alternatively, we could have
considered a development based on structural nested failure time models, as in
Keiding et al. (1999) and Schulgen and Schumacher (1996). We have chosen not
to do so because the survival time of critically ill patients can be greatly influenced
by the decision of doctors and family to keep patients artificially alive, so that 30-day
ICU mortality tends to be a more relevant endpoint to physicians. In addition, it is
so far unclear how to account for censoring due to ICU discharge in this approach,
without running into the aforementioned difficulties caused by inverse probability of
censoring weighting.

In conclusion, we hope that the proposed methods will shed new light on addressing
issues of time-dependent confounding in survival analyses with competing risks and,
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furthermore, will help improve our understanding of the role of nosocomial infections
in ICU mortality.
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Appendix
We drop the subject index i for notational simplicity.

Derivation of expression (5) To derive expression (5), note that ﬁak(t) is such that
Z:’zl Uira,k = 0, with Ui,k defined in (6). It then follows using standard arguments
for M-estimators that, under weak regularity conditions and for given ¢, the asymptotic

variance of éak (t) = logit {ﬁgk (t)} equals

0Ua,k

R 1
Var(Ga (1)) = ;E_z (aGk(f)

) Var(Usa, k).

where

E (S — Pl - Fa(0)).
0Gar (1)

The result (5) is now immediate. It yields a conservative (1 — «)100% confidence

interval by the fact that it does not acknowledge estimation of the unknown popula-

tion probabilities appearing in the inverse weights (van der Laan and Robins 2003).

Unbiasedness of estimating Eq.9 For simplicity of notation, we write Uiz, (B) =
Usa,k (h@k; /3) for a given choice of hz,k(L;0). Using the law of iterated expecta-
tions, the population expectation of (9), evaluated at 8, equals

I(As = a)] (e(s—1) = 0) +1 (e(s—1) # 0) —
E| Ug A, 1
ZZ ”(ﬂ)H P(As = asle(s—1), Ay_1, Ls_1) A

t=1 a;

Z[—l ’ EE(I)

I(Ay =as)l(e(s—1)=0)+1(e(s — 1) #0)
ZZU’“’ (ﬂ)H P(Ay = asle(s — 1), Ay_1, Ly_1)

t=1 a, s=1
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 E (I(A, =a)l (et —1) :0)i—l(e£t— 1) #0) AT L%) '
P(A; =arle(t — 1), Ay, Li—1)

(10)
Here, the expectation in the last line can be rewritten as
P(A; = aileg(t), A;—1, Li—)1(e(t — 1) = 0)
P(A; =asle(t — 1), Ar—1, Li—1)
I(e(t—1 0
(e( ) # 0) (11

P(A; =afle(t — 1), Ar—1, Li—1)

The first term in (11) equals I (e(t — 1) = 0) under the no unmeasured confounders
assumption. The second term in (11) equals I(e(z — 1) # 0) by the fact that we
defined P(A; = a;|ez (1), A1, Li_1) = P(A, = ale(t — 1), A1, L) to equal
1 for subjects with €(t — 1) # 0. Equation 10 thus simplifies to

I(As = ag)I (e(s — 1) = 0) + I (e(s — 1) £ 0)
ZZU“’ (ﬁ)H P(Ay = agle(s — 1), Ay_1. Ly_1)

t=1 a;

Repeating these arguments another ¢t — 1 times, we obtain E [Zthl ZE, Uz, (,8)}

which has mean zero by the fact that Uz, (8) is an unbiased estimating function for
each 7 and a;. A similar proof can be developed, starting from estimating function (6)
to show that (3) is a consistent estimator of the CIF under infection path a at time 7.

Stable weights For simplicity of notation and without loss of generality, we let k = 1
and drop this index in all further expressions. To derive stabilized weights, we focus on
1 infection path @ and calculate the efficient index function %z, (L) in the estimating
function

T

> ha,(Lo)Via, Wia, (12)
t=1

where we define, for notational convenience,

Via, = {I(ez(t) = 1) —expit(B'X)} I (eg(t — 1) # 1)

W H I(Ay = a)I (e(s — 1) = 0) + I (e(s — 1) # 0)
e P(A; = agle(s — 1), As_1, Ls—1)

’

s=1

where X is, for instance, equal to (1 ¢ a; 8; Lo)’. It follows from standard semipara-
metric theory (Chamberlain 1987) that the efficient index function (in the sense of
leading to an estimator of 8 with minimal variance among all estimators obtained by
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solving an estimating equation based on estimating functions of the form (12) with
P(As = asle(s — 1), As_1, Ly—1) known for s = 1, ... E) is given by

0 -
hia,(Lo) = E (@ ta; Wza,lLo) Var™" (Vig, Wia, | Lo). 13)

Define ¢,z = (I(eg(1) # 1),...,(ez(t) # 1)). Using similar arguments as in

the previous appendix, one can show that £ (% Via, Wiz, |L0) equals Xexpit(8'X)

{1 — expit(B’'X)} x P(ez(t — 1) # 1|Lg). Using the law of iterated variances, the
variance in (13) can be calculated as

E {Var (Vtﬁ, Wiz, |€ra, LO) |L0} + Var {E (VIE, Wia, l€ras LO) |L0}~ (14)
The second term in (14) equals
expit(B' X){1 — expit(B'X)} P(ea(t — 1) # 1|Lo), because E (Wig, |ea, Lo) = 1.

The first term in (14) equals

£ (V2 Var (Wi legz, Lo) ILo]

2
= E[v2, |E (W2 lea Lo) — E (Wi lea. Lo)} 1Lo]
We first calculate £ (W[%t |A,—1, Li—1, 6,5) as

I(A; =a)l (e(t —1)=0) + 1 (e(t — 1) #0)
P(At = at|€(t - 1)7Zl—lvzt—1)2
:E[W2 ) [ [t =1 =0 _

LA P(A = ale(t — 1) =0, A = a1, Lo)

E [Wtzl,a[_l |Zt717zlfl’ 6ta:|

+I(e(r—1) # 0)} IZt—l,Zz—l,éza],

where we use the no unmeasured confounders assumption along with the simplify-
ing assumption that A, LL Li_ile(t — 1) = 0, A,_1, Lo (note that violation of this
assumption may affect the efficiency, but not the asymptotic unbiasedness of the esti-
mator because each choice of £z, (Lo) yields a consistent estimator). Starting from

here, we next calculate E (leﬁt |Ar—1, Li—2, e,a) as
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E(W2 ) [ It —1)=0) _
LA P(A = et — 1) = 0, A,y = a1, Lo)>

+1(e@t—1)# 0)] |Ai—1, Li—1, em)

_elwr (euer =] PEO=D =002 =0 A, =7 Lo)
b P(A; =a/le(t —1) =0, A,y =a,_1., Lo)

+ Pe(t —1) #0le(t —=2) =0, Ay = dy—1, Lo)}

+ 1 (e(r=2) # 0))|Zz—1,fz—1, Eta]

where  We now make the simplifying assumptign that P(e(t —1)|e(t—2) =0, A=
ar—1,Li—1,€657) = P(e(t—1)|e(t —2) =0, A;—1 = a;—1, Lo) (note again that viola-
tion of this assumption may affect the efficiency, but not the asymptotic unbiasedness
of the estimator). Starting from here, we then calculate E (sza, |A;—2, Li_a, 6[5) as

E {Wﬁ_zﬁarz [1 (e(t —2) #0)
I(Ai-1 =a,-1)1 (e(t —2) =0)
P(Aimi = a—1le(t —2) =0, Ay_p = @12, L;—2)?
P(e(t —1) =0le(t —2) =0, Ai_1 = a1, Lo)
X — —
P(A; =aile(t —1) =0, A—; = a1, Lo)

+P(e(t—1) #0le(t —2) =0, Ay = a1, LO)]j| |[Ar—2, Li—2, 6ta]

=E [Wﬁ_zyat_2 [1 (e(t —2) #0)

I(e(t—2)=0)
PA1 =a;1le(t —2) =0, Air = at—2»zt—2)
y [ Pe(t — 1) =0le(t —2) = 0, A,_y = @r_1, Lo)
P(A; =aile(t —1)=0,A;—1 =a,-1, Lo)

+Pe(t—1) #0let —2) =0, Ar—y = ay—1, Lo)”

|A172’ Ll*29 ela] )
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where we use the simplifying assumption that A;_; 1L L, _»|e(t —2) =0, A;_>, Lo.
Continuing along these lines, we obtain that

t
E (W2, le Lo) = D" P(e(d) #0le(d — 1) = 0, Ay =G, Lo)
d=1

I Ples = 1) = 0le(s —2) = 0. 4,1 = a1, Lo)
[T5=1 P(As = asle(s = 1) = 0, A,y =51, Lo)

3

where, for each ¢, we define P(e(d) # Ole(d — 1) = 0, Ay = ag, Lo) equal to 1 if
d = t and equal to 0 if d = 0. Because E (W@ l€ra, Lo) = 1, it follows that (14)
equals

1
Var (Vig,I1Lo) D P(e(d) # 0le(d — 1) = 0, Ag = @a, Lo)
d=1

y 19, P(e(s — 1) = 0le(s —2) = 0, Ay—j = ay_1, Lo)
19, P(Ay = asle(s — 1) =0, A, =1, Lo)

and that A; 7, (Lo) in (13) equals

t
X | D" Pe(d) #0le(d — 1) =0, Ag = @q. Lo)
d=1

5 1%, P(e(s —1) = 0le(s —2) =0, A,y = a,_1, Lo)
19, P(As = asle(s — 1) = 0, Ay_y = @,_1, Lo)

-1
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